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Preface 


Mathematical models play a powerful role in many activities, from business and economics to the 
social and physical sciences. McGraw-Hill Ryerson Calculus & Advanced Functions introduces the 
key tools of mathematical modelling: the construction, interpretation, and analysis of functions to 
describe real-world processes. Throughout the book, students explore functions by developing skills 
of verbal, visual, numerical, and algebraic representation (the rule of four). These skills assist students 
in developing a thorough understanding of functions and their derivatives. 


Text Organization 


Chapter | introduces further ideas about functions, including the rule of four, and enhances students’ 
use of graphing technology, while Chapter 2 explores the properties of polynomial functions. 
Chapter 3 introduces the concepts of limit and rate of change. Chapter 4 develops the concepts 

and skills of differentiation, drawing on the foundations laid in Chapters 1, 2, and 3. Chapter 5 
introduces composition of functions, the chain rule, and implicit differentiation. Chapter 6 uses the 
techniques of differential calculus to build a rich understanding of functions through key features of 
their graphs. Chapter 7 introduces exponential and logarithmic functions, and applies calculus 
techniques to their analysis. Chapter 8 goes beyond the Ontario curriculum in developing the analysis 
of trigonometric functions, which are the fundamental tool in models of periodic processes. 


Chapter Features 


¢ Modelling Math highlights the power of mathematics to model the real world. Each PELL, 
chapter opens with a description of processes, from airplane cabin pressurization to volcano = © 
eruptions, which can be modelled using the techniques of the chapter. The logo shows “Mae 


where these processes are analysed in depth as students work through the chapter. 


e Review of Prerequisite Skills reinforces the background knowledge students need to be successful 
with the new learning in the chapter. Purple descriptors refer to topics in Appendix A: Review of 
Prerequisite Skills, which provides an exploration and further practice. 


e Investigate & Inquire introduces new concepts in an inquiry format, using graphing technology 
where appropriate. Students then practise the ideas, and develop them further, through worked 
examples. 


¢ Key Concepts/Communicate Your Understanding provides a summary of the key concepts of each 
section, followed by a short set of questions that allow students to check their grasp of the concepts. 


e Practise and Apply, Solve, Communicate questions, at the end of each section, support and 
develop skills of understanding, communication, application, and problem solving, through many 
varied questions and problems. 


e Problem Solving Strategies, following Chapters 1, 3, 4, and 6, focus on strategies and techniques 
that can significantly enhance problem-solving skills. 


Assessment 


¢ Achievement Category Descriptors indicate questions that are particularly well-suited for 
assessment of thinking/inquiry/problem solving, communication, and application skills. 
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e Achievement Check questions are accessible to all students and provide opportunities for assessing 
performance in all achievement-chart categories. 


e Investigate & Apply, after the last section in each chapter, provides a performance task designed 
to assess, in an inquiry-based investigation, the major concepts of each chapter and performance in all 
four of the achievement chart categories. 


e Review of Key Concepts, Chapter Test, and Cumulative Review provide frequent opportunities to 
reinforce learning and simulate real test-taking situations. 


Technology 


This text makes extensive use of graphing calculators, and worked examples often include an 
alternative solution using the graphing calculator. However, pencil-and-paper worked examples 
introduce the concepts so that students will understand the mathematics that the technology uses. 
This approach also ensures that students who do not have ready access to graphing calculators can 
follow all of the material in the course. 


e Technology Extensions provide additional, optional technology instruction using tools such as the 
TI-92 graphing calculator and TI InterActive!™, 


¢ Appendix B: Technology details the functions and keystrokes for the TI-83 or TI-83 Plus graphing 
calculator, and selected functions for the TI-92 or TI-92 Plus graphing calculator. 


The Student e-book that accompanies this textbook, in CD-ROM format, contains the 
complete text, plus a number of enhancements. The Student e-book has interactive Java™ 
applets demonstrating difficult concepts, data files to support some of the exercises, 

interactive simulations, additional technology extensions, an instructional tutorial on the 

use of TI InterActive!'™, and an answer section with full graphics. Throughout the printed text, 
the Student e-book symbol indicates topics with supplementary material on the CD-ROM. 


Web Connection | 
Visit the McGraw-Hill Ryerson web 
site at www.mcgrawhill.ca/links/CAF12 for 
a wealth of links to topics related to the text. 


Features to Challenge 


¢ Challenge Problems provide enrichment work, at the end of each chapter, that challenges students 
to deepen their understanding beyond curriculum requirements. 


© Chapter 8: Trigonometric Functions and Their Derivatives will help students who wish to do 
extra preparation for math studies at university. 


After working with this book, students will have acquired a solid foundation in the basic concepts 
of calculus and their applicability to the real world, and exciting new modelling tools that can be 
developed further in a broad range of post-secondary studies. 


Chapter 1 


Functions and Models 


Specific Expectations | Section | 


Determine, through investigation, using graphing calculators or graphing 


software, various properties of the graphs of polynomial functions. Ilda 
Describe intervals and distances, using absolute value notation. 13 
Determine the key features of a mathematical model of an application th Nottteey 
drawn from the natural or social sciences, using the techniques of Mere. 


differential calculus. 


Compare the key features of a mathematical model with the features of throughout the 


the application it represents. book 
Predict future behaviour within an application by extrapolating from a throughout the 
mathematical model of a function. book 


Pose questions related to an application and answer them by analysing throughout the 


mathematical models, using the techniques of differential calculus. book 
Communicate findings clearly and concisely, using an effective throughout the 
integration of essay and mathematical forms. book 


One of the main reasons that mathematics is so interesting is that it can 
be applied to the world around us. First, the simplest features of some 
realistic situation are described using mathematics. Then, operations are 
performed on the mathematical description so that predictions about the 
future are obtained. The predictions are compared with observations to 
test the validity of the mathematical description. Modifications are made 
to the description, if necessary, and the whole process is repeated. This 


process, called mathematical modelling, has produced numerous useful 
descriptions of our world. 


In this chapter, we review functions, which are used extensively as 
mathematical models, and we explore many mathematical models, which 
describe such diverse situations as the difficulty of a bicycle ride, the 
shape of a roller-coaster ride, and the use of fertilizer in a cherry orchard. 


ra bg 


ia ty 


1. Evaluating functions If f(x) = x° +x’ — 2x + 3, 
find 


a fo) 6 f) &) f() @ fH) 
e) (0.1) f) f(a) g) f(2x) hy) Ff (-x) 
2. Evaluating functions If f(x) = 1 — x’, find 
a) f(0) b) f(1) c) f(-1) 


@ flvz) ®) (+) f) fla) 


g) f(2x) —h) f(-x) 

8, Evaluating functions If f(x) =1+Vx+4, 
find 
a) f(0)  b) f(-3) —o) f(S)_— dd) f (21) 
4. Evaluating functions If f(x) = |x — 2|, find 
a) f(0) b) f(2)  ¢) f(-2) dF (5) 
5, Interpreting graphs of functions For each 
graph, evaluate f at the following values of x. 
Then, state the domain and range of f. 


i) f(2) ii) f(-2) it) (0) iw) F(A) 


6. Slopes and y-intercepts Find the slope and 
the y-intercept of each line. 

a) y=2x-4 b) 3x-y+8=0 
c) x-2y-6=0 d) 2(x -3)-y=3 
7. Equation of a line given the slope and 
y-intercept Find an equation of the line with 
each set of characteristics. 
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a) slope 1, y-intercept 2 

b) slope 5, y-intercept —5 

c) slope -2, y-intercept 4 

8. Equation of a line given the slope and a 
point Find an equation of the line with each set 
of characteristics. 

a) slope 3, passing through (1, 2) 

b) slope -1, passing through (3, 3) 

c) slope 2, passing through (-2, 5) 

9. Equation of a line given the x- and 
y-intercepts Find an equation of the line with 
each set of characteristics. 

a) x-intercept 2, y-intercept 3 

b) x-intercept 5, y-intercept —7 

c) x-intercept —2, y-intercept 4 


10. Equation of a line given two points Find 
an equation of the line with each set of 
characteristics. 

a) passing through (1, 2) and (2, —2) 

b) passing through (5, 3) and (—3, 1) 


11, Equation of a horizontal or vertical line given 
a point on the line Find an equation of the line 
with each set of characteristics. 

a) passing through (2, 3) and vertical 

b) passing through (—2, —1) and horizontal 


12, Graphing quadratic functions State the 
vertex, direction of opening, and vertical stretch 
for the parabola defined by each equation. 
Then, graph the parabola. 

a) y=2(x-5)+6 


c) ya Sleray + 


2 


b) y=-(x-1)°-2 
d) y=-0.4(x + 1)-9 


13. Completing the square Write each quadratic 
in the form y = a(x — p)” + q. 

a) y=x°+6x45 b) y=2x?+ 8x43 

c) y=3x’-6x-7 d) y=Sx°+9x +4 
14. Graphs of functions using technology Use a 
graphing calculator or graphing software to sketch 
a graph of each function. Then, state the domain 
and range. 


1 =) 
a), Yas bi y= 5 
@ y=-3 d) y=vx 
e) y=vi-x f) y=—ve+5 


15. Transformations Decide whether the 
transformation of the function f is a vertical 
stretch, a horizontal stretch, a vertical 
translation, a horizontal translation, or a 
vertical reflection. 


a) 2f(x) b) —f(x) 
ec) f(x)-4 d) f(3x) 
e) f(x) +1 f) f«-5) 


16. Transformations Describe the 
transformations applied to the graph 
of g(x). 

a) 5 8tx—5) b) -3g(x) +1 

©) g(2x)-9 d) — 5 g(Alx+1))-3 


17. Domain State the domain of each 
function. 


a) y=V9-4x b) f(x) = 5x*-4x +7 
dys d) glx) =|2x-9) 
e) f(x)=y2\x|-8 fp yas 
g) f(x) = 7x? -2x7+2x41 
h) a 
y x +6x4+9 


18. Transformations The graph of y = f(x) 
is shown. Match each equation with its 
graph. Give reasons for your choices. 


| 
a 
+ 
| 


a) y=f(x-7)- b) y=-f(x) - 
co) y=4f(x) d) y= 3f(x +9) - 
e) y=-f(-*) f) y= (3 x45) +3 


19. Transformations The graph of y = f(x) is 
shown. Draw the graph of each of the following 
ses and state the domain and range. 


a) y=f(x +2) b) y= 2f(x 
co) y=-2f(x) d) y=-f(x +3 
e) y=2f 5e f) y=f(3+3) 


20. Transformations The graph of y = f(x) is 
shown. Draw the graph of each of the following 
functions and state the domain and range. 


a) y=f(x -2) b) y= 2f(x) 
©) y=-2f(x) 4) y=2f(3+] 
e) y= 2f(-x) f) y= 2f(2x) 


21. Transformations For each function, 
i) state the domain 
ii) use transformations to sketch the graph 


a) fle)=(e-2)' +3 b) flx)=—4e° 
co) f(x) =2Vx4+5 d) g(x) = ae 341 
e) h(x)= 53x +6|- 


22. Exponential equations Solve each equation 
for x. 


a) 2°=64 6): S25" 
co) 4°=1024 d) 32 t= g1**3 
e) 2% =2*=12 a 
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Functions and Their Use in Modelling 


Functions are often used to represent a 
physical situation. For example, an 
ecologist may want to know the 
amount of a pollutant in a river at 
various locations; a sociologist, the 
average age of people when they 
marry for the first time; a biologist, 
the number of bacteria present in a 
culture. 


A function represents how one quantity 
depends on another, In the first example, 
the amount of a pollutant in a river may 
depend on the location along the river. It 
may be possible to represent the 
“amount-location” relationship with 

a function. 


The quantities in the other two examples 
depend on time. The average age of a 
person at first marriage is greater now than it was in the past, and the number of bacteria 
in a culture may increase as time passes. It may also be possible to represent these situations 
with functions. 


In this section we review some basic tools for analysing functions, such as symmetry 
and domain, and various representations of functions that are useful throughout the 
book. We also review function notation and introduce interval notation. Finally, we 
discuss the idea of using functions in mathematical modelling, dealing with 

several specific types of functions, such as power functions and absolute value 
functions. 


Throughout this book, we will represent functions in four ways: verbally (using a 
description in words), numerically (using a table of values), algebraically (using 

a formula), and visually (using a graph). We call this four-way description of functions 
the rule of four. 


Example 1 Four Ways to Represent a Function 


Use the four ways in the rule of four to represent the function that describes converting 
temperature from degrees Celsius to degrees Fahrenheit. 


Solution 


1. Verbally 
To convert from degrees Celsius to degrees Fahrenheit, multiply degrees Celsius by 1.8, and 
then add 32. 
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2. Numerically 3. Visually 
Degrees Celsius — Degrees Fahrenheit 


-40 40 
-30 a7 
-20 4 
-10 14 o 
0 32 = 
10 50 & 
20 68 
30 86 
40 104 


Celsius 


4. Algebraically 
The formula that relates the temperature, F, in degrees Fahrenheit, to the temperature, 
C, in degrees Celsius, is F = 1.8C + 32. 


Each of the four ways of representing the function of Example 1 describes a rule that takes 
a given value of C and produces a value of F, As well, each value of C determines exactly 
one value of F. Thus, F is said to be a function of C. Since, in this case, the values of F 
depend on the values of C, F is referred to as the dependent variable. From this point of 
view, the value of C is specified, and then the corresponding value of F is calculated, so C 
is called the independent variable. Alternatively, C is called the input variable, and F is 
called the output variable, On the other hand, if we were converting Fahrenheit tempera- 
tures to Celsius temperatures, F would be the independent, or input, variable, and C would 
be the dependent, or output, variable. 


Calculus is particularly useful for analysing functions and making widely applicable 
statements about them. The formal definition of a function follows. 


A function fis a rule that assigns to each element in a set A, one and only one element 
in a set B. 


In this text, only functions for which A and B are sets of real numbers are considered. 
The set A is called the domain of the function. If x represents a value from A, the symbol 
f(x) is used for the element of B associated with x, which is referred to as the value of 
fat x and is read “f at x” or “f of x.” The collection of all such values from B, as x varies 
throughout the domain A, is called the range of the function f. 


Interval Notation 


Certain sets of real numbers form intervals. For instance, the collection of all real numbers 
greater than or equal to ~4 and less than 3 is the interval [-4, 3). An algebraic description 
of this interval is -4 < x < 3. This interval may be viewed graphically on a number line. 
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ES ann CE ena 
ooh =: 42.51 08 1 2 8 4 


The solid circle at —4 indicates that this endpoint is included in the interval and corresponds 
to a square bracket in interval notation, The open circle at 3 indicates that this endpoint 

is not included in the interval and corresponds to a round bracket in interval notation, 

The solid, dark line means that all the real numbers between —4 and 3 are included in the 
interval. 


The symbol (“infinity”) can be used to represent intervals that are infinite in extent. 
For example, the set of all real values x such that x < 5 is (—, 5]: 
2-101 2 3 4 6 6 7 a 


and the set of all real values x such that x > 2 is (2, 0): 


= 0 ot 2 8 # oh oe 8 Oe 


The collection of all real numbers may be expressed as the interval (—90, 0). 


The graph of an interval on a number line can be a line segment, a ray, or the 
entire number line. The following table lists the nine possible types of intervals 
(note that a < b). 


The set of all real numbers ... 


(a, b) a<x<b 7 sR RSA * greater than a and less than b 
<—$__— 5 greater than or equal to.a and 
la, 6] asxsb a 6 less than or equal to b 
———— > | greater than or equal toa 
[a, 6) asx<b ts 6 and less than b 
ter than a and less 
. a a grea 
(a, 6] asxsb i than or equal to b 
ee Teer Se Reniewainn 
[a, «) x2a Sats anes | greater than:or equal'toig 
(-0, b) oe SSS less than b 
(-00, b] x<b ae a nd less than or equal to b 
—00, 00 nd e set of all real numbers 
R Th f all real b 


Throughout this textbook, we will use interval notation to specify domains and ranges of 
relations and functions. 


In this course, the features of the graphs of various types of functions will be studied. We 
will start by investigating the simplest polynomial functions, those in the form y = x”. These 
are known as power functions. 
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Investigate & Inquire: Functions in the Form y = x" 


4. a) Graph y=x’, y=x", and y =~x° in the domain x € [-S, 5]. 

If you have access to a graphing calculator or graphing software, use the \\indow variables 
x €|-S, 5], and determine an appropriate range for y. 

b) How do the shapes of the three graphs compare? 

c) Describe the symmetry of the graph of each function. 

d) What points do all three graphs have in common? 


2. Repeat step 1 for y=-x*, y=—x*, and y = -x*. 

3. Repeat step 1 for y=x, y=x’, and y=x° in the domain x  [-2, 2]. 

4, Repeat step 1 for y=~—x, y =x’, and y = —x’ in the domain xe [-2, 2]. 
5. Compare and contrast the graphs of the functions in steps 1 to 4. 


6. a) Make a conjecture about the shape and symmetry of the graphs of y = x" for 
i) nodd ii) even 
b) Test your conjectures in part a) by graphing y = x’ and y = x". 


Plants, animals, crystals, our bodies, and many other aspects of nature possess 
symmetry. Symmetry is also used in the design and manufacture of such items as 
automobiles and airplanes. Many designs require mathematical modelling, 

which includes the development of functions. Symmetric functions have algebraic 
properties that can simplify calculations involving them. The graphs in the investigation 
possess symmetry. 


In the diagram shown here, the function is a mirror 
image of itself with respect to the y-axis. Such a 
function is called an even function. An even function 
satisfies the property f(—x) = f(x) for all x in the 
domain of f. 


In this diagram, the function is rotationally 
symmetric about the origin. That is, if the graph is 
rotated 180° about the origin, it does not change. 
Such a function is called an odd function. An odd 
function satisfies the property f(—x) = —f(x) for all x 
in the domain of f. 
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Example 2 Even and Odd Functions 


Determine whether each function is even, odd, or neither. 
a) f(x) =x" b) g(x) =x° c) h(x) =x? = Ie +1 
Phi fries 

| af 


+—+ t 


1H 
| | 
1 
| C 


ney 


ae 


~& | CaS 


Solution 
a) The domain of f is the interval (—%, «), Let x be any element of the domain. We have 
f (=x) = (-x)? 
= (-x)(-x) 
=e 
= f(x) 


Since f(x) = f(x) for all x in the domain of f, the function is even. 


We can also see that the function is even from the diagram. The graph is a reflection of 
itself in the y-axis. 


b) The domain of g is the interval (—o, 0%), Let x be any element of the domain. We have 
3 
&(-x) = (-x) 
= (-x)(—x)(-x) 
=-x' 
= -g (x) 
Since g(—x) = —g(x) for all x in the domain of g, the function is odd. 
We can also see that the function is odd from the diagram. The graph is rotationally 
symmetric with respect to the origin. 


c) The domain of h is the interval 
(—c0, 0). We let x be any element 
of the domain. We have 
h(-x) = (=x)? — 2(-x) +1 

=x +2x41 
Since h(-x) # h(x) and 
h(-x) # -h(x), h is neither even 
nor odd. We use a graphing calculator to graph h to verify the symmetry. 


Use Window variables 

Xmin = -4.7, Xmax = 4.7, 
Ymin = —3.1, Ymax = 3.1 

(the friendly window), that is, 
x € [-4.7, 4.7], y © [-3.1, 3.1]. 
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Another way to look at functions is with an arrow 
diagram. In the diagram, f stands for the function, or 
rule, and x and f(x) are elements in the domain and 
range of f, respectively. The diagram shows that the 
value 2 is in A, the domain of f, and the value f(2) is 
ee 


in B, the range of f. 


The Role of the Domains of Functions 


Recall that we define a function fas a rule that assigns to each element in the domain 
A one and only one element of the range B. This means that two functions represented 
algebraically by the same formula may nevertheless be different because they possess 
different domains. 


Example 3 Domains of Functions 


Compare the following two functions: 

a) the function g that assigns to each positive value x the area of a square with side length 
equal to x 

b) the function whose values are determined by the rule f(x) = x°, with domain [-2, 2] 


Solution 


Since the area of a square with side length x is x*, the algebraic representation of g is 
g(x) =x. The side length of a square is positive, and so the domain of g is (0, »). 
Therefore, the algebraic representations of the functions are as follows. 

a) g(x) =x’, with domain (0, ») 

b) f(x) =x’, with domain [-2, 2] 


Since the functions f and g have different domains, they are different functions. We can 
also see the difference between the functions by using visual representations of each 
function: 


Graph of g: Graph of f: 


| T 
The range of g is (0, ©). The range of f is [0, 4]. 


: 4 A ||| 
+ Laat +4 773s 
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In Example 3, we translated a verbal representation of a function g into an algebraic 
representation using a formula, g(x) = x’. It may not always be possible to represent a 
function using a single algebraic formula that is valid throughout its domain. This is true 
with absolute value functions, which we explore next. 


Absolute Value Functions 


The absolute value of a number x, denoted by |x|, may be described in words as the 
distance between x and 0 on a number line. We require an algebraic representation of this 
function. Since the distance between x and 0 cannot be negative, |x| 20. However, this 
observation falls short of a formula. Consider the examples on the number line: 
et 
a 

1 


—$—__= 5 !—— 9 —e! 


From the diagram we see that |2|= 2. From this example, we see that, when x > 0, |x| =x. 
However, when x < 0, the same formula does not hold. For example, |-5| = —S is false. 
From the diagram, we see that |-5|= 5. When x < 0, the correct output is the input multi- 
plied by —1. Thus, |—5| =(—1)(—5), since (-1)(-5) = 5. When x < 0, |x| =(-1)x or |x|=—x. 
The absolute value of x may be expressed using two functions, g(x) and h(x), as follows: 
&(x)=-x, x €(-0, 0) 

h(x)=x, x €[0, 0) 

Thus, the algebraic representation for lx| is defined piecewise, that is, the formula used 
depends on the part of the domain it refers to. 


-x, x E(-0, 0) 
x, x €[0, 0) 


The absolute value function is represented algebraically as |x| -{ 


Example 4 An Absolute Value Function 


Sketch the absolute value function, f(x) =|x|. 


Solution 
From the algebraic representation of the absolute 
value function, it can be considered a piecewise 
function, with each piece defined over a separate 
part of the domain: 
flee) -x, x €(-0, 0) 

x)= 

x, x e[0, «) 

The graphs of these two pieces in the same 


coordinate plane, taken as a whole, give the 
graph of the absolute value function f(x) =|x|. 


Observe the symmetry of the graph of the absolute value function. Because it is symmetric 
about the y-axis, f(x) =|x| is an even function. 
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Example 5 Determining the Symmetry of Absolute Value Functions 


Determine whether each function is even, odd, or neither. Use this information to 
help you graph the function. 


a) f(x)=2|x|-1  b) gix)=2|x-I| 


Solution 
a) f(-x)=2|-«|-1 
From Example 4, we know that the absolute value 
function is even. 
Thus, |—x| =|x|. 
f(-x) =2|x|-1 
= f(x) 
f(x) = 2 |x|—1 is an even function, that is, it is 
symmetric about the y-axis. Therefore, we can plot the 


function on the interval [0, %), and reflect it in the y-axis for the interval (2, 0). 
On [0, ~), 


4 


| 


f(x)=2|x|-1 
=2x-1 
Thus, we plot the graph of y = 2x — 1 for the interval [0, ©), and then reflect it in the y-axis 
for the interval (—s, 0). 
b) g(x) = 2x — 1 
g(-x) = 2|-x - 1| 
= 2\|+(x + 1)| 
Since |-x| = |x|, 2|-(x + 1)| = 2|x + 1). Thus, g(—x) = 2|x + 1. 


Therefore, g(—x) 4 g(x) and g(-x) # —g(x). The function is neither even nor odd. 
The graph of g is a translation of 1 unit left, and a vertical stretch by a 

factor of 2, of the graph of y = |x|. Note that the graph is symmetric about 

the line x = 1. 
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Refer back to the table of interval notation. Note that some intervals can also be 
written using the absolute value function. For example, the distance from the 

origin to every number x in the interval |—2, 2] is less than or equal to 2 units, 

so x € [-2, 2] can be written as |x| < 2. Similarly, x € (2, —3) or x € (3, ©) can be 
written as |x| > 3, since the distance from the origin to every number in the union 

of the two intervals is at least 3 units. Study the graph of the absolute value function 
to verify these statements. 


Example 6 Absolute Value Notation for Intervals 


Express each interval using absolute value notation. 
a) xe[2,10] b) xe (-», 5] orxe€[8, ~) 


Solution 
a) The midpoint of the interval is b) The midpoint of the interval [5, 8] is 
2+10 5+8_ 

7 = 7 = 6.5 


Since 8 — 6.5 = 1.5, each point in the two 
intervals is 1.5 units or more from the 
number 6.5. Thus, the intervals can be 
described as 

|x-6|<4 |x-6.5|21.5 


Since 10 — 6 = 4, each point in the interval is 
4 units or less from the number 6. Thus, the 
interval can be described as 


When mathematics is used to represent relationships 


Physical or 


in a real-world situation, we say that we have a Geometrical |_Formulate arr | 
lode! 


mathematical model of the situation. A useful Problem 
mathematical model accounts for the known data in 
a satisfactory way and, more importantly, provides 

insight into the situation. Ideally, the model will also 


make predictions that can be tested by further ere Mathematical 
i 3 4 ; ‘ Context o} 4 
observations. If the observations are consistent with the Problam Conclusions 


the predictions, confidence in the model may 
increase. If not, the model may have to be modified 
or discarded. Even a good model may be refined and 
improved by taking further factors into consideration. 
The diagram shows the life cycle of the mathematical modelling process. 


Functions are used extensively in the modelling of physical situations. Consider the 
speed of a car. At a particular time, a car has a certain speed. A car cannot move with 
two different speeds at the same time. That is, there is only one output (the speed of 
the car) for a given input (time). Thus, the speed of the car is a function of time. 

It could be that the same output occurs at more than one input, or even at all inputs. 
For example, if the car is not moving, the car maintains the same speed (that is, 0) at 
all times. 
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Mathematical models may be expressed in a variety of ways. In situations where 

two variables, x and y, are related, the mathematical model may be a function, 

y = f(x). If a model is of the form y = mx + b, then the model is referred to as a 

linear model. The visual representation of this model is the graph of a straight line, 

where 7 is the slope of the line and b is the y-intercept. The model used to 

convert degrees Fahrenheit to degrees Celsius, from Example 1, is an example of a | 
linear model. | 


Frequently, models are used to represent data that have been collected. The graph 

of the model is often taken to be the curve of best fit for the data. If the data in a 
scatter plot cannot reasonably be approximated using a straight line, the curve of 
best fit may be given by another common function, such as the quadratic function in 
Example 7. 


Example 7 Modelling Using Quadratic Regression on a Graphing Calculator 


The table shows the percent of drivers in “Lower Age Upper Age Percent — 
each age group involved in automobile . 


accidents. ue 24 6.9 
a) Find the midpoint of each age range. AS Re a 


b) Make a scatter plot with the 


interval midpoints on the horizontal a a ae, 


axis and the percents on the 5S 64 3.5 
vertical axis ee ee 
c) Describe the slope of the curve over time. 75 840 2.7 

d) Use a quadratic model to determine a Source: Toronto Star, July 25, 2001 - Ontario Road 
curve of best fit. Safety Annual Report 


e) Use the model to predict the accident rate 
for drivers aged 100. 


f) Do you think a quadratic model represents the data well? Explain. 


Solution 


a) We add a fourth column to the table for the midpoints of the age ranges. 
5 eee oy 

|. 

a Te 
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acca 


| b) Weuse the SPAT PLOTS menu to plot the data on a graphing calculator with the 
midpoint of the age range in Li and the percent in L2. 


Window variables: 
x €[0, 80], y © [0, 10] 


From the scatter plot of the data, we can see that the model is not linear. 
c) The curve is fairly steep at the beginning and becomes less steep as age increases. 


d) From the scatter plot, a quadratic model seems appropriate. We choose QuadReg 
(quadratic regression) from the 81! CALC menu of the graphing calculator. 


z+bxtc 
a=/. 9761985E 
b=~. 14932142: 
c=9. 475139 


The quadratic function y = 0.000 80x" — 0.149 32x + 9.475 14 appears to model 
the data well, because its graph passes through or near all of the data points. 


e) We will use the quadratic model we found in part d) to estimate the accident rate for 
100-year-old drivers, by pressing (VARS) >} 1 1 (J) 100 [)). 


2.5191875]] 


| 
| 
| 


The predicted accident rate for 100-year-old drivers is about 2.52%. 

f) The model represents the given data well, but does not extrapolate well at all. It is 
unlikely that there are enough 100-year-old drivers around to verify that the result in part e) 
is valid. And for values of x much greater than 100, we don’t expect any drivers, so the 
model is unrealistic for large values of x. 


We have seen curves of best fit 
that are polynomials, A linear 
function can be regarded as a 
first-degree polynomial: 

P(x) = mx + b. A quadratic 
function is also called a or use the 7Decimal 
second-degree polynomial: instruction, 

P(x) = ax” + bx +c. The general form of a cubic function, or third-degree polynomial, is 
P(x) = ax’ + bx* + cx +d. For example, the graphing calculator screen 

shows the cubic function f(x) = x 3x? -x43. 


Window variables: 
x €[-4.7, 4.7], ye [-3.1, 3.1] 
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Another type of function, the exponential function, takes the form y = a", where a is 
a constant. Exponential functions are often used to model growth and decay 
situations. 


Example 8 An Exponential Model 


Luisa, a travelling salesperson, purchased a new car for $24000. Because she uses the car in 
her job, she can depreciate its value by 20% of its remaining value each year, for income 
tax purposes. She intends to keep the car for 8 years. 


a) Express the value of the car as a function of its age. 

b) Use the model to obtain the value of the car after 5 years. 
c) What is the domain of the function in the model? 

d) Sketch the graph of the model. 

e) Describe the slope of the graph over time. 


Solution 


a) Because the value of the car decreases by 20% each year, the car is worth 

100% — 20% = 80% of its remaining value each year. To determine the car’s value each 
year, we multiply the previous year’s value by 0.8. The model is exponential and can be 
represented by the function 

v(t) = 24 000(0.8)' 

where v(t) represents the value of the car, in dollars, after t years. 


b) (5) = 24000(0.8)° 
= 7864.32 
The value of the car after 5 years will be $7864.32. 


c) The domain is t € [0, 8] because Luisa will keep her car for 8 years. 


444 


e) The graph is quite steep at the beginning, but becomes less steep as time goes on. 
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In this section, we discussed linear, quadratic, and exponential models, as well as changing 
slopes of functions. This course will extend the modelling process to include other types 
of functions, such as cubic, rational, logarithmic, and trigonometric. Determining the slope 
of the graph of a function is a very important concept in calculus and is developed in 
greater detail in Chapter 3. 


Key Concepts 


The rule of four states that there are four ways to represent a function: verbally, 
numerically, algebraically, and visually. 


¢ A function is a rule that assigns to each element in a set A (the domain), one and 
only one element in a set B (the range). 

¢ The domain of a function, unless otherwise specified, is the collection of all real 
inputs for which the definition of the function makes sense. The range of a function 
is the collection of all possible outputs. 

¢ A function f is called even if it is symmetric about the y-axis. An even function 
satisfies f(—x) = f(x) for every number x in its domain. 

¢ A function f is called odd if it is rotationally symmetric about the origin. An odd 
function satisfies f(—x) = —f(x) for every number x in its domain. 

¢ A mathematical model is a description of a real-world situation in the language of 
mathematics. 


¢ A curve of best fit is a function that closely approximates a set of data. 


Communicate Your Understanding 
4. Describe how you would determine whether a function is even or odd from its 


visual representation. 


2. Give a verbal description of the function f(x) =|x-1). 
3. Describe when to use round brackets and when to use square brackets with interval 


notation. 


4. Describe how intervals can be written using absolute value notation. 
5. Explain what a mathematical model is. Describe the characteristics of a good 


mathematical model. 


Practise 


1. Use interval notation to express the set of 
real values x described by each inequality. 


Illustrate each interval on the real number line. 


a) —2<x<2 b) 4<x<13 
ce) -4<x<-l d) O<x<4 
e) x<2 f) x>-1 
g) x<-l h) x20 


2. Write each interval in question 1 in 
absolute value notation, if possible. 
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3. Determine whether each function is even, 

odd, or neither. Then, graph the function on the 
interval |x|< 4. 
a) f(x)=22 
c) h(x)=1-x° 


b) g(x) =x-4 


4. Determine whether each function is even, 
odd, or neither. Then, graph the function on the 
domain [-2, 2]. 


5. Determine whether each function is even or 
odd. Then, graph the function on the domain 
(-20, 00). 


a) f(x)=—|x| b) g(x) =|x|+1 

c) h(x) =|2x°| 

6. For each function, find 1 

) fe) 72) iw F(5) 
iv (5) vy fk) vl) fl ~k) 


a) f(x)=1-x b) f(x)=2x° 


7. Communication For each function, find and 


simplify 

) £0) i) (3) ii (5) 
iv) (3) v) rz) vi) ES 
a) fls)= sy b) f(x)=7~~ 


8. Communication The minimum stopping 
distance, d, in metres, of a particular car on dry 
asphalt can be modelled using the function 

d(s) = 0.006s”, where s is the speed, in kilometres 
per hour, when the brakes are first fully applied. 
Express the function verbally, numerically, and 
visually for s € [0, 150]. 


9. The data in the table show the population of 
Ontario from 1990 to 2000. 


1990 10 299.6 
199t 10472.6 
1992 10 570.5 
1993 10690.4 
1994 10 827.5 
O95 RE ORE 
1996 11 100.9 
1998 11 384.4 
ODDEST 
2000 1169.3 


Express the data as a function of time after 
1990 verbally, visually (with a scatter plot using 
the STAT PLOTS menu on a graphing 
calculator), and algebraically (by finding a curve 
of best fit using the STAT CALC menu on the 
graphing calculator). 


10. Application i) Determine whether each 
function is even, odd, or neither. 
i) State the domain of each function in interval 


notation. 

a) f(x)=x' +x b) g(x) =5—|x| 

c) h(x)=5 d) r(x)=xi + |x] KOXR 
@) s(x)=4 f) (x)= (x) 


sy 
x 
3 


9) fix)=x-4x°+x bh) Ka)= as 


xy 


11. A table of data is given. 


uy) PUT EO! BONS RY eB, Kee woe d= 3 [aa 


a) Construct a scatter plot of the data 

and determine an equation of the line of 

best fit. 

b) Using your equation from part a), predict 
the value of y when x = 12. 

c) Using your equation from part a), predict 
the value of x when y = 0. 


12. a) Construct a scatter plot of the given 
data using the STAT PLOTS menu ona 
graphing calculator, and determine 

the equation of a curve of best 

fit using the STAT CALC menu on 

the calculator. 


y 40 7.0 9.0 10,0 11.0 10.9 


el MeO) MOM: ES Se w6i7 150 


b) Using your equation from part a), estimate 
the value of y when x = 9.5. 

c) Using your equation from part a), predict 
the value(s) of x when y = 0. 
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Apply, Solve, Communicate 


13. Application Show that the product of two 
odd functions is an even function. 


14. Inquiry/Problem Solving Show that the quotient 
of two even functions is an even function. 


15. Is the product of an odd function and an 
even function odd or even? Verify your result 
algebraically. 


16. Inquiry/Problem Solving Suppose that the 
function y = f(x) is odd. 

a) Show that f(0) = 0, provided that f(0) exists. 
b) Give an example of an odd function for 
which (0) # 0. 


17. A manufacturer purchases $18 000 worth of 
computer equipment that depreciates linearly so 
that after 4 years the equipment is worth $9000. 
a) Express the value of the equipment as a 
function of its age. 

b) Use the model in part a) to obtain the value 
of the equipment after 6 years. 

c) What is the domain of the function in the 
model? 

d) What does the slope of the linear function in 
the model represent? 

e) Sketch a graph of the model. 

f) Describe the slope and how it changes over 
time. 


18. Inquiry/Problem Solving The table gives the 
population of Prince Edward Island, in 
thousands, for five consecutive years beginning 
with 1995. 


1995 134.8 


1996 136.2 
1997 136.9 
1998 137.0 
1999 138.0 


20 MHR Chapter 1 


a) Make a scatter plot of the data, using the 
STAT PLOTS menu ona graphing calculator. 
b) Find an equation of an approximate line of 
best fit, using the STAT CALC menu on the 
graphing calculator. 

c) Using the equation of the line of best fit, 
predict the population of Prince Edward Island 
in the year 2010. 

d) Use the equation of the line of best fit to 
determine when the population of 

Prince Edward Island was 0. Is this value 
reasonable? 

e) Use the equation of the line of best fit to 
predict when the population of Prince Edward 
Island will be 1000000. Do you have 
confidence in this result? Explain. 

f) Does a linear model represent this situation 
well? Explain. 


19. Application The table gives the population of 
Oshawa, in thousands, for five consecutive years 
beginning with 1995, Repeat question 18 for the 
population of Oshawa. 

Year Popul 


1995 272.6 


1996 277.4 
1997 282.0 
1998 287.6 
1999 292.9 


20. Communication The table gives the average 
annual pet expenses for individuals with certain 
incomes. 


15000 104 


25000 195 
35000 250 
45000 350 
55000 477 


a) Make a scatter plot of the data. 

b) Find an equation of a curve of best fit. 

c) Using the equation of the curve of best fit. 
estimate the annual pet expenses for a person 
with a yearly income of $40000. 

d) Using the equation of the curve of best fit, 
estimate the yearly income for a person with 
average annual pet expenses of $400. 

e) Using the equation of the curve of best fit, 
predict the annual pet expenses for a 
professional baseball player, with a yearly 
income of $7000000. Do you have confidence 
in this prediction? Explain. 

f) What does the curve of best fit give as the 
annual income for a person with no pet 
expenses? Is it reasonable to use the curve of 
best fit in this way? Explain. 

g) Does your model represent this situation 
well? Explain. 


21. Communication The table below shows the 
minimum stopping distance on wet asphalt at 
various speeds. 


10 0.9 
20 32 
30 WS 
40 13.0 
50 20.1 
60 28.6 
70 39.1 
80 51.3 
90 64.8 
100 80.0 
110 96.5 


a) Make a scatter plot of the data. 

b) Find an equation of a curve of best fit. 

c) Discuss the slope of the curve and how it 
changes as speed increases. 

d) How do the graphs and equations compare 
to the model for stopping distances on dry 
asphalt, given in question 8? 


22. The value for the first 8 years of an 
initial investment of $1000 in a 

particular mutual fund is shown in the 
table. The values have been rounded to the 
nearest dollar. 


$1000 
$1092 
$1142 
$1349 
$1574 
$1498 
$1771 
$2210 
$2542 


amorniant WBNnNR SS 


a) Make a scatter plot of the data in the table. 
b) Find an equation of an exponential curve of 
best fit. 

c) Discuss the slope of the curve and how it 
changes. 

d) Use your model to predict the value of the 
investment after 10 years. 


23. A constant function is a function that 
satisfies f(x) = k, for some constant k and all 
numbers x. Which constant functions are even 
functions? Are there any constant functions that 
are odd functions? 
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24, Can the sum of an odd function and an 
even function be odd? even? Explain. 


25. Can a function be both even and odd? 
Explain. 


26. Inquiry/Problem Solving The cost of removing 
the source of a pollutant leaching into a river is 
estimated to be 


where C is the cost, in thousands of dollars, and 
x is the percent of pollutant removed. 

a) Suggest a domain for C(x), and explain your 
choice. 

b) Determine the cost of removing the following 
amounts of pollutant: 25%, 50%, 75%, 99%. 

c) What percent of pollutant can be removed 
for $50000? 

d) According to this model, is it possible to 
remove all of the pollutant? If so, how much 
would it cost? 


Liam rides his bike to a soccer field, a 
trip of about 10 km. He rides at a 
constant speed until he reaches a steep 
grade 4km from home. He slows 
down as he goes up a 1-km stretch. By 
the time he reaches the top of the hill, 
Liam is barely moving, and he stops to 
rest before coasting down the other 
side. The hill is less steep on the down 
side, but Liam coasts down the 2 km 
fairly quickly. The last 3 km to the 
field is almost flat. 

a) Sketch a graph of Liam’s distance 
from home as a function of time. 
Describe the behaviour of the graph on each interval. 
b) Sketch a graph of Liam’s 


eed as a function of time. Describe the 


behaviour of the graph on each interval. 

c) Copy the sketch from part b), and on the same axes, sketch a 
graph of Liam’s speed on the ride home as a function of time. Describe 
the behaviour of the graph on each interval. 
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Technology Extension 


Functions on a Computer Algebra System 


Computer algebra systems allow us to do 
complex algebraic manipulations with a few 
keystrokes. The TI-92 Plus and TI-89 
calculators have a computer algebra system built 
in. There are also software programs that 
contain computer algebra systems to make 
mathematical work easier. Some of the more 
popular programs are TI InterActive!™, 
Derive™, Maple®, LiveMath, Mathcad®, and 
Mathematica®. 


Using the Define operation, functions can be 
defined and manipulated. To define a function, 
press the [F4] function key. The first choice is 
Define. Press [ENTER]. The word Define will 


appear on the entry line. 


Complete the function definition by typing 
f(x)= and then the expression, as in the screen 
below, where a cubic function has been defined. 
After it is defined, a function can be evaluated 
at any value simply by entering the correct 
expression in function notation. 


In the next screen, the function f(x) has been 
evaluated for values of x equal to 3, —5, and V6. 
Two different results are shown for x = V6. 

The first is in exact form. For the second, 

press the green diamond key [#] before 


pressing the R) key to get the 


approximate solution. 


The TI-92 has several special functions 
built into the [MATH] menu. In this screen, 
the absolute value function is selected 

to be stored in yl, using the abs function. 


When the [ENTER] key is pressed, the absolute 
value function is stored in yl using correct 
mathematical notation. 


Functions can be graphed on the GRAPH screen 
by pressing [4] followed by the letter R. Notice 
that the word GRAPH appears above the letter 
in green. 
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The TI-92 allows you to enter several 
functions at a time and perform algebraic 
operations on them. You can also define 
new functions in terms of old ones using the 
Define operation. 


Define f(x) =x?-S-x +3 
"Define ax) =2-x-5 
FC) + a0 


= FCx) ~ 96%) 
I Define hex) =F Cx) + 96%) 


Piecewise functions can also be defined, 
using the when function. In the next 
screen, a function has been defined in 
two parts. 


The function has been stored in y1 (above) and 
graphed (below). 


Rather than storing the function in y1, a 
Graph command can be entered in the 
home screen. 


ls Define f(x) =! 


Practise 


14. Define the function f(x) =x’ — 2x* - 5x +5. 


Create a table of values for the function and 
graph it using your software or calculator. 
Sketch the graph in your notebook. 


2. A piecewise function is made up of a 
linear part and a quadratic part. For 

x € (-0, 2), the linear function is y = 3x — 5. 
For x € [2, ), the function is defined 

by the quadratic y = x* — 3. Create a table 
of values for the function and graph it using 
your software or calculator. Sketch the graph 
in your notebook. 
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Window variables: 


x € [-11.9, 11.9], y © [-5.1, 5.1] 

Use your software or calculator to define it as 
a) a piecewise function 

b) an absolute value function 


Lies My Graphing Calculator Tells Me 


Graphing calculators are very powerful tools, but we must be careful to ensure that we 
understand completely the results they provide. In this section, we will look at some of the 
ways to avoid misinterpreting what appears on a graphing calculator screen. 


Is That a Vertical Asymptote? 
Throughout the course we will be looking at rational functions. The screen on the left 


below shows the graph of the function f(x) = in the standard viewing window 


1 
—-2 
x €[-10, 10] and y € [-10, 10]. Use the 7Standard instruction, (ZOOM) 6, to graph a function 
in this window. Note that there is a problem in the display when the denominator is zero, that 
is, when x = 2. At first glance, it appears that the calculator has drawn a vertical asymptote at 
x = 2, although it is not quite vertical. The graph on the right shows the same function using 
the window x € [-4.7, 4.7] and y € [-3.1, 3.1]. Use the ZDecimal instruction, 4, to 
graph a function in this window, which is sometimes referred to as a “friendly window.” 


Try this on your own calculator. With the first display on the screen, press the (TRACE 
key and move the cursor to the right—it moves in increments of 0.212 765 96. This 
is because the calculator’s screen is 94 pixels wide. Since the graphing window goes 
from —10 to 10 horizontally, each pixel represents a distance of oy which is equal to 


0.212 76596. The calculator is in Connected mode, which means that a segment will be 
drawn to connect successive points. The last point to the left of x = 2 is below the x-axis, 
while the next point to the right of x = 2 is above the x-axis. So, the segment in the first 
graph is not an asymptote, but a line segment joining two adjacent points. It just happens 
to be almost vertical. 


For the second graph, the window goes from —4.7 to 4.7 for a total distance of 9.4 units. 
; . = . 9.4 

Thus, the horizontal distance for the TRACE step is on 0.1. When the calculator 

attempts to join points in this window, it finds an error at x = 2, so no line segment is 

drawn, and the graph is displayed correctly. In this window, draw in a vertical asymptote 


with the Vertical instruction. 
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Note that positive integer multiples of the friendly window also make interpreting 
graphs easier. If we multiply the values in the window by 2, for example, the distance 
for the TRACE step is 0.2. If we multiply the values by 3, the TRACE step is 0.3, 
and so on. 


Is There a Zero There? 


It is possible that the graph of a function on the graphing calculator screen passes so close 
to the x-axis that it is not clear whether there is no zero, a double zero, or two zeros. In the 
first screen below, the function f(x) — 2x” — 3x + 6 is graphed using the Z7Standard 
instruction. To the right of the origin, it is difficult to tell how many zeros there are, if any. 


To get a closer look at this area, press (ZOOM) 1 for the 7Box 
instruction. Move the cursor to a point above the x-axis and to 
the left of the possible zero. Press (ENTER) and move to the right 
and down. As the cursor moves, a box is formed. Move the 
cursor to a second point below the x-axis and to the right of the 
possible zero. Press i 


Window variables: 
H=.85106383 [Y=.96774194 =2.9787234 ly=-.3677449 x €[-10, 10], y © [-10, 10] 


The window adjusts to the values determined by the box that we 
have drawn and the screen shows a close-up of the area framed 
by that box. The last screen shows that this function has two 
zeros near x = 3. Use the Zero operation to find approximate 
values for each of them. 


The same situation occurs when two curves pass near each other 
without intersecting. 


What’s Wrong With the Domain and Range? 
r 


V4 


the standard viewing window can be deceptive. Instead, we use 
the ZDecimal instruction for the first attempt. This produces the 
graph shown to the right. Using the TRACE feature, we could 
conclude that the domain is x € (—2, 2). In the same way, we 
could conclude that the range is y € [0.5, 1.6013). This is correct 
for the domain, but incorrect for the range. 


Consider the function f(x) = . We have already seen that 


However, there are other tools on the calculator for investigating domain and range. In the 
next set of screens, the TABLE SETUP screen is shown along with the resulting table. The 
values of y in the table are much larger than 1.6013. Using successively smaller increments 
for the value of aTbl makes it clear that the range is y € [0.5, ©). 
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Is That Function Linear? 


Look at the graph of the function to the right. Most people 
would agree that this function appears to be linear. However, it 
turns out that the Window variables that produced this graph 
show the function over a very small region. When we Zoom Out 
on this function, we get the following graphs. 


Even from the second graph, we can see that the function is not linear. All three screens display 
the graph of the quadratic function y = x° with different Window variables. This demonstrates 
a feature of all smooth curves called local linearity. Any smooth curve will appear to be linear 

if you focus on a small enough (local) domain, and Zoom {» on it enough times. 


Why Do I Need to Look at the Graph Twice? 
x -2x? -Sx-5 
x -x- 
Change the Window variables to x € [-9.4, 9.4] and y € [-9.3, 9.3] 
and graph the function. It should appear as the screen to the 
right. Notice that the values provided for the Window variables 
are multiples of the values in a friendly window, so that the 
almost vertical segments near the asymptotes that are not 
actually part of the graph are not shown. This window shows a 
great deal of detail of the function around the origin, but does 
not show us anything about the function when the values of x and y are very large. 


Enter the function f(x) = into the \~ editor of the calculator. 


To see the function when the values of x and y are very 
large, try setting the Window variables to x € [-100, 100] 
and y € [-100, 100] using steps of 10 for each value 

(i.e., Xscl = Yscl = 10). This view shows that the function 
appears to be nearly linear far from the origin. We will be 
looking at more functions like this in Chapter 6. 


Using multiple viewing windows helps us to understand the 
nature of the function over its entire domain. 


Graphing using any technology can make the work more interesting, but, as we have seen 
in this section, there are some dangers that must be taken into consideration. 
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Web Connection 

To explore other interesting graphs, go to 
www.mcgrawhill.ca/links/CAF12 and 
follow the links. 


Apply, Solve, Communicate 


1. Use a graphing calculator or graphing 
software to graph each function below. Use the 
Vertical instruction to add in the correct vertical 
asymptotes. Find the values of all x-intercepts 
and the y-intercept. 
1 
Y* (x +3)(x—2) 
x+1 d) 


c 2s 
y Sey ie-00 


2. Find the x-intercepts, if any, of each function. 


a) y=-2x?- 2x -0.6 

b) y=2.5x*-4.7x + 2.1 

c) y=x>t2x?- Sx 42.3 

d) y=x°- 45x’ + 3.5x — 0.76 


3. Find the point(s) of intersection of each 
system of equations. 

a) y=x’-2x+3 and y=-x°+2x+1 
b) y=2x4+2and y=x°+x42.5 

c) y=x’+8x410 and y=x° — 9x - 12 
d) y=-x?-x-2andy=x'+ 5x43 


4. Find the domain and range of each function. 


a y=— 


5. Communication a) Set angle measure to 
Radian on the \iode settinus screen. Graph the 
functions y = sin(96x) and y = sin (2x) together 
using the Window variables x € [-27, 27] and 
y € [-1.5, 1.5]. Use a heavier Grapl) style for the 
second function. 

b) Explain why the two graphs appear to be 
identical. Does this have anything to do with 
the difference in the x-coefficients of the 
functions? 

c) Will this work with any Window variables? 
Will it work for any other such sine functions 
whose coefficients of x differ by 94? For 

which other pairs of sine functions will 

this work? 


6. Use the 400! menu ona graphing 
calculator to find a window that makes a portion 
of the graph of each function appear linear. 


a) y=x°-2x4+3 b) y=x'- 9x -12 
2 5 
o) y=V9=x° d) y= 
V9—x* 


7. Application Use as many windows as 


necessary to show all of the features of the 
| 
function y =~ 


ae BES Copy the values 
x —Sx+6 

for each set of \Window variables into your 
notebook. 


8. Find Window varables that show the graph 
of each function properly. 
1 1 


) "3-173 ») Y= 37.684 


x—-1.73 


9. Use a graphing calculator to determine the 
domain and range of the function 


The function notation f(x) was first used by Leonhard Euler (1707-1783) in 1734. 


28 MHR Chapter 1 


A roller coaster design team is 
planning a section of a roller coaster. 
The criteria are as follows: 
© a maximum climb or drop of 
30m 
¢ a slope that varies between —1 
and 1 
© a horizontal length of 
120m 


The challenge is to create a 
mathematical model that satisfies 
these conditions. Explore possible models and write a report summarizing your 
conclusions. 


Here are some suggestions for your investigation: 


The team’s initial equation for the path of the roller coaster is 
pee x ical on =- = 

¥=7 000000 (x — 30)(x —50)(x-90)(x-100), x € [0,100] 

4. Graph the team’s initial equation using a graphing calculator or graphing 

software. 


2. Suggest changes to the equation so that the criteria are satisfied. Give reasons 
for your suggestions. 


3. State the new equation and provide a graph of the roller coaster’s path. 
Include the Window variables of your graph. 


4. Describe your own criteria for a different section of roller coaster, develop an 
equation, and draw a suitable graph, including the \Vindow variables. 


5. What are some of the constraints that determine the criteria for your roller 
coaster? 


Web Connection IN 
To learn more about the history 

and design of roller coasters, go to 
www.mcgrawhill.ca/ links/CAF12. 
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1.1 Functions and Their Use in Modelling 


Refer to the Key Concepts on page 18. 


1. A visual representation of a function f is 
given. 


a) Copy and complete the partial numerical 
representation. 


Bese sett 
= 
il 
1 
3 


b) State the domain of f. 


2. Fora function with algebraic representation 
f(x) =5 +|x + 3l, 

a) copy and complete the table to give a partial 
numerical representation 


-6 


b) graph the function to give a visual 
representation 
c) give a description in words 


3. Write each inequality using interval notation. 


a) x<0 b) -4<x ce) -S<x<5 
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Review of Key Concepts 


4. The numerical representations of three 
functions are given. Classify each function as 
even, odd, or neither. 


ef) gle) h(x) 
4 Zs =9 


if 
=3 =a oa 2 
—2 -3 1 3 
a sk sal = 
0 0 0 10 
al ‘ait i) 2 
2 3 =1 é} 
oS =z i} 
4 7 -2 -9 


5. Determine whether each function is even, 
odd, or neither. 

a) f(x)=x° +x b) g(x)= 
c) h(x) = 5x d) 


: f) tx) =(x') 
x 


2 -3| 


r(x) =x? —|x| 


e) s(x) = 


6. Show that the product of two even functions 
is an even function. 


7. A table of data is given. 


del pee 22. 19! 


a) Determine an ae for a line of best . 
using the STAT CALC menu ona graphing 
calculator. 

b) Using the equation of the line of best 

fit, estimate the value of d when t = 14. 

c) Using the equation of the line of best fit, 
predict the value of d when t = 23. 


8. A table of data is given. Assuming a 
quadratic model, find an equation of a curve of 
best fit, using the STAT CALC menu ona 
graphing calculator. 


is HOS: 


in) (Se) NGESy oSASe AG) 


9. The table gives the total number of 
passengers, in thousands, of Canadian 
air-carriers, every two years for the period from 
1990 to 1998. 


1990 36777 


1994 32 868 


1998 45 104 


a) Make a scatter plot of the data, using the 
STAT PLOTS menu ona graphing calculator, 
and find an equation of a curve of best fit, using 
the STAT CALC menu. 

b) Using the equation of the curve of best fit, 
estimate the number of Canadian air-carrier 
passengers in the year 1995. How does 

your estimate compare to the actual value, 
35.999 000? 

c) Use the equation of the curve of best fit to 
predict when the number of Canadian air-carrier 
passengers will be 50 000 000. Do you have 
confidence in this result? Explain. 


10. The table contains data showing the average 
fuel economy of a particular car, in litres per 
100 km, at various constant speeds, measured at 
a test track. 


110 13.59 


130 16.88 


150 ars: 


a) Make a scatter plot of the data, using the 
STAT PLOTS menu of a graphing calculator. 

b) At what speed does this car have its best fuel 
economy? What is that fuel economy? 

c) Determine a quadratic curve of best fit using 
the S1}AT CALC menu, and state its equation. 
d) The data are appropriate for a car driven 

at constant speed for the speeds given. What 
would the curve look like for a car that is 
accelerating? 

e) This car does not get very good fuel 
economy. What would the graph look like 

for a car with better fuel economy? Why? 


41. Determine the domain of each function. 


ioe et 
a) fix)= 5 b) fix)=5>— 
=Vx+1 eat. 
ce) f(x)=Vx+ d) f(x) Box 
@) fix)=vixt—-1 9 fe)=>o— 
bd 
2 jee 
9) f= al mre x +x-6 


1.2 Lies My Graphing Calculator 

Tells Me 

Refer to page 25. 

12. Determine the smallest graphing calculator 
viewing window that will contain all of the 
essential features of the graph of each function. 
a) f(x)=V4—x" b) f(x)=V10x—2 
13. Determine appropriate graphing calculator 
Window variables to exhibit the principal 
features of each function, and use them to draw 
the graph. 

a) f(x)=x'+ 3x 
c) f(x)=x+ es 


b) f(x) =-0.5x7+ 4 
d) f(x) =x + sin(x) 
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OO 


Chapter Test 


Achievement Chart 


Questions All 7,1 5,11 6,10, 11 


1. For each function, determine 4. The numerical representations of three 
) fa) i) ft) it) FQ) r( } functions are given. Classify each function as 
even, odd, or neither. 


# Kale 2 feietna fate 


2. Write each inequality using interval notation. 4 
a) -4<x<10 b) «ss c) O<x Sor 
3. Determine whether each graph is even, odd, 3 ; 
or neither. 2 
0 
2, 
=3 
2 24 
ey 


5. a) Sketch a graph of y =x". 

b) Describe the changing slope of the curve 
over the interval [-4, 4]. 

c) Describe the symmetry of the graph. 

d) Compare this graph to the graph of 
y=x. 


6. A table of data is given. 


VG Atos aie We ey po 


a) Find an equation of a line of best fit, using 
the STAT CALC menu of a graphing 
calculator or graphing software. 

b) Using the equation of the line of best fit, 
estimate the value of V when r = 7. 

c) Using the equation of the line of best fit, 
predict the value of V when r = 14. 


7. The period (time for one full swing, back 
and forth) of a pendulum depends on its 
length. In a lab during a science class, the 
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period was measured for various lengths of a 
pendulum, as shown in the table. 


Length (cm) 5 Sie Se =20) 


"Period!(s)))) ea) 1.4)) (07) 200) asa) 


Length (em) 30 50 75 100 150 


a) Make a scatter plot of the data, with the 
period on the x-axis, using the 1.) PLO1S 
menu ona graphing calculator. 

b) Decide on an appropriate type of 

curve to fit the data. Then, determine an 
equation for the curve of best fit, using the 
STAT CALC menu, 

c) Use your model to determine the period of 
a pendulum that is 6 cm long. 

d) Using your model, how long would 

a pendulum be if its period is 1s? 

e) Many clocks have adjustable pendulums 
to help adjust the speed of the clock. Explain 


restrictions. 


cherry orchard, in bushels, against the 
amount, a, of fertilizer, in kilograms, 
used on the orchard is shown. 

a) Describe the effect of the amount 
of fertilizer on the yield of the orchard. 
b) What is the vertical intercept? 
Explain what it means in terms of 
cherries and fertilizer. 

c) What is the horizontal intercept? 
Explain what it means in terms of 
cherries and fertilizer. 

d) What is the range of the function? 
What is the domain? Explain any 


e) How much fertilizer should be 
used to obtain the highest yield? 


how to change the length of a pendulum in 
order to speed up a clock. 


8. Find the domain of each function. 


ee! ff 
a fix=>— ») {=F 
= ! — 
9 fil-sag 9 maa 


9. Determine whether each function is even, 
odd, or neither. 
a) f(x)=x> +x" 
c) h(x) =-7x 


e) s(x)= its 


b)  g(x)=|x-1| 
d) r(x) =x? +|x| 


10. Determine appropriate graphing calculator 
viewing windows to exhibit the principal 
features of each function and use them to draw 
the graph. 


a) F(x) =0.001x? +4 b) f(x) =1000x-+sin x 
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Challenge Problems 


1. A baseball player has been officially at bat 322 times and has a batting average of .289. 
He figures that he will have 53 more times at bat for the rest of the season. What batting 
average does he have to maintain for the rest of the season in order to end with a season 
average of .300? 


2. Show that a 3 by 3 square chosen from a calendar for any month (providing each 
square has a date) has the property that the sum of the numbers in the square is nine times 
the sum of the smallest number and eight. 


3. On the Fahrenheit scale, the freezing point of water is 32°F and the boiling point of 
water is 212°F. On the Celsius scale, the same two points are respectively 0°C and 100°C. 
For what temperature is the reading of the two scales the same? 


4. A reel of plastic tape is wound on a cardboard cylinder of radius 2 cm. When the reel is 
full, its diameter is 12 cm. What are the distances from the centre of the reel at which the 
quantity of tape left is 

3 ie ! 


? b) 5? °) 


5. A function machine produces results according to the following table: 


3 and 5 


4 and 7 29 
0 and 3 9 
5 and 0 10 
1 and 4 14 


What operations are performed on the input numbers to obtain the output numbers? 


6. Determine whether va +x +Va—x is less than, equal to, or greater than 2Va, where a 
and x are positive, and x < a. 


7. Graph the function y =|10-—|x||. 
8. Graph the relation | y|+|x—3]+|x-7|=15. 
9. Find window settings that show the graph of the function 


x? +1.11x? -1.4872x -1.5972 : 
y= —_"*"* correctly. 


x? +0.11x—1.5972 
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Problem Solving Strategy 


Principles of Problem Solving 


Problem solving is a creative activity that requires not only routines and formulas, but also strategies. 
Although there are no hard and fast rules for problem solving, we outline some helpful principles, based 
on the work of George Pélya (1887-1985). We will use some of these principles to solve the following 


problem. 


Frank drove from his house to the lake at an average speed of 50 km/h because of bad weather. On 
the return trip along the same route, his average speed was 100 km/h. What was his average speed for 


the whole trip? 


Understand 
the Problem 


-s> 


Carry Out 


s> 


the Plan | 


The first step is to read the problem carefully and make sure that you understand 
it. Ask yourself the following questions: 


4. What information are you given? 
2. What are you asked to find? 
3. Do you need an exact or an approximate answer? 


Find a connection between the given information and the unknown, which will 
enable you to calculate the unknown. 


Average speed is total distance travelled divided by total time elapsed. We know 
the average speed for both parts of the trip, and that Frank takes the same route 
to and from the lake. We will let the distance from Frank’s house to the lake be d, 
and the times taken for the trip be f, and ¢,. 


In case you do not see the connection immediately, there are several strategies that 
can help you, some of which will be discussed in the next three problem solving 
sections, at the end of Chapters 3, 4, and 6. 


e Solve a simpler problem Try to think of a similar problem that is easier to 
solve than the original problem. 

© Work backward Sometimes it is useful to imagine that your problem is 
solved and work backward, step by step, until you arrive at the given data. 

¢ Draw a diagram For many problems it is useful to draw a diagram and label 
it with the given information. 

¢ Look for a pattern Some problems are solved by recognizing a pattern. 

¢ Introduce something extra For example, you might draw a new line in a 
diagram, or introduce a new unknown related to the original unknown. 

e Take cases You can split a problem into several cases and give a different 
argument for each. 


For the trip from the house to the lake, For the trip from the lake to the house, 


_d _d 
50-5 (1) 100 = ¢ (2) 


total distance travelled 
total time elapsed 

__2d_ 

“ttt 


average speed = 
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average speed = 
BesP t,+t, 


2d 


From equation (1), t, = 4 and from equation (2), t, = --~ 


d 
100° 


His average speed for the entire trip is approximately 66.7 km/h. 


| Ask yourself the following questions: 
1. Does the answer seem reasonable? 


2. How could I check that the answer is correct? 


-_ Suppose that the distance from the house to the lake is 100 km. Then, it takes 


Look Back 
> 


to the lake. 


Apply, Solve, Communicate 


1. Sarah drove from home to school at 90 km/h. 
She drove from school to home at 70 km/h. 
What was her average speed, to the nearest tenth, 
for the round-trip? 


2. Three nickels and three dimes are placed in 
three boxes so that there are two coins in each 
box. The total number of cents in each box is 
written on the top of the box. However, the tops 
of the boxes have been switched so that no box 
is labelled correctly. 


Each box has a slot at the bottom so that, when 
you shake the box, one coin rolls out. What is 
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2h to the lake, and 1h back, for a total time of 3h. The total distance is 
200 km, so the average speed is 200. or 66.7 km/h. Note that we cannot 


determine the correct average speed by adding the two speeds and dividing 
by 2. Also, the average speed does not depend on the distance from the house 


the minimum number of coins you must shake 
out to determine the exact contents of each box? 


3. Four people, one of whom was known 
to have won a lottery, made the following 
statements when questioned by a reporter. 


Sofia: “Paolo won it.” 

Melissa: “I didn’t win it.” 

Paolo: “Jeff won it.” 

Jeff: “ Paolo lied when he said I won it.” 


a) If only one of the four statements is true, 
who won the lottery? 
b) If only one of the four statements is false, 
who won the lottery? 


Problem Solving: Using the Strategies 


1. A school’s debating team consists of four 
females and four males. The team captain is a 
female. The team is entered in a regional 
competition. However, each school is allowed to 
send only six team members, three males and 
three females, to the competition. The team 
captain must be among the members who 
compete. Other members are equally qualified 
to compete. How many possible combinations 
of members could make up the team that 
competes? 


2. You have a S-L container and a 9-L 
container and plenty of water. You want exactly 
6 L of water in the 9-L container. How can you 
use the two containers to measure exactly 6 L 
of water? 


3. Four people need to cross a footbridge at 
night to catch a train, which leaves in more than 
15 min but less than 16 min. The bridge can 
only hold two people at a time. The group has 
one flashlight, which must be used for each 
crossing of the bridge. The flashlight must 

be carried by hand and cannot be thrown 
back. Because of their different degrees of 
nervousness, the people take different times to 
cross the bridge. Juan can cross in 1 min. Sue 
can cross in 2 min. It takes Alicia 5 min to 


cross, and it takes Larry 8 min. If they cross in 
pairs, they cross at the speed of the slower 
person. How can they all cross and all catch 
the train? 


4. The sum of the numbers of sides of two 
convex polygons is 11, and the sum of the 
numbers of their diagonals is 14. Name the two 
types of polygons. 


5. A cube is 20 cm on an edge. 

a) How can you cut the cube into six identical 
pyramids? 

b) What are the dimensions of each pyramid? 


6. Must each calendar year have at least one 
Friday the 13th? Explain. 


7. A circle is inscribed in an equilateral 
triangle, and a square is inscribed in the circle. 


Determine the exact value of the ratio of the 
area of the triangle to the area of the square. 
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Chapter 2 


Polynomials 


Specific Expectations | Section | 
Determine, through investigation, using graphing calculators or graphing software, various 21.26 
properties of the graphs of polynomial functions. pani 
Compare the nature of change observed in polynomial functions of higher degree with that 24 
observed in linear and quadratic functions. . 

(i ¥ . : 2.2, 2.3, 
Solve problems involving the abstract extensions of algorithms. 24,25 
Demonstrate an understanding of the remainder and factor theorems. 2.3, 2.4 
Factor polynomial expressions of degree greater than two, using the factor theorem. 2.4 
Determine, by factoring, the real or complex roots of polynomial equations of degree 25 
greater than two. ‘ 
Determine the real roots of non-factorable polynomial equations by interpreting the graphs 25 
of the corresponding functions, using graphing calculators or graphing software. h 
Write the equation of a family of polynomial functions, given the real or complex zeros. 2.5 
Sketch the graph of a polynomial function whose equation is given in factored form. 2.6 
Solve factorable polynomial inequalities. 2.6 
Solve non-factorable polynomial inequalities by graphing the corresponding functions, 
using graphing calculators or graphing software and identifying intervals above and below 2.6 
the x-axis. 
Describe the nature of change in polynomial functions of degree greater than two, using 27 
finite differences in tables of values. 
Determine an equation to represent a given graph of a polynomial function, using methods 
appropriate to the situation. 2.8 


Calculus is a collection of tools for analysing functions. The tools 

of calculus that we will discuss in later chapters are applied first to 
polynomials, since they are among the simplest type of function. 

The same techniques are then extended to more complicated types of 
functions later in the book. 


Polynomials are also among the most widely used functions in practical 
applications, especially when combined with other types of functions. The 
paths of baseballs are quadratic functions, and their position-time 
functions are also quadratic. Higher-degree polynomials are used in 
modelling in many contexts, from business applications all the way to 
quantum-mechanical descriptions of atoms. Because of their simplicity, 
polynomials are frequently used in regression analysis of experimental 
data. 


In this chapter, we study the properties of polynomial functions. 

the many applications of polynomials that are discussed are their use in 
modelling motion, such as the motion of a shot put, and their use in 
modelling the finances of companies, such as the sales, revenue, and 
profit of a company that manufactures camping trailers. 


1. Simplifying expressions 
Expand and simplify. 

a) 5(2x +3) +4(x — 7) 

b) 2(y— 3) —(y + 4) — 3(3y + 5) 
ce) 5(x? — x — 2) — 2(x? +3) 

d) 2(w — 3)’ - (w+ 5)(2w - 4) 


2. Dividing a polynomial by a monomial 
Simplify each of the following. 
a) 6x? + 9x 
3x 

b) 4x) -8x? -12x 

26 
°) 8m? +16mn 

4n 
d) 9x* —6x? + 3x” -12x 
3x? 

3. Factoring ax* + bx +c,a=1 
Factor. 
a) ¢+9t 
b) w>— 196 
c) x? + 8x +15 
d) y -3y-18 
e) x +15x +56 
f) w— 38w +361 
g) Pf -98t-99 
h) s°+90s +89 


4. Factoring ax* + bx +c,a #1 


Factor. 

a) 2x?-7x+3 
b) 3y’-11ly-4 
c) 4w> + 9w +2 
d) 10a’-a-3 
e) 6f+7t+2 
f) 25x7-9 


5. Simplifying rational expressions 


Simplify. State any restrictions on the variables. 


a) xr+x-2 
x-1 

b) x’ -9 
x -6x+9 

3) -t-6 
t-2t-8 

d) @ —9a+20 
a +a—-30 
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6. Solving quadratic equations by graphing 
Solve by graphing. Round solutions to the 
nearest tenth, if necessary. 

a) 2y=y+3 

b) 4°+9=11t 

c) 2m’ -Sm=0 

d) 6w°-4=Sw 


7. Solving quadratic equations by factoring 
Solve by factoring. Check your solutions. 

a) w= 8w 

b) y +7y+10=0 

c) x*-x-21=0 

d) £+20=% 


8. Solving quadratic equations by factoring 
Solve by factoring. Check your solutions, 

a) 2x*-Sx+2=0 

b) 2y°+7y+3=0 

c) 3w*-2=w 

d) 6f + 13t=5 


9. The quadratic formula 

Solve using the quadratic formula. Express 
solutions both in exact form and as 
approximations to the nearest tenth. 

a) x-x-5=0 

b) y +3x+1=0 

c) 2w+w=4 

d) 0=4¢+2t-1 


10. Complex numbers 


Simplify. 
a) V-4 b) v-100 
ce) v-13 d) V-24 
e) v-27 f) -Vv-32 
g) ? h) 6ix Si 
i) 6t i) (iv3yY 
k) (-2i)(3i) ) (3iv2)(-2iV2) 
11. Complex numbers 
Simplify. 
a) 5+V-50 
b) -3-V-90 
oy ~12+V=32 

2 
d) = 


12. Operations with complex numbers 
Simplify. 

a) (3 + 2%) + (7 — 31) 

b) (5 — 4i) — (61-4) 

c) (i- 12) — (81+ 2) 

d) 4(3 — 2%) + 2(5 + 31) 


13. Operations with complex numbers 


18. Solving first-degree inequalities 


Solve. Graph the solution on a number line. 


a) 2x-4<5x+2 

b) 3(x — 7) = 5(x + 3) 

ce) 2(x-3)-4<3(x-1)+2 
d) -2(x-5)>-4(2x-1)+6 
e) 1.2x-0.1<2.3 


Simplify. i > 2 3 

a 24 b) 254 @ #2 pew) 
5 -5-4i 24+3x_3x-2 2 

c) — d h 3x x _2 

TS ai a ee 


14, The quadratic formula 

Find the exact solution using the quadratic 
formula. 

a) x°+3=2x 


19. Finite differences 


Use finite differences to determine whether each 


function is linear, quadratic, or neither. 


b) + 9=0 a b) a 
c) ?—t+3=0 aoe Gallen fe ey = Bod 
d) 2m +3m=-3 OL 5 QO <3 0 4 0 19 
15. Evaluating functions 1 .=3 1-1 1 5: 1 8 
If f(x) = 7x — 4, find 2 -1 2 5 oe) P12: 2 5 
a) f(2) b) f(-7) c) (0.5) 3 1 Gin ets ae a Bis tek! 
—1.5 15 
d) f(-1.5) e) f(200) f) f(-150) 4 3 4 29 TT ray 
16. Evaluating functions 
If h(x) = 2x—1 find . 20 hd : 2 z 8 x ey 
2.” Role See ao ey, es? am 
a) h(7) b) h(0) co) h(0.5) CMMs Evie Paes Beas ess 
i Ee Sec Lake Sas 
17. Evaluating functions 4 224 On EAT 0 9 12 S05 
If g(x) = x + 2x — 5, find 6234 qi) S25) 2 9 3735 
a) g(0) b) g(3) c) g(-2) ou aa 2 5 Fa eae SE BETS 


d) g(0.6) —e) g(-2.5) f)  g(100) 


Pierre de Fermat (1601-1665) was probably the first person to use the idea of a coordinate 
system. However, René Descartes (1596-1650) is generally given the credit for this invention. It is 
said that Descartes came across the idea while he was in military service. When he was lying on 
his cot one day, he stared at a fly that was hovering above him. It occurred to him that the fly's 
position at any moment could be described by its distance from three mutually perpendicular 
intersecting lines, which we now call axes. 
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Investigating Math: Polynomial 
Functions on a Graphing Calculator 


You have previously studied constant, linear, and quadratic functions. Equations for these 
functions have the form f(x) = c, f(x) = mx + b, and f(x) = ax’ + bx + c. These functions 
are special cases of a class of functions called polynomial functions. Othe camples of 
polynomial functions are f(x) = 2x° + 3x — 1, f(x) =x° + te and f(x) = 2x* - 3x*+ 14. 


Examples of functions that are not polynomials are f(x) = x f(x) =2*, and f(x) 


A polynomial function of degree 1, where 1 is a positive anes has the form 
nl 

e+... Fax + a, 

where a, # 0. The numbers a,, a, ,,.--, @,, a are called the coefficients of the polynomial. 

The number a, is the constant coefficient. The number a,,, the coefficient of the highest 


power, is the leading coefficient. 


f(x) =a,x" +4, 


In this section, we explore the features of the graphs of polynomial functions. 


Quadratic functions are polynomial functions of degree 2. They are also called 
second-degree functions. Quadratic functions have two zeros, that is, two values of the 
variable that make the value of the function zero. The corresponding quadratic equations can 
have two real or two complex roots. If the roots are real, they can be distinct or equal. 


Two complex roots ‘Two distinct real roots Two equal real roots 

When working with functions of degree greater than 2, it is helpful to know that a function 
P + . c. : 3 a 

of degree m has n zeros. For example, a cubic function, such as y = x* + 3x” — 3x — 4, 

has three zeros. Cubic functions are also called third-degree functions. 


Ploti Flotz_ Plot? 


Window variables: 
x €[-4.7, 4.7], y € [-9.3, 9.3] 


Cubic Functions 


1. Graph each cubic (third-degree) function in the standard viewing window, using the 
ZStandard i instruction. Sketch the graphs in your notebook. 

a) yam +2x°—3x-4 b) ya He ~4x—8 c) y 2x? — 2x - 3 
d) y=x°-3x°+3x-1 y= g = Bx +x+3 f) y=—-x? + 3x? - 5x +6 
g) y +x 4+ 5x43 2 3x +1 
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2. Using the graphs from step 1, describe the general shape of the graphs of cubic 
functions. 


3. How is the shape of the graph of a cubic function different from the shape of the graph 
of a quadratic function? 

4. The general form of the equation of a cubic function is y = ax’ + bx? + cx + d, where 

a #0. Describe how the graphs of cubic functions for which a is positive differ from those 
for which a is negative. 


5. What does the value of d represent on the graph of a cubic function? 


6. a) Graph the cubic function y = x'— 2x’ — Sx + 6. Find the x-intercepts. Sketch the 
graph and label the x-intercepts. 

b) Do the x-intercepts from part a) satisfy the related cubic equation x' — 2x” — Sx + 6 = 0? 
Explain. 


7. The real roots of a cubic equation are the x-intercepts of the related cubic function. 
How many real roots does the cubic equation corresponding to each cubic function graphed 
in step 1 have? 


8. State the possible numbers of each of the following types of roots for a cubic equation. 
Sketch a graph to illustrate each possibility. 
a) distinct roots b) equal real roots — c) complex roots 


9. Can a cubic equation have three complex roots? Explain, 


10. A cylinder is inscribed in a sphere, as shown. The radius of 
the sphere is 2 units. 

a) Write a formula for the volume, V, of the cylinder in terms 
of x. What kind of function is V? 

b) Argue that negative values of x are reasonable, provided that 
we think of x as a coordinate and not as a distance. What is the 
domain of the function in part a)? 

c) Determine the roots of the function in part a). Explain the 
meaning of the roots. 


11. Summarize what you have learned about cubic functions and their graphs. 


Quartic Functions 


A quartic function, such as y = x‘ — 6x” — x +3, has four zeros. Quartic functions are also 
called fourth-degree functions. 


“PIORL, Fete Pots 
SVIBK4-6X° 2-43 


Window variables: 
x €[-4.7, 4.7], y€[-9.3, 9.3] 


4. Graph each quartic function in the standard viewing window. Sketch the graphs. 


a) y=x'— 5x? + 2x42 b) y=x'+3x'-x-3 
c) y=x'+2x'+ 2x +6 d) y=x*-4x° + 6x°- 4x41 
e) y=x'-2x?+1 f) y=-x'4+ 5x744 
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ax" 43° 43x°-2x-5 hh) y=-x'- 5x? - 5x? + Sx + 6 
-x'+43x°+3x°-7x-6 j) y=-x'-4x'-5x°-4x-4 


2. Using your graphs from step 1, describe the general shape of the graphs of quartic 
functions. 


3. How is the shape of the graph of a quartic function different from the shape of the 
graph of a cubic function? a quadratic function? 

4. The general form of the equation of a quartic function is y = ax* + bx' + cx’ + dx + e, 
where a # 0. Describe how the graphs of quartic functions for which a is positive differ 
from those for which a is negative. 


5. What does the value of e represent on the graph of a quartic function? 


6. a) Graph the quartic function y = x‘ + x’ — 7x* — x + 6. Find the x-intercepts. Sketch 
the graph and label the x-intercepts. 

b) Do the x-intercepts from part a) satisfy the related quartic equation 

x' +x! — 7x’ — x +6 = 0? Explain. 

7. The real roots of a quartic equation are the x-intercepts of the related quartic function. 
How many real roots does the quartic equation corresponding to each quartic function 
graphed in step 1 have? 


8. State the possible numbers of each of the following types of roots for a quartic 
equation. Sketch a graph to illustrate each possibility. 
a) distinct real roots —_b) equal real roots c) complex roots 


9. An archway for the entrance to the county fair is designed to look somewhat like a 
rounded letter M. A scale model of the arch passes through the points (0, 45), (1, 48), 

(-1, 48), (2, 45), and (—2, 45), where all distances are in centimetres. The x-coordinates of 
the points represent locations across the entrance and the y-coordinates represent heights 
above the ground. 

a) What kind of polynomial should be used to model the arch? 

b) Use an appropriate regression to determine the function that models the arch. 

c) Determine the roots of the function in part b). 

d) Explain what the roots in part c) represent. 


10. Summarize what you have learned about quartic functions and their graphs. 


Quintic Functions 

4. The function y = x(x° — 1)(x* — 4) is a quintic (fifth-degree) function. Explain why. 
2. What are the zeros of y = x(x” — 1)(x? — 4)? Explain without graphing. 

3. Predict the shape of the graph of y = x(x° — 1)(x° — 4). Then, sketch the graph. 


4. a) Graph y = x(x’ — 1)(x" — 4) in the standard viewing window. Sketch the graph and 
label the x-intercepts. 
b) Describe the similarities and differences between your prediction and the actual graph. 


5. Graph each function in the standard viewing window. Describe and explain the numbers 
of distinct real roots, equal roots, and complex roots in each case. 

a) y=x"(x* + 1)(x — 2) b) y=(x—1)(x - 4)°(3 - x) 

ce) y=(x*— x -2)(x? - 1)(x +1) d) y= (x? +x —2)(x* - 1)(x + 1) 
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6. Is the graph of a quintic function more like the graph of a quadratic function or more 
like the graph of a cubic function? Explain. 


7. Part of a roller coaster track is being designed. For this part of the track, the coaster 
will come down a long way, reach a low point, rise up to a high point, go down again 

to another low point, rise up again to another high point, and then plunge down. In this 
exercise, you will model this part of the track with a polynomial function. 

a) What should the degree of the polynomial be? 

b) A coordinate grid is placed on a diagram of the track. The track crosses the x-axis five 
times, and adjacent crossing points are separated by 2 units. Conjecture a formula for the 
function that models the track. 

c) Is there just one formula that satisfies the conditions in part b)? Explain. 

d) Use technology to determine the heights of the high and low points of the track. Are 
these reasonable values for a realistic roller coaster track? If not, explain how to modify 
your conjectured formula to make the model reasonable. 


8. Summarize what you have learned about quintic functions and their graphs. 


Features of Polynomial Graphs 


The graph of a polynomial function is continuous, that is, there are no breaks in the graph. 
You can trace the graph without lifting your pencil. 


The graph of the cubic function y = 2x* — 6x — 1 is shown. The 
graph has a peak at (-1, 3) and a valley at (1, —5). The point 
(-1, 3) is called a local maximum point of the function. This 
point does not have the greatest y-coordinate of any point of 
the function, but no nearby points have as great a y-coordinate. 
Similarly, the point (1, —5) is called a local minimum point of 
the function. It is the lowest point on the graph among nearby 
points. Local maximum points and local minimum points are also known as turning points. 


The end behaviour of the graph of a function describes the sign of the values of the function 
for the left-most and right-most parts of the graph. Polynomial functions can have four 
types of end behaviour. 


The right-most y-values are The right-most y-values are y — » means that the values for 
positive. negative. y get larger and larger, without 
yr wax ao y> —-wasx 0 bound, in the positive direction. 
The left-most y-values are The left-most y-values are y — —co means that the values 
positive. negativ for y get larger and larger, without 
y > wasx—> —0 y> - x -0 bound, in the negative direction. 
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The right-most y-values are The right-most y-values are 


positive. negative. 

y> wasx +o y > —wasx > w 

The left-most y-values are The left-most y-values are 
negative. positive. 

y > -was x > -0 y > wasx > -w 


1. Graph the following functions in the standard viewing window. Copy and complete the 
table. 


)y=x+2 
ne 
c) y=x"-4 
d) y=-2x" + 3x +2 
e) y=x°- 3x 


f) y=—x +2x-1 

g) y=x"- 4x74 5 

h) y=-x* +407 +x-2 

i) y=x° —2x*- 3x94 5x7 4+4x-1 
j) y=x"-2 

k) y=-x' + 40° +2 


2. For two functions with the same degree, how does the sign of the leading coefficient 
affect the end behaviour of the graph? 


3. A function whose degree is an even number is called an even-degree function. 
a) How do the end behaviours of even-degree functions compare? 
b) Test your conjecture by graphing functions of even degree higher than 4. 


4. A function whose degree is an odd number is called an odd-degree function. 
a) How do the end behaviours of odd-degree functions compare? 
b) Test your conjecture by graphing functions of odd degree higher than 5 


5. Sketch the graph of a polynomial function that satisfies each of the following sets of 
conditions. 

a) an even-degree function with two local maximum points and one local minimum point 
b) an even-degree function with two local minimum points and one local maximum point 
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c) an odd-degree function with two local maximum points and two local minimum points, 
and the left-most y-values are negative 

d) an odd-degree function with three local maximum points and three local minimum 
points, and the right-most y-values are negative 

e) an even-degree function with four local maximum points and three local minimum 
points 


6. a) What appears to be the maximum possible number of turning points for a linear 
function? a quadratic function? a cubic function? a quartic function? 

b) What appears to be the relationship between the degree of a function and the maximum 
number of turning points? 

c) If the graph of a function has five turning points, what is the minimum possible degree 
of the function? 


7. The graph of f(x) = x(x — 2)(x + 3) is shown. 
The x-intercepts are 2, 0, and -3. The three 
x-intercepts divide the x-axis into four intervals. 


Window 
(-~,-3)  (-3,0) — (0, 2) (2, 00) variables: 
Determine the sign of f(x) in each interval. x € [-4.7, 4.7], 
8. For each of the following functions, sketch yel9.3, 9.3] 


the graph and determine the sign of f(x) in the intervals determined by the x-intercepts. 


a) f(x) = (x + 1)(x — 3) b) f(x) =x(x + 2)(x — 4) 

c) f(x) =~(x - 2)(x + 3) d) f(x) =x(x — 1)(x +4) 

e) f(x) = (x + 3)(x — 3)(x + 1) f) f(x) =-(x — 5)(x + 3)(x + 3) 

g) f(x) =x(x -—3)(x—S)(x+4) bh) f(x) =—-(x + 4)(x + 1)(x — 2)(x - 5) 


9. Summarize what you have learned about the graphs of polynomial functions by listing 
the key concepts from this section. 
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Dividing a Polynomial by a Polynomial 


We have previously multiplied polynomials. For example, (x + 2)(x — 5) = x’ — 3x — 10. 
We have also factored polynomials, which is the reverse process. For example, 


2x) — 2x? + 3x -— 3 = 2x"(x -— 1) + 3(x — 1) 
= (x — 1)(2x" + 3) 


But polynomials are not always simple to factor. In Sections 2.3 and 2.4, we learn to 
identify a factor of a polynomial such as x’ — 6x* + 7x + 6. In order to find the other 
factors, we must be able to divide a polynomial by a binomial, such as x — 1. In this 
section, we illustrate this process. In Example 1, division of a polynomial by a binomial 


is compared to division of a number by a number. 


Example 1 Dividing a Polynomial by a Binomial of the Form x — b 


Divide x* + 5x + 6 by x + 3. State the restriction on the variable. 


Solution 
Division of a polynomial by a binomial 
The first steps are: 

x Think x? +x =x. 
x+ 3)x* +5x+6 


2 


“+3x 


Multiply x(x + 3). 

2x +6 Subtract. Bring down the 6. 
The final steps are: 

x+2 Think 2x 
x+ 3)x" +5x+6 
x? +3x 

2x+6 

2x+6 Multiply 2(x +3). 
0 Subtract to get the remainder. 


Division of a number by a number 
2 Think 7 +3=2 (remainder 1). 


fe 
6 Multiply 2(3). 
12. Subtract. Bring down the 2. 


24 Think 12+3=4. 
3)72 

6 

12 

12 Multiply 4(3). 


0 Subtract to get the remainder. 


Because division by zero is not defined, x + 3 4 0, that is, x #3. 


So, (x? + 5x + 6) + (x +3) =x +2, where x #-3. 


The polynomial that is being divided is called the numerator or dividend, the polynomial 
that the numerator is divided by is called the denominator or divisor, and the result of the 


division is called the quotient. 
quotient 


denominator)numerator 


Note that just as we write numbers in order of place value, we must write polynomials in 
order of degree before we divide. Consider Example 2. 
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Example 2 Dividing a Polynomial by a Binomial of the Form ax — b 


Divide -19x* + 6x’ + 18x — 20 by 2x — 5. State the restriction on the variable. 
Solution 
First, rewrite the polynomial with the terms in order of degree, 6x’ — 19x* + 18x — 20. 


—4x? + 18x 


—4x° + 10x 
8x-—20 
8x -20 
0 
Because division by zero is not defined, 2x — 5 # 0, so x # 5. Thus, 


(6x" ~ 19x + 18x - 20) + (2x - 5) =3x*- 2x +424 3. 


In Example 2, since 2x — 5 divides into 6x’ — 19x* + 18x — 20 evenly (that is, with a remain- 
der of zero), 2x — 5 is a factor of 6x’ — 19x” + 18x — 20. Another way of writing the result is 
6x? — 19x" + 18x — 20 = (2x — 5)(3x* — 2x +4), 

Similarly, in Example 1, x + 3 is a factor of x + 5x +6. When the divisor is not a factor of 
the dividend, the remainder is not zero, as shown in Example 3. 


Example 3 Division With a Non-Zero Remainder 
a) Divide —9x — 3 + 6x° — 4x* by 2x° - 3. 
b) State the restrictions on the variable. 
Solution 
a) First, rewrite the polynomial as 6x’ — 4x” — 9x — 3. 
3x-2 
2x? —3)6x* — 4x? -9x -3 
6x' +0x? - 9x Note the use of 0x” and Ox as placeholders. 
—4x? +0x-3 
—4x? +0x +6 
-9 
Thus, the remainder is —9. That is, (9x — 3 + 6x* — 4x*) + (2x* - 3) = 3x -2+4+ 


b) Since 2x°- 340, 
2x* #3 


=o 
2x? -3° 
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y 


Polynomials can be named, using function notation, as P(x), O(x), and so on. The result of 
the division of a polynomial can be represented as 

P(x) _ R(x) 

Dix) = 2*)* Dey 

which is equivalent to 

P(x) = D(x)O(x) + R(x) 


Here, D(x) is the divisor, O(x) is the quotient, and R(x) is the remainder. Written in these 
forms, the result of Example 3 can be expressed as follows. 


R(x) 6x* —4x* -9x-3 9 


P(x) = D(x)Q(x) + R(x) 6x? — 4x? —9x —3 = (2x* —3)(3x-2)-9 


Division of polynomials can help us understand the formula for annuities. 


Example 4 Accumulated Value of an Annuity 


An annuity is an investment where the same amount of money P is deposited at the end of 
each month. Interest is applied to the investment at the end of each month starting with the 
second month. The accumulated amount A of the annuity after 7 months is 


where x = 1 +r, and r is the interest rate per month, expressed as a decimal. 


Use long division to verify the formula for A when 7 = 3, 


Solution 
For 1 = 3, the formula for A is 
A= P( x’ =1 
x-1 
Using long division, we determine the quotient in parentheses. 
24 x41 
x= ix? + Ox? +0x=1 
B= 
x 0x 
v- x 
x-1 
x-1 
0 


Thus, 
A=P(x°+x+1) 
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There are three deposits altogether, made at the end of the first, second, and third months. 
The deposit made at the end of the third month earns no interest, so its contribution to the 
final amount is P. The deposit made at the end of the second month earns interest for one 
month, so its contribution to the final amount is P(1 + i). Since x = 1 + i, P(1 + i) = Px. 
Finally, the deposit made at the end of the first month earns interest for two months, so its 
contribution to the final amount is P(1 + i)” = Px*. Thus, the total accumulated amount is 


P+ Px + Px’ = P(x? +x +1) 
which verifies the formula, 


Key Concepts 


Polynomials can be divided using long division. 
The result of the division of a polynomial P(x) by the polynomial D(x) can be 


represented as 


P(x) _ R(x) 


= O(x)+— = or P(x) = D(x)Q(x) + R(x) 


D(x) D(x) 


Communicate Your Understanding 


1. Describe how you would rewrite the expression (x + 4x? - 3) + (2x - 1) before 
dividing. 
2. Explain how to determine the restriction on the variable for the division 
(2x? — x? + 7x — 4) + (2x +5). 
3. Explain the steps for dividing 4x° — 2x" + 7 by 2x + 3 using long division. 


Practise 


In each of the following, state any restrictions 


on the variables. 


ARE 


a) 
b) 
c) 


Divide. 
(x? + 8x + 15) + (x +3) 


(a —7a+ 10) + (a- 5) 

(r =3)' 12) (9-4) 

(f - 4) = (t+2) 

Divide. 

(x? + 2x? + 3x +2) + (x +1) 


(O + 30? -— St—4) = (t+4) 
(a - 3a° —a +3) + (a-3) 
(4x? - 13x +x°4+8)+ (x - 1) 
(m’ — 4 + 3m’) + (m+ 2) 

(y° + 8 — 2y — 49’) = (y - 4) 
Divide. 

(2x? + 11x + 15) + (2x +5) 
(3y° + 8y - 3) + (3y- 1) 


c) (Sr -31r+6) = (Sr—-1) 

d) (4° - 3-4) = (2¢+1) 

e) (14 + 6r° — 257) = (37-2) 

f) (21x + 10x* + 9) + (Sx + 3) 

g) (8x? + 14x + 15) + (4x — 3) 

4. Divide. 

a) (x? + 2x? — x - 2) + (x?-1) 

b) (x? — 3x? + 4x — 12) + (x? +4) 
c) (y+ 3y +15 + Sy’) + (y? +3) 
d) (4-4a-a@ +a’) (a — 4) 

5. Divide. 

a) (2x* - 2x* + 3x — 3) +(x -1) 

b) (32° + 627 + Sz +10) + (x + 2) 
c) (4m + 2m? - 6m — 3) + (2m +1) 
d) (62° — 9n* — 8n + 12) + (2n— 3) 
e) (15d>+4d +6 +10d*) + (Sd’ +2) 
f) (4x + 8x? — 6x” — 3) + (2x7 +1) 
g) (3s’ + 12s’ — 5 — 20s) + (3s - 5) 
h) (8 + 21¢° — 282? - 6t) + (72? - 2) 
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6. Identify the numerator, denominator, 
quotient, and remainder. 


125 5,5 
a) 7 =10+G5 
350 8 
b) 229 _389,8 
) 5 38+5 
a -Sa+6 
a 
9 a-3 ii 
2x? +5x—2 1 
d Pva TA = 
n= Was oS 
3 2 
e) Eh ESS = tig ae 
+1 +1 
f) Gx 43% oe Deleon 
3x" -2 3x° -2 


7. Identify the dividend, divisor, quotient, and 
remainder. Can you be sure about the quotient 
and the divisor? Explain. 

a) 255 =(11)(23) +2 

b) 8y + 6y* — 4y — 5 = (4y + 3)(2y*- 1) -2 
c) (x\ix+1)+3=x°+x4+3 


8. Divide. Write each result in the forms 


P(x) = Q(x)+ 5B and P(x) = D(x)Q(x) + R(x). 


a) (x? +4x +2) +(x +4) 
b) (x? — 3x — 8) + (x - 3) 
c) (x? - 7x +10) + (x - 4) 
d) (2x? +x -3)+(x+2) 
e) (4x? — 7x — 7) + (x — 2) 
f) (x*- 8) +(x - 3) 

g) (Sx + 14x + 11) = (x +4) 
h) (6x” — Sx — 5) + (x - 4) 


Apply, Solve, Communicate 


9. Communication a) Divide each of the following. 


: ‘ 
y» x 1 n x -8 
tl a a 
iy 2% -27 
ii) = 
) x-3 
b) Describe the pattern in the coefficients of the 
quotients. 


c) Predict the coefficients for the quotients of 
3 3 

x64 4 xP 125, 
x-4 e=5 

Then, divide to check your prediction. 


52 MHR Chapter 2 


10. Divide. 
a) (x°—1)+(x-1) 


11. Divide. 

a) (6x° + 4x* + 4x +3) + (2x7 +1) 
b) (3y' — 9y* - 3) + (3y* + 1) 

c) (207+ 4f° — 4t - 19) + (22? - 4) 
d) (6d* — 13d? +d +4) + (2d? - 3) 


b) (x* — 32) + (x - 2) 


12. In Exercise 11, does the value of the 
remainder depend on the value of the variable? 
Explain. 

13. Find the whole number value of k such that 
a) x+3dividesx*-x-—k evenly 

b) 2y-1isa factor of 6y’+y—k 

c) the remainder is 3 when 4x* + 9x +k is 
divided by x — 1 

d) the remainder is —5 when 2x’ + 7x? + 5x —k 
is divided by 2x + 1 


14. The area of a triangle is represented by the 


. Z 
expression 6x" — Sx - 4, 


3x-4 


A=6x"-5x-4 


If the height is 3x — 4, what is the base? 


15. The area of a trapezoid is represented by the 
expression 12y’ — 1ly + 2. 


3y+1 


Az=12y'-1ly+2 


Sy-3 


The bases are 3y + 1 and Sy — 3. What is the 
height? 

16. Inquiry/Problem Solving Dividing 5x* + 14x — 3 
by x +3 gives a quotient of 5x — 1. Explain 
why Sx" +14x—3 is not the same as 5x — 1. 
eS. 


17. On February 1, Diasetz invests $500 in a 
guaranteed investment certificate (GIC). At the 
end of each month, interest is added to the 
account at the rate of 1% per month, 
compounded monthly. What is the value of 
the GIC after 

a) 10 months? 

b) 25 months? 

c) 10 years? 


18. Inquiry/Problem Solving After graduating from 
university, Selena decides to live with her par- 
ents and devote her time to unpaid work as a 
volunteer for a charity. She has saved $10 000 
and placed it in a bank account that pays inter- 
est of 1% per month, compounded monthly. She 
withdraws $500 from the account each month 
to pay for her living expenses. 

a) How long will she be able to continue before 
she exhausts her money and has to obtain paid 
work? (Hint: A spreadsheet may be helpful.) 

b) Construct a scatter plot using the data in 
part a). Plot time on the horizontal axis and the 
current value of the GIC on the vertical axis. 

c) Draw a smooth curve through the points on 
the scatter plot of part b). What is the 
x-intercept? Explain the meaning of the 
x-intercept. 


19. Inquiry/Problem Solving a) Determine each 


quotient. 
» x =1 ~ x —1 
Del | 1 
ay xt —1 w x —1 
iv) 
i) x-1 ) x-1 
b) Using the results of part a), conjecture a 


n 
formula for the quotient * ; , where 71 is a 
x= 


positive integer. 

c) Test the conjecture of part b) by judicious 
choices of specific numbers for x and n. Are you 
confident that your conjecture is correct? Explain. 


20. Application A series of numbers is said to be a 
geometric series if each number is a constant 
multiple of the one before it in the series. The 


constant multiple is called the common ratio of 
the series. For example, 3 + 6 + 12 + 24 + 48 is 
a geometric series with common ratio 2. 
a) Is the series 1+x+x°+x°+4--- +2" 
geometric? If so, state the common ratio. 
If not, explain why. 

b) Use the results of question 19 to obtain 
a formula for the sum of the series 

Le+xtxr taxi txt 
c) Suppose $1 is invested at the end of each 
month at an interest rate of i% per month, 
compounded monthly. If r is the interest rate 
written as a decimal, determine an expression 
for the total value of the investment after 

i) 1 month ij) 2 months 
ii) 3 months iv) k months 
d) Using the results of parts b) and c), 
determine the total value of an investment of 
$1 per month after 10 years, if the interest rate 
is 1% per month, compounded monthly. 
e) Repeat part d) if the monthly investment is 
$1000. 


21. Communication a) When dividing a 
polynomial by a linear polynomial, can the 
remainder be a quadratic polynomial? A linear 
polynomial? Explain. 

b) When dividing a polynomial by a quadratic 
polynomial, can the remainder be a quadratic 
polynomial? A linear polynomial? Explain. 

c) Generalize parts a) and b) by making a 
general statement about the possible form of 
the remainders when polynomials are divided 
by polynomials. 


22. Mario manages to save $150 every month. 
At the end of each month, he deposits this 
money into a savings account paying 0.2% 
interest per month, compounded monthly. Every 
three months, he transfers the balance of his 
savings account into a GIC that pays 5.2% 
interest per year, compounded quarterly. 

a) How much money does Mario transfer every 
three months? 

b) What is the total value of Mario’s GIC after 
seven years? 
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EE 


The Remainder Theorem 


In Section 2.4 we will study the factor theorem, which is used to help determine factors of 
polynomial expressions. Studying the remainder theorem in this section will help in 
understanding the factor theorem in the following section. 


When a polynomial function is divided by a binomial that is not a factor, there will 
be a non-zero remainder. In the following investigation, you will explore a possible 
relationship between such remainders and certain values of the polynomials. 


Investigate & Inquire: The Remainder Theorem 


4. Copy and complete the table by dividing the polynomial P(x) = 2x’ — 2x* — 3x + 3 
by the given divisor. Compare your completed table with a classmate’s. 


a)x-3 


2. Use the results of step 1 to make a conjecture about the relationship between the 
remainder and the value of P(b). 


3. a) Divide the polynomial x’ + 2x* — 7x — 2 by each binomial to find the remainder. 

) x-1 i) x+1 ii) x-2 i x43 

b) Use your conjecture from step 2 to find the remainder when x’ + 2x° — 7x — 2 is divided 
by each binomial in part a). 

c) Compare your results from parts a) and b). 


4. When a divisor is a factor of a polynomial, what is the remainder? Explain. 


The division of polynomials by divisors of the form x — b, as in the investigation, can be 
generalized as follows. 


If a polynomial P(x), of degree at least 1, is divided by (x — b), the remainder is a constant, 
R. Furthermore, the value of the constant is equal to the value of the polynomial at x = b, 
which can be shown as follows. From Section 2.2, we have the relation (for constant R) 


P(x) = O(x)(x-b) +R 
Substituting b for x, we get 


P(b) = (b- b)Q(b) +R 
=R 
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r 
This relationship between P(b) and R is known as the remainder theorem. 


Remainder theorem: When a polynomial P(x) is divided by x — b, the remainder 
is P(b). 


Example 1 Determining a Remainder 


Determine the remainder when P(x) = 2x’ — 4x* + 3x — 6 is divided by x + 2. 


Solution 


Write x + 2 as x — (-2). The remainder theorem states that when P(x) = 2x? - 4x7 + 3x -6 
is divided by x — (-2), the remainder is P(-2). 
P(-2) = 2(-2)’ - 4(-2)° + 3(-2) - 6 
=-44 
The remainder is —44. 


Example 2 Determining a Coefficient 
When x’ — kx* + 17x + 6 is divided by x — 3, the remainder is 12. Find the value of k. 


Solution 

Let P(x) =x’ — kx” + 17x + 6 

From the remainder theorem, P(3) is the remainder of the division by x — 3, so P(3) = 12. 
P(3) = (3) ~ k(3)° + 17(3) + 6 


=—9k + 84 
—9k + 84 = 12 
-9k =-72 


k=8 
The value of k is 8. 


Example 3 Using a System of Linear Equations 


When the polynomial P(x) = 3x° + cx’ + dx — 7 is divided by x — 2, the remainder is —3. 
When P(x) is divided by x + 1, the remainder is —18. What are the values of c and d? 


Solution 


Use the given information to write a system of linear equations. 
P(x) = 3x? + cx’ + dx —7 
P(2) = 3(2)° + c(2)° + d(2) -7 

=4c+2d+17 
From the remainder theorem, we know that P(2) = —3. So, 
4c+2d+17=-3 

4c + 2d =-20 

2c+d=-10 (1) 
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P(-1) = 3(-1)° + c(-1)? + d(-1) -7 


=c-d-10 
From the remainder theorem, we know that P(—1) = -18. So, 
c-d-10=-18 
c-d=-8 (2) 
Solve the system of linear equations. 
2c+d=-10 (1) 
c-d=-8 (2) 
Add (1) and (2): 3¢=-18 
Solve for c: c=-6 


Substitute —6 for c in (2). 


c-d=-8 

-6-d=-8 

d=2 

Check in (1). Check in (2). 

LS. =2c+d R.S. = -10 R.S. = -8 
= 2(-6) +2 
=-10 

ES. = RS; L.S. = R.S. 


The value of c is —6, and the value of d is 2. 


The remainder theorem can be extended to include divisors in which the coefficient of x 
is not 1. 


If P(x) is divided by ax — b and the division is continued until the quotient is Q(x) 
and the remainder is a constant, R, then the following division statement is true for all 
values of x. 


P(x) = (ax — b)O(x) +R 
b 


a 


Substitute 2 for x: 


Thus, a more general form of the remainder theorem is as follows. 


When a polynomial P(x) is divided by (ax — b), the remainder is Ae ). 
a 
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Example 4 Dividing by ax — b fora #1 


Determine the remainder when 2x’ + 3x* — 7x — 3 is divided by 2x + 5. 


Solution 1 Solution 2. Graphing Calculator Method 
Paper and Pencil Method Input the function y = 2x* + 3x* — 7x — 3 in the 
Let) 2004 Bx? 73, Y= editor of a graphing calculator. 
5 r Pott Plot Tes 
‘5, b Q V1 B2K*3+3%E-7K— 
z iS 
oJ) 
2 
(125), 425,35" 5 
- “gS. 7 a Press [VARS] [>] 1 1 to call Y1 to evaluate the 
_125 75 ,70_12 function at x = — 3, 
4 4 4 4 one 
= Wa € “5729 


The remainder is 2. 


The remainder is 2. 


PFliy Canadian Catherine Bond-Mills won the bronze medal in 

= @ the heptathlon at the Commonwealth Games in Victoria, 

mee British Columbia, in 1994. In the heptathlon, athletes 
compete in seven events. One of them is the shot-put. 
For a certain “put,” the function h(t) = -5t° + 9t+2 
approximates the height of the shot, in metres, as a function 
of the time, ¢, in seconds, since it was released. The formula 
is only valid until the shot hits the ground. 


To find the height at various times, we substitute values of t 


into the equation for h(t). Doing this can also help us learn 
more about the equation. 


Example 5 Shot-Put Height Formula 
Consider the shot-put formula ote -5P + 9t ie 7m 


a) In the division relationship 1 —- = O(t) + —;, where b is a constant, explain what 
Q(t) and R mean, both ssc =e and ea. 


b) What is the remainder when h(t) = —5¢ + 9t + 2 is divided by t — 2? What does the 
remainder represent physically? 
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Solution 


a) Recall that Q(t) represents the quotient and 
R represents the remainder when h(t) is divided 
by ¢ — b. Recall from the remainder theorem that 
R = h(b). Thus, R is the y-value on the graph of 
hit) at the point where x = b. The physical mean- 
ing of R, therefore, is the height of the shot after 
b seconds. 


To understand the meaning of Q(t), it 

is helpful to solve the division relationship 
Ait) _ Ro 
t—b = Q0)+ 75 
for O(t) to obtain 


_ Ait) R 
a) 

= ht)-R 

~ t-b 
Thinking in terms of rise over run, we can see that the previous equation for O(t) 
represents the slope of the line segment joining the points (b, R) and (t, h(t)). 
Physically, Q(t) represents the change in height of the shot divided by the time for 
the time interval that begins b seconds after the shot is launched and ends ¢ seconds 
after the shot is launched. 


b) Using the remainder theorem, the remainder when h(t) is divided by t — 2 is h(2). 
h(2) = -5(2)° + 9(2) +2 =0 
The remainder is 0 when h(t) = —S¢’ + 9t + 2 is divided by t- 2. 


Since the remainder represents the height of the shot after 2 s, and this height is 0, we 
conclude that the shot hits the ground after 2 s. 


In Chapters 3 and 4, we will see that the quantity O(t) from Example S can also be 
interpreted as the average velocity of the shot over the time interval from b to t. In 
general, such quotients can be interpreted as average rates of change. 


Key Concepts 
e When a polynomial P(x) is divided by x — b, the remainder is P(b). 


e When a polynomial P(x) is divided by ax — b, the remainder is He ). 
¢ In the division relationship is 
R 


Q(x) and R can be interpreted as quantities on the graph of y = P(x). The quantity 
R is the height of the graph at x = b; that is, R = P(b). The quantity O(x) is the 
slope of the line segment joining the points (b, P(b)) and (x, P(x)). 
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Communicate Your Understanding 


1. Describe how you would determine the remainder when the polynomial 


x’ — 3x’ + 4x — 7 is divided by x — 2. 


2. Describe how you would determine the remainder when the polynomial 


2x’ — Sx +4 is divided by 2x — 3. 


3. When a divisor is a factor of a polynomial, what is the remainder? Explain. 


Practise 
14. For P(x) = 2x” — 3x - 2, determine the 
following. 
a) P(1) b) P(0) 
c) P(2) d) P(-2) 
2. For g(y) = 2y’- 3y° + 5, determine the 
following. 
a) g(-2) b) (4) 
1 
2) (0) d 85) 


3. Use the remainder theorem to determine 


the remainder when each polynomial is divided BI 


by x - 2. 

a) x? - 5x -3 b) 2x?+x-10 

c) x? + 2x" - 8x +1 d) x°-3x7+5x-2 
e) 2x? +3x°-9x-10 f) 3x’-12x+2 


4. Use the remainder theorem to determine the 
remainder when 2x’ — x* — 4x — 4 is divided by 
each binomial. 
a) x-1 
c) x-2 


b) x+1 
d) x+3 


5. Use the remainder theorem to determine the 
remainder for each division. 

a) (x +2x +4) +(x - 2) 

b) (4° + 7n — 5) + (n+ 3) 

c) (x? + 2x? — 3x +1) +(x—1) 

d) (x? + 6x" — 3x” —x +8) +(x +1) 

e) (Qu + 3w° — Sw +2) + (w+ 3) 

f) (y- 8) = (y +2) 

g) (x'+x° 43) +(x +4) 

h) (1—2") + (x-1) 

i) (m* —2m* + m+ 12m — 6) + (m — 2) 
) (2-342 +8) (¢=4) 

Kk) (2y'— 3y" + 1) + (y- 3) 


) (2-x4+2x?-x) —x*) = (x +2) 
m) (3x7 — V2x + 3) + (x + V2) 
n) (2r4 - 49 — 9) = (r- V3) 


6. Use the remainder theorem to determine the 
remainder for each division. 

a) (2x? + 5x +7) + (2x - 3) 

b) (6a° + Sa—4) + (3a + 4) 

c) (x? + 2x? - 4x + 1) + (2x - 1) 

d) (2y'+y - 6y + 3) + (2y +1) 

e) (9m' — 6m + 3m + 2) + (3m — 1) 

f) (8° +42 +17) + (2+ 3) 


7. For each polynomial, determine the value of 
k if the remainder is 3. 

a) (kx + 3x +1) +(x +2) 

b) (x? +.x° + kx - 17) + (x - 2) 

c) (x'+4x°-x +k) +(x-1) 

d) (x) + kx? +x +2) +(x +1) 


8. When the polynomial 4x’ + mx? + nx + 11 is 
divided by x + 2, the remainder is -7.. When the 
polynomial is divided by x — 1, the remainder is 
14. What are the values of m and n? 


9. The polynomial px’ — x° + gx — 2 has no 
remainder when divided by x — 1 and a 
remainder of —18 when divided by x + 2. 
Determine the values of p and q. 


10. The polynomial 3x° + vx* — Sx + w has a 
remainder of —1 when divided by x + 2 and a 
remainder of 109 when divided by x — 3. What 
are the values of v and w? 


Apply, Solve, Communicate 


41. The divisions (2x' + 4x° — kx + 5) + (x + 3) 
and (6y° — 3y" + 2y + 7) + (2y— 1) have the 
same remainder. Determine the value of k. 
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12. When kx’ — 3x° + Sx — 8 is divided by x — 2, 
the remainder is 22. What is the remainder 
when kx’ — 3x” + 5x — 8 is divided by x + 1? 


13. The area, A(h), of a triangle is represented by 
the expression h? + 0.5h, where h is the height. 
a) Determine the remainder when the 
expression is divided by 2h — 7. 

b) Interpret the remainder. 


14. The product of two numbers is represented 
by the expression 6n” — 5n + 8, where n is a 
positive integer greater than 4. 

a) Determine the remainder when the 
expression is divided by 2” + 1. 

b) Interpret the remainder. 


15. Application The main span of the Tsing Ma 
Bridge in Hong Kong is the longest span of any 
suspension bridge in the world. If the origin 

is placed on the roadway of the main span, 
below the lowest point on the support cable, the 
shape of the cable can be modelled by the 
function h(d) = 0.0003d’ + 2. 

where h(d) metres is the height of the cable above 
the roadway, and d metres is the horizontal 
distance from the lowest point on the cable. 

a) Determine the remainder when 0.0003d* + 2 
is divided by d — 500. 

b) Determine the remainder when 0.0003d’ + 2 
is divided by d + 500. 

c) Compare the results from parts a) and b). 

d) Use the graph of the function 

h(d) = 0.0003d’ + 2 to explain your findings. 


16. Communication The hammer throw is an 
Olympic throwing event. The path of the 
hammer in one throw can be modelled by the 
function 


h(d) = -0.017d? + 1.3d + 2.5 

where h(d) metres is the height of the hammer, 
and d metres is the horizontal distance of the 
hammer from the point where it was released. 

a) Divide the polynomial -0.017d? + 1.3d + 2.5 
by d - 50. 

b) Interpret the remainder from part a). 

©) Divide the polynomial -0.017d? + 1.3d + 2.5 
by d- 80. 

d) Does the remainder from part c) have any 
meaning for the hammer throw? Explain. 
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17. Communication, Inquiry/Problem Solving A park- 
ing officer keeps, a running total of the tickets 
that she gives during an 8-hour shift. Analysing 
her results later, she uses regression to approxi- 
mate the total number of tickets, P, given up to 
time t by the formula P(t) = 0.5t° + 2t, where t 
is measured in hours and ¢ € [0, 8]. 

a) Divide P(t) by t — 2. State the quotient O(t) 
and the remainder R. Explain the meaning of 
O(t) and R. 

b) Does the formula for P(t) seem realistic? 
Explain. 

c) On another day, the parking officer’s formula 
for the running total of tickets given is 

P(t) =-t° + 10¢ for t € [0, 8]. Is this formula 
realistic, or has a mistake been made? Explain. 


18. Inquiry/Problem Solving A tree farm operator 
models the cumulative total number of Christmas 
trees sold, C(t), during December by the formula 
C(t) = 0.10 + 10¢ + 25, where t € [1, 24], t= 1 
represents December 1, t = 2 represents 
December 2, and so on. 

a) Explain the strengths and weaknesses of the 
formula for C(t). Do you think that it is an 
exact formula or an approximation? Explain. 

b) Divide C(t) by t — 5. State the quotient O(t) 
and the remainder R. Explain the meaning of 
O(t) and R. 

c) Do you think that the same formula for C(t) 
is still valid for t > 25? Explain. 


19. For what values of k does the function 
f(x) =x° + 6x° + kx — 4 give the same remainder 
when divided by either x — 1 or x + 2? 


20. When x* + Sx + 7 is divided by x +k, the 
remainder is 3. Determine k. 


21. When the polynomial bx’ + cx + d is divided 
by x — a, the remainder is zero. 
a) What can you conclude from this result? 


b) Write an equation that expresses a in terms 
of b, c, and d. 


22. A polynomial, P(x), is divided by x — b to 
give a quotient, O(x), and a remainder, R. 

a) Predict the quotient and the remainder when 
P(x) is divided by b - x. 

b) Use an example with a non-zero remainder 
to test your prediction. 


c) Use the division statements for the division iC] 24. Divide using long division. 
by x — b and the division by b — x to explain 


at xt-1 xi+2x?+5x41 
your findings. a) 


= b) 
x? +1 ) x +1 


23. Write a polynomial that satisfies each set of 
conditions. Check that the polynomial satisfies x? =1 2x° —5x? +6x—7 


the conditions, using a different method than the c) er d) hone 

one you used to create the polynomial. 

a) a quadratic polynomial that gives a 25. Application, Inquiry/Problem Solving In light of 
remainder of —4 when it is divided by x — 3 question 24 and its results, is it possible to 

b) a cubic polynomial that gives a remainder of extend the remainder theorem to cover cases 

3 when it is divided by x + 2 such as these? If so, conjecture a generalization 
c) a quartic polynomial that gives a remainder of the remainder theorem, and test your 

of 1 when it is divided by 2x — 1 conjecture. If not, explain why. 


Like mathematics, a career in computer science is potentially a good "fit" for anyone who enjoys 
creating and comprehending abstract thought structures. Many computer applications draw 
heavily on mathematical theory. For example, algorithms are among the most fundamental 
structures in all computer software, and they are often best expressed in mathematical terms. 

A computer algebra system is able to replicate many of the processes studied in this chapter, 
because the software has been developed out of an excellent mathematical understanding of 
algorithms such as polynomial division to find a quotient and remainder. Software applications 
from telecommunications networks to video game graphics demand similar skills and aptitudes. 
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The Factor Theorem 


In this section we study the factor theorem, which is helpful in factoring polynomial 
expressions. 


The integer factors of the integer 6 are 1, 2, 3, 6, -1, -2, -3, and —6. The factors all divide 
6 evenly, that is, they give a remainder of zero, This concept also applies to polynomials. 
For example, the quadratic x* — Sx + 6 can be factored as follows. 

x° — Sx + 6 = (x — 2)(x — 3) 

The remainder theorem can be used to find the remainder when x* — Sx + 6 is divided by 
each of its factors. 


P(x) =x? - Sx +6 P(x) =x°- Sx +6 
P(2) = 2° — 5(2) +6 P(3) = 3° - 5(3) +6 
=0 =0 


Thus, as with integers, dividing a polynomial by one of its factors gives a remainder of zero. 
Note also that 2 and 3 are factors of the constant term, 6, of the quadratic. In the following 
investigation, you will test these ideas for other polynomials. 


Investigate & Inquire: The Factor Theorem 


1. Copy and complete the table for the polynomial P(x) = x‘ + 2x* — Sx — 6 using the 
remainder theorem. 


a)x+1 


c)x-3 


e)x+4 


g)x+6 


2. When a binomial is a factor of a polynomial, is the constant term of the binomial a 
factor of the constant term of the polynomial? Explain. 


3. If the constant term of a binomial is a factor of the constant term of a polynomial, is the 
binomial always a factor? Explain. 


4. a) What are the possible values of b for the binomial factors, x — b, 
of x + 2x” — 13x + 10? 

b) Test the possible values of b to find the three binomial factors of 
x°+ 2x7 - 13x + 10. 
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The factor theorem, which is a special case of the remainder theorem, can be stated as 
follows. 


Factor theorem: A polynomial P(x) has x — b as a factor if and only if P(b) = 0. 


The factor theorem can be established as follows. 
If a polynomial P(x) has x — b as a factor, then 
P(x) = (x — b)Q(x) 
Substitute b for x: 
P(b) = (b — b)Q(b) 
=0 
Conversely, if P(b) = 0, then, by the remainder theorem, the remainder is zero when P(x) 
is divided by x — b, which means that x — b is a factor of P(x). 


The factor theorem can be used to find or verify a factor of a polynomial. 


Example 1 Verifying a Factor x — b 


Show that x + 2 is a factor of x’ + 5x” + 2x - 8. 


Solution 1 Paper and Pencil Method 
From the factor theorem, if P(—2) = 0, then x + 2 is a factor of P(x) = x? + 5x? + 2x -8. 
P(-2) = (-2)' + 5(-2)’ + 2(-2) - 8 
=0 
Since P(-2) = 0, x + 2 is a factor of x? + 5x? + 2x - 8. 


Solution 2 Graphing Calculator Method 

From the factor theorem, if P(—2) = 0, then x + 2 is a factor of P(x) = x? + 5x? + 2x - 8. 
Enter the function y = x' + 5x” + 2x — 8 as Y1. Then, find Y1(-2) (press (VARS) [>] 1 1 

0 2 D)). 


Priota. plot _Plotz 
SWIER*S+542 428-8 


Since Y1(-2) = 0, that is, P(-2) = 0, x + 2 is a factor of x + 5x + 2x - 8. 


When attempting to factor a polynomial, it is helpful to know which values of b to try. 
The integral zero theorem, which can be expressed as follows, can help in making a decision. 


A zero of a polynomial 


Integral zero theorem: If x = b is an integral zero of a P(x) is a number b such 
polynomial P(x) with integral coefficients, then b is a that P(b) = 0. An integral 
factor of the constant term of the polynomial. Fa a zero b that is an 
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————_ a aaa aaa aaa ae aaa 


For example, the polynomial P(x) = x* — 5x + 6 is expressed in factored form as 
P(x) = (x — 2)(x — 3). The zeros of P(x) are therefore 2 and 3, both of which are factors 
of 6, the constant term of P(x). 


If x = b is an integral zero of a polynomial, then x — b is a factor of the polynomial. 
Therefore, we can use the factors of the constant term of the polynomial to look for 
possible factors of the polynomial. 


Example 2 Factoring Using the Integral Zero Theorem 


Factor x’ + 3x* — 13x — 15. 


Solution 1 Paper and Pencil Method 


Find a factor by evaluating P(x) for values of x equal to possible values of b. The possible 
values of b are the factors of 15. The factors of 15 are +1, +3, +5, and +15. 


P(x) = x° + 3x? - 13x - 15 


Start by testing the simplest possible values of b until a zero is found. 


P(1) = (1)° + 3(1)* — 13(1) - 15 
=-24 


P(-1) = (-1)* + 3(-1)? - 13(-1) - 15 


Since P(—1) = 0, x + 1 is a factor of x’ + 3x° -— 13x - 15. 


Use division to find another factor. xe+ 2x-15 


From the long division, another factor is x* + 2x — 15. a 
So, x° + 3x” - 13x — 15 = (x + 1)(x? + 2x — 15). x+1)x! 43x" —13x-15 
Factoring x’ + 2x — 15 gives (x — 3)(x + 5). xi+ x? 
So, x° + 3x* — 13x — 15 = (x + 1)(x — 3)(x + 5). 2 
2x° = 13x 
2x?+ 2x 
— 158-15 
= 150-15 


0 
Solution 2 Graphing Calculator Method 


Alternatively, the factors of the polynomial x* + 3x* — 13x — 15 can be found by graphing 
the corresponding function P(x) = x’ + 3x - 13x - 15. 


Window variables: 

x € [-10, 10], y € [-25, 25] 
The graph has x-intercepts of 3, -1, and —5. These are the real zeros of the function. 
Using these zeros, the polynomial can be written in factored form as 

P(x) = (x — 3)(x + 1)(x + 5) 
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Example 3 Factoring a Polynomial 


Factor x’ — 1. 


Solution 
The factors of 1 are +1. x+ xt] 
3 —_—__—. 

P(x)=x 1 x—1)x?+0x?+0x-1 
P(1)=1°-1 § r 

= 0 eo Oe 
Therefore, x — 1 is a factor. Use long division to find another x? +0x 
factor. sce we 
From the long division, another factor of x -lisxtx4. - 
The expression x* + x + 1 cannot be factored. x-1 
So, x? — 1 = (x — 1)(x? +x +1). x-1 


The factor theorem can be extended to include polynomials for which the leading 
coefficient is not 1. If a polynomial P(x) has ax — b as a factor, then 


P(x) = (ax — b)Q(x) 


i b 
Substitute , for x: 


b 
(2) = fa(2) - oJ0(2) 
=0 
Conversely, if (2) = 0, then, by the remainder theorem, the remainder is 0 when P(x) is 


divided by ax — b, which means that ax — b is a factor of P(x). 
Thus, a polynomial P(x) has ax — b as a factor if and only if (2) =0; 


Example 4 Verifying a Factor ax — b, Where a ¥ 1 


Verify that 2x — 3 is a factor of 2x’ - 5x°-x +6. 
Solution 1 Paper and Pencil Method 


If P(3) = 0, then 2x — 3 is a factor of P(x) = 2x* - 5x*- x +6. 


P(3)=2(5) - 513) - (3) +6 


=27_45_6 24 
44° 4°4 
=0 


Since (3) = 0, 2x — 3 is a factor of 2x° - 5x°-x +6. 
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Solution 2 Graphing Calculator Method 


If P(3) = 0, then 2x — 3 is a factor of P(x) = 2x’ - 5x*-x +6. 


Enter the function y = 2x’ — 5x* — x + 6 into the function editor. Then, find yi(3 ). 


P riots Plotz "Plots (3/2) : 
WW1B2K*°3-SKE-K+6 


Since yi(3) = 0, that is, P(3) = 0, 2x - 3 is a factor of 2x -— Sx’ -x +6. 


When attempting to factor a polynomial, it is helpful to know which values of a and b to 
try. The rational zero theorem, as follows, can help in making a decision. 


, Dae : ; 
Rational zero theorem: If x = 7 sa rational zero of a polynomial 


eee ae, 3 A rational zero 
P(x) with integral coefficients, then b is a factor of the constant is a zero that is a 
term of the polynomial, and a is a factor of the leading coefficient rational number. 


of the polynomial. 


b. . ‘ a: ; 
If x =— isa rational zero of a polynomial, then ax — b is a factor of the polynomial. 
a 


Therefore, we can use the factors of the constant term of the polynomial and the 
factors of the leading coefficient of the polynomial to look for factors of the polynomial. 


Example 5 Factoring Using the Rational Zero Theorem 


Factor 8x’ — 4x° — 2x + 1 completely.” 


Solution 

If 8x° — 4x” — 2x + 1 has a factor ax — b, then b is a factor of the constant term, which is A. 
and a is a factor of the leading coefficient, which is 8. The factors of 1 are +1. The factors 
of 8 are +1, +2, +4, and +8. 

Find a factor by evaluating P(x) for x-values that equal the possible values of 2. 

ss es es 
1? -1? 1° -1? 2? -2’ 2” -2’ 4” -4” 4° -4” 8° -8” 8” 


-1 . b 1 
and =3° Because some of these values are the same, the possible values of gare <1, t=, 


: .b 
The possible values of qae 
¢ 


1 bs 3 
ds y and + g: Now, test the values of = until a zero is found. 
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P(x) = 8x* - 4x*- 2x +1 


Plot Plotz Plots 
ae B8X*3-4k2-2%4 


P(1) =3 
P(-1) =-9 
P(+)=0 


1 . 2 
Since P(5) = 0, 2x - 1 is a factor of 8x’ — 4x” — 2x + 1. 


Use long division to find another factor. 4x? +0x-1 
From the long division, 4x" — 1 is another factor. 2x- 1) 8x" —4x?-2x+1 
Since 4x” — 1 can be factored further, we have 8x} — 4x2 
8x? — 4x° — 2x + 1 = (2x - 1)(4x” - 1) F 
= (2x — 1)(2x - 1)(2x + 1) Ox* —2x 
= (2x - 1)°(2x + 1) Ox* — Ox 
-2x+1 
-2x+1 
0 


The factoring tools developed in this section are used in Section 2.5 to help solve 
polynomial equations. 


Key Concepts 
e A polynomial P(x) has x — 6 as a factor if and only if P(b) = 0. 
e A polynomial P(x) has ax — b as a factor if and only if P(2) =0. 


e Ifx= b is a rational zero of a polynomial P(x) with integral coefficients, then b is 


a factor of the constant term of the polynomial, and a is a factor of the leading 
coefficient of the polynomial. 


Communicate Your Understanding 


4. Describe how to verify that x — 3 is a factor of x’ + 5x° — 12x - 36. 
2. Describe how to factor x* — 2x — 5x + 6. 
3. Describe how to factor 2x* — 3x°— 11x + 6. 
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Practise 


1. Use the factor theorem to determine whether 
each polynomial has a factor of x — 1. 

a) x'-3x°+4x-2 b) 2x? — x? - 3x -2 
c) 3x°-x-3 d) 2x*+4x?-5x-1 


2. State whether each polynomial has a factor 
of x +2. 

a) 5x? +2x4+4 b) x°+2x?- 3x -6 
c) 3x'+2x*-7x4+2 d) x*-2x°4+3x-4 


3. Verify that the binomial is a factor of the 
polynomial. 

a) w+ 2x? + 2x41; x4+1 

b) x'-3x7+4x-4;x-2 

c) m — 3m? +m—3;m-3 

d) x? +7x°+ 17x +15; x43 

e) 4x°- 9x -9;x-3 

f) 6x? -11x-17;x+1 

g) 2y'- Sy'+2y+1;y-1 

h) x -6x-4;x%+4+2 

4. State whether each polynomial has a factor 
of 2x — 1. Explain your reasoning. 

a) 6x’ + Sx-4 b) 4x°+8x-7 

c) 2x°-x°-6x+3 9 d) 2x°+9x°+3x-4 
e) 2x*-x'+3x-1  f) -4x°+4x° 42-1 
5. Show that the binomial is a factor of the 
polynomial. 

a) 2x? +x°4+2x4+1; 2x41 

b) 2x? - 3x*- 2x +3; 2x-3 

c) 3y' + By + 3y - 2; 3y-1 

d) 6n°-7n? +1; 3n41 

e) 8x? — 2x - 1;2x-1 

f) 3x°-x?-3x4+1;3x-1 


6. Factor completely. 
a) x'-6x?+11x-6 
c) x°-2x?-9x%4+18 d) x°+4x7+2x-3 

e) 2+2-22z-40 f) x°+x°- 16x - 16 
g) x°-2x°-6x-8 h) k°+6k’-7k-60 
i) x°-27x+10 )) x°4+4x?-15x-18 


b) x° + 8x7 + 19x +12 


7. Factor. 
a) 2x*- 9x*+ 10x -3 
b) 4y°-7y-3 
c) 3x°- 4x°- 17x +6 
d) 3x? -2x*-12x4+8 
) 2x? + 13x? + 23x + 12 
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f) 2x3 3x?+3x-10 
g) 6x — 11x" - 26x +15 
h) 4y'+8y?-y-2 

i) 4x°+3x?-4x-3 

j) 6w'+16w> -21w +5 


Apply, Solve, Communicate 


8. Application The area, A, in millions of 
hectares, of forest cut down in a certain 
part of the world in year t can be modelled 
by A(t) = 3f + 2t, where t = 0 represents the 
year 2000, t = 1 represents the year 2001, 
and so on. 
a) Calculate the value of A(2) and explain its 
meaning. 
b) Calculate the value of A(5) — 
explain its meaning. 
c) Calculate the value of A(S)= A(2) and 
explain its meaning. z 
d) Explain the meaning of the quantity 
A(t) — A(2) 

t-2 —~ 
e) Do you think that ¢ € [0, %) is a reasonable 
domain for the function A(t)? Explain. 


A(2) and 


9. For each polynomial function f(x), and each 
value b, 


i) factor f(x)-—f(b) ii) simplify felt) 


a) f(x)=x°3b=3 
b) f(x) =x°+2x-1;b=2 
c) f(x) = 2x? + 4x" -5x-7;b=-1 


10. Consider question 9. 
* pag the \o- statement 


an = Q(x +5 Be substituting f(x) for P(x), 


and Cs tate. x — b for D(x). 

b) Since x — b has degree 1, it follows that R(x) 
is actually a constant in part a). Determine the 
value of the constant in terms of the function f. 
(Hint: Begin by multiplying each term by x — b.) 
Rewrite the division statement of part a) by 
substituting the constant that you have just 
determined. 

c) Solve the division statement from part b) 

for O(x). 

d) Do you think that f(x) — f(b) can be 
factored for every polynomial function f? If so, 


explain why. If not, provide an example of a 
polynomial function f for which f(x) — f(b) 
cannot be factored. (Hint: See part c).) 


e) Referring to the graph of the function 

y = f(x), explain the geometric interpretation 
of the quantity ae : 

41. Communication The mass, M, in millions of 
tonnes, of sulphur dioxide pollutant emitted by 
a certain factory in the year t can be modelled 
by M(t) = 5t* + 2¢° + 10t, where t = 0 represents 
the year 2000, t = 1 represents the year 2001, 
and so on. 

a) Calculate the value of M(4) and explain its 
meaning. 


b) Calculate the value of M(7) — M(4) and 
explain its meaning. 
c) Calculate the value of Mi} Ma) and 


explain its meaning. 
d) Explain the meaning of the quantity 
M(t) — M(1) 

= 


12. Factor. 

a) x'+4x°- 7x’ - 34x — 24 

b) x° + 3x! Sx*- 15x74 4x 4+ 12 
c) 8x°+4x7?-2x-1 

d) 8x°-12x?-2x+3 


13. The product of four integers is 

4 3 2 5 c 
x +6x' + 11x° + 6x, where x is one of the 
integers. How are the integers related? 


14. The following polynomials each have a factor 
of x — 3. What is the value of & in each case? 

a) 4x*— 3x? - 2x + kx - 9 

b) kx? - 10x? + 2x +3 


15. For the polynomial 
P(x) = 3x’ + 7x” — 22x - 8, 


P(2) = 0, P(-4) = 0, and P(-4) =0. 


a) Find three factors of the oh NO 
b) Are there any other factors? Explain. 


16. The polynomial 6x* + mx? + nx — 5 has a 
factor of x + 1. When divided by x — 1, the 
remainder is —4. What are the values of 
mand n? 


17. Show that (x — a) is a factor of the 
, 2 
polynomial x* — ax” + bx’ — abx + ex — ae. 


18. Inquiry/Problem Solving a) Factor the 
polynomials in parts i) to vi). 


) ead i) x41 
iti) x°- 27 iv) x° + 64 
vy) 8x?-1 vi) 64x° +1 


b) Use the results to decide whether x + y or 

x —y isa factor of x’ + y', State the other factor. 
c) Use the results to decide whether x + y or 

x —y isa factor of x’ — y’. State the other factor. 
d) Use your findings te to factor 8x’ + 125 and 
27x* - 64. 

e) Use your findings to factor x° + y°, 

f) Make and test a conjecture about whether 
x+y orx—y isa factor of x” + y™", where 77 is 
a positive integer. 

g) Make and test a conjecture about whether 
x+y orx—yisa factor of x” — y™", where 1 

is a positive integer. 


19. Application a) Isx +1 a factor of x’ — 1? Is 
x — 1? Explain. 

b) Isx+ 1a factor of x” 
Explain. 

c) Is there an example that contradicts the 
statement “x — | is a factor of every polynomial 
of the form x” — 1, where 77 is a positive 
integer”? Explain. 

d) Is there an example that contradicts the 
statement “x + | is a factor of every polynomial 
of the form x" + 1, where 1 is an odd positive 
integer”? Explain. 


+1? Isx- 1? 


20. Two spheres have different radii. The radius 
of the smaller sphere is r. The volume, V(r), 
of the larger sphere is related to the radius 
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of the — sphere by the equation 23. Inquiry/Problem Solving a) If x — 1 is a factor 


V(r) = fone + 977 + 277 +27). What is the of ax’ + bx* + cx + d, what is the value of a+ b 
+c +d? Explain. 
radius of the larger sphere? Explain. b) Use your result to decide whether x — 1 is a 
21. Communication a) Determine whether x + y factor of each of the following polynomials. 
» 3 2 or 3 2 

and x - y; are factors of each of the following. i) 3x + Sx" — 6x — 2 ii) 2x°-9x°-x-8 
i) x +y ii) ae -y' iii) —Sx’°+4x4+1 
ii) x° +y iy x -y . ‘ . 6 
W xo +ye v) x°-y° Gg 24. Verify thatx+yisa factor of 
vil) x? +57 vill) x -y! xy -1)-y(L+x) 4x +y. 
b) Write a rule for deciding whether x+y and 25. Factor. 
x — y are factors of x" + y" and x" — y". , 
c) Use your rule to write two factors of xy a) 3x°-1 
d) Use your rule to write a factor of x!' + y". 

, , ; b) 2x" — xy - 3y 
22. In ax’ + bx” — cx — d, the values of a, b, c, ‘ 11 6 
and d are integers with no common factors. c) x -6x+ x x 
If the zeros of ax’ + bx? — cx — d are P 5 
integers, what are the possible values of a? d) 15-23 x4 9% __% 
Explain. y y y 


Achievement Check 


Let P(x) = a,x’ + a,x° + a,x +a), where a,,a,, a,, and a, are 
integers. 

a) If P(2) = 0, one coefficient must be an even integer. Show which 
coefficient this is and justify your answer. 

b) If P( 7 ) = 0, one coefficient must be an even integer. Show 


which coefficient this is and justify your answer. 
c) Ifa,=a,=1, P(-1) #0, and P(1) #0, is it possible for P(x) to 
have any rational zeros? Justify your conclusion. 
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Roots of Polynomial Equations 


In this section, we use the procedures developed in the previous sections of this chapter to 
solve polynomial equations of degree greater than two. 


Investigate & Inquire: Roots of Equations and 
x-Intercepts of Functions 


To help you understand how to solve polynomial equations, you will explore the relationship 
between the x-intercepts of a function and the roots of the corresponding equation. 


4. Draw the graph of y = x’ — 2x* — Sx + 6 and label the x- and y-intercepts. 


2. For the cubic function y = x‘ — 2x” — Sx + 6, the corresponding cubic equation is 

, ; \ ae) 
x’ — 2x" — 5x + 6 = 0. How are the x-intercepts of the function related to the roots of the 
equation? Explain. 


3. a) Factor the left side of the equation x* — 2x* — Sx + 6 = 0 completely. 
b) How can the factors be used to find the solutions of the equation? 


4. Solve each equation. 
a) x'-x°-4x+4=0 b) x'-7x~6=0 c) x'—7x* + 15x-9=0 


5. A rectangular box has a square base. The height of the box is 2 units more than the 
length, x, of a side of the square base. 

a) Write an expression for V(x), the volume of the box. 

b) Suppose that the volume of the box is 45 cm’. Graph the function 

y= Vix) - 45. 

c) What is the x-intercept of the function in part b)? What does the x-intercept 
represent in terms of the box? 

d) What are the dimensions of the box? 


The solutions of the polynomial equation (x — 2)(x° + 1) = 0 are the zeros of the polynomial 
function f(x) = (x — 2)(x° + 1). 


The real zero, x = 2, is the x-intercept of the graph of the 
function f(x) = (x — 2)(x* + 1). There are also two complex 
zeros, x = +i, which do not correspond to x-intercepts of the 
graph. In general, the x-intercepts of the graph of a 
polynomial function y = f(x) are the real solutions 

(real roots) of the corresponding polynomial equation 


f(x) =0. 


We have used several methods for solving quadratic 
equations: graphing, factoring, completing the square, and 
using the quadratic formula. Two of these methods—graph- H 
ing and factoring—can be used to solve some polynomial 
equations of degree higher than two. Graphing does not 
always give exact values of real roots, but if the polynomial 
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is factorable, we can find the exact values of the real and complex roots. In Section 2.4, we 
factored polynomials using the integral zero theorem and the rational zero 
theorem. 


Example 1 Solving Equations With a Common Factor 


Solve the equation x’ — 4x = 0. Check your solution, 


Solution 1 Paper and Pencil Method 


x'-4x=0 
We remove the common factor: x(x" - 4) =0 
Then, we factor the binomial: x(x — 2)(x + 2)=0 
Finally, we use the zero product property: x=0 or x-2=0 or x+2=0 
v= 2 x=2 
Now, we check the solution. 
For x = 2, For x =-2, 
RS.=0 LS -4x RS.=0 LS,=x>-4x RS. =0 
= (2)' - 4(2) = (-2)' - 4(-2) 
=0 =0 


Solution 2 Graphing Calculator Method 
We graph the function y = x° — 4x in the friendly window, using the “[ecimal instruction. 


Window variables: 
x € [-4.7, 4.7], 
y € [-3.1, 3.1] 


We use the [TRACE] key on the graphing calculator to find the solutions, 


The solutions are x = —-2, x = 0, and x = 2. 


Example 2 Solving a Polynomial Equation Using the Integral Zero Theorem 


A rectangular box for packaging chocolates is to be made from a rectangular 
piece of cardboard measuring 30 cm by 24 cm. The cardboard is folded according 
y to the figure. 
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24-2x 


_ TT 
JO 15—-x 


If the box is to have a capacity of 648 cm’, determine the value of x. 


Solution 
The capacity, V(x), of the box is the product of its three dimensions. 
V(x) = x(24-2x) 30524) 


=2x(12-x)(15—~x) 
= 2x(x -—12)(x-15) 
Since the capacity of the box is to be 648 cm’, we have 
648 = 2x(x — 12)(x - 15) 
To solve this equation for x, we begin by expanding the right side. 
648 = 2x(x—12)(x-15) 
oe =x -27x? +180x 
0 =x? -27x? +180x-324 
Now, we factor the right side of the equation. Let P(x) = x? — 27x" + 180x — 324. First, we 
test the simplest factors of 324. We test only positive values of x, because x refers to a 
length. 
P(1) = 1° - 27(1)? + 180(1) - 324 


=-170 

P(2) = 2° — 27(2)? + 180(2) - 324 
=-64 

P(3) = 3° — 27(3)° + 180(3) — 324 
='0 


So, by the factor theorem, x — 3 is a factor of x — 27x" + 180x — 324. We use long division 
to find another factor. 
x? — 24x +108 
x—3)x' —27x? + 180x324 
x? — 3x? 
—24x? +180x 
—24x* + 72x 
108x — 324 
108x —324 
0 
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Thus, another factor is x” — 24x + 108. Therefore, 
x° — 27x" + 180x — 324 = (x — 3)(x” - 24x + 108) 
= (x — 3)(x — 6)(x — 18) 
So,x-3=0 or x-6=0 or x-18=0 
x=3 x=6 x=18 
The roots are 3, 6, and 18. 


The dimensions of the box are x, 24 — 2x, an =15-—x. When x = 3, the 


30-2x 
d 


dimensions are 3, 18, and 12, and their product is 648, so this is an acceptable solution. 
When x = 6, the dimensions are 6, 12, and 9, whose product is 648, so this is also an 
acceptable solution. When x = 18, the dimensions 24 — 2x and 15 — x are negative, which is 
physically impossible. Thus, this solution is rejected. Therefore, there are two acceptable 
solutions: x = 3.cm and x = 6cm. 


Example 3 Solving a Polynomial Equation Using the Rational Zero Theorem 

Solve 3x’ + 8x° + 3x -2=0. 

Solution 1 Paper and Pencil Method 

The factors of 2 are +1 and +2. The factors of 3 are +1 and +3. Thus, for a factor ax — b of 


1 2 
he +2 
3? and + 3 Let 
P(x) = 3x' + 8x" + 3x — 2. We test the possible values of (°) until we obtain a value of 0. 
P(1) = 3(1)° + 8(1)° + 3(1) - 2 
= 12 
P(-1) = 3(-1)° + 8(-1)? + 3(-1) - 2 
=0 
Since P(—1) = 0, by the factor theorem, x + 1 is a factor of 3x’ + 8x* + 3x — 2. We use long 
division to find another factor. 
3x7+ 5x-2 
x+ 1) 3x" + 8x? + 3x-2 


the polynomial 3x’ + 8x° + 3x — 2, the possible values of b are +1, +2, + 


Another factor is 3x* + 5x — 2. So, 

3x* + 8x* + 3x — 2 = (x + 1)(3x* + Sx - 2) 
= (x + I(x + 2)(3x — 1) 

Since 

(x + 1)(x + 2)(3x - 1) =0 

x+1=0 or x+2=0 or 3x-1=0 


x=-1 x=-2 x=S 


3 
The roots are —1, —2, and i. The roots can be checked by substitution. 
y 
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Solution 2 Graphing Calculator Method 


Graph the function y = 3x° + 8x* + 3x — 2 in the friendly window, using the 
ZDecimal instruction. 


Plats Plotz Plots 
Bue B3X*3+8H24+3K— 


Window variables: 
x € [-4.7, 4.7], y € [-3.1, 3.1] 


We can read two of the roots, x = —2 and x = —1, from the screen. To find the other root, 
we can use the Zero operation of the graphing calculator. 


egies 
tvalue 
zero 
tminimum 


imaximum 
RE intersect 
3 


dyuvdx pare Window variables: 
SF COX =.33333333 Iv=0 x €[-4.7, 4.7], y € [-3.1, 3.1] 


The third root is x= i. 


Example 4 Finding Irrational Roots 


Consider the equation x’ — 4x” + 2x +3 = 0. 
a) Find the exact roots. 
b) Approximate the roots to the nearest hundredth. 


Solution 


a) We use the integral zero theorem. The factors of 3 are +1 and +3. 
Let P(x) = x' - 4x" + 2x + 3. 
P(1) = (1) — 4(1)* + 2(1) +3 


=2 
P(-1) = (-1)' - 4(-1)° + 2(-1) + 3 
=-4 
P(3) = (3)' — 4(3)° + 2(3) +3 
='0 


So, by the factor theorem, x — 3 is a factor. 
We find another factor by using long division. 
x-— x-l 
x—3)x'—4x* +2x43 
x° — 3x? 
—x’ +2x 
-x? + 3x 
_ —x*+3 
—x+3 


0 
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| Thus, x? — 4x" + 2x +3 = (x — 3)(x’ — x — 1), and the equation we are required to solve 
becomes, in factored form, (x — 3)(x* — x — 1) = 0. The polynomial x* — x — 1 cannot be 
factored over the integers. However, we can use the quadratic formula to solve 

x -x-1=0. 

x-3=0 or x*-x-1=0 


_ —b+vb* —4ac 


x=3 or x or 
_ 1+(-1) — 4(1)(-1) 
21) 
1+V5 


The exact roots are 


14V5 1-V5 
35 = -, and = 


b) We can evaluate the two irrational roots in part a) to the nearest hundredth. 

The solutions are 3, —0.62, and 1.62, to the nearest hundredth. 

This equation can also be solved using the Zero operation feature of a graphing calculator 
or graphing software. 


Example 5 Roots of Non-Factorable Polynomial Equations 


Solve x° + 3x” — x — 5 = 0, to the nearest hundredth, using a graphing calculator. 


Solution 
We graph the function f(x) =x’ + 3x* — x — 5 on the graphing calculator. 


Window variables: 
x € [-4.7, 4.7], 
y € [-6.2, 6.2] 


To find the approximate values of the x-intercepts, to the nearest hundredth, we use the 
Zero operation. We must remember to set the number of decimal places from Float to 2 in 
the Mode settings. 


The x-intercepts are —2.68, —1.54, and 1.21, to the nearest hundredth. 
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Example 6 Real and Complex Roots 


Solve x* + 2x° — 45 = 0. Include any complex solutions. 


Solution 


The factors of 45 are +1, +3, +5, +9, +15, and +45. It seems that +1, +15, and +45 are 
unlikely candidates for solutions to the equation P(x) = 0, since the terms in x would 
probably be far too small or far too large to combine with —45 to produce 0. So it is 
reasonable to try the next smallest possibility. 


P(x) =x'+2x*-— 45 
P(3) = (3)° + 2(3)° - 45 
=27+18-45 
=0 
So, x — 3 is a factor of x? +2x°- 45. Using long division, we find another factor. 


a Set 15 
x—3)x°+2x7+ Ox—45 


x? — 3x? 
Sx°+ Ox 
Sx? -15x 
15x-45 
1Sx-—45 
0 


Therefore, another factor is x? + 5x + 15, which cannot be factored further over the real 
numbers. 


x? + 2x” — 45 = (x — 3)(x? + 5x + 15) 
(x — 3)(x? + 5x +15) =0 


x-3=0 or x 4+5x415=0 


x=3 of x = 2btNb'-4ac Web Connection 
2a For a summary of the properties of 
_ —Stv25-60 polynomial functions, go to 

= www.mcgrawhill.ca/links/CAF12 
5+ J-35 and follow the links. 
2 
_ -Stiv35 

2 


The roots are 3, 


—5 +iv35 d —5-iv35 
=o Te and ——__ 


2 
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Families of Functions 


The functions f(x) = x + 3, f(x) = 2x + 6, and f(x) = 3x +9 belong to a family of functions, 
since they can all be written in the form f(x) = k(x + 3), for k e R. Each member of this 
particular family of functions has the same zero. 


Example 7 Equations of a Family of Functions 


Write the equation of the family of polynomial functions with zeros —2, 3, and S. 


Solution 
One polynomial function with zeros —2, 3, and 5 has equation f(x) = (x + 2)(x — 3)(x — 5). 


The equation of the family of polynomial functions with zeros —2, 3, and S is 
f(x) = k(x + 2)(x - 3)(x - 5), fork eR. 


To display some of the curves in this family using a graphing calculator, we input the 
function as follows. This graphs the family members for k = +2, +1, and +0.5. 


Window variables: 
x e [-9.4, 9.4], 
y € [-62, 62] 


Notice that all five graphs have the same x-intercepts, but different y-intercepts. 


Key Concepts 


¢ To determine the exact roots of a factorable polynomial equation, first use the 
integral zero theorem or the rational zero theorem, and then, factor. 

¢ To solve non-factorable polynomial equations, use a graphing calculator or 
graphing software. 

e The graphs of the polynomial functions of the form y = k(x — x,)(x — x,)-++(x — x,) 
have the same x-intercepts, but different y-intercepts. 


Communicate Your Understanding 


14. Describe how you would solve x’ — 16x = 0. 

2. Describe how you would solve x* + 3x — 10x — 24 = 0 using the integral zero 
theorem. 

3. a) The graph of a cubic function intersects the x-axis at only one point. How many 
real zeros could it have? Explain. 

b) The graph of a cubic function intersects the x-axis at only two different points. 
How many real zeros could it have? Explain. 

4. Repeat question 3 for a quartic function. 
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Practise 


1. Solve. 

a) (x+1)(x—4)(x+5)=0 
b) (x —2)(x — 7)(x + 6) =0 
c) x(x +3)(x-8)=0 

d) (x + 6)(x — 3) =0 


2. Solve by factoring. Check your solutions. 


a) x°+x’-6x=0 

b) x°+7x? + 12x=0 
c) y'-9y=0 

d) x°-4x°+4x=0 

3. Solve and check. 

a) x +3x°-x-3=0 
b) x°-3x°-4x+12=0 
ce) £4+2f-7t+4=0 
d) y'-3y - Loy +48 =0 
e) a -4a+a+6=0 
f) x°-4x*-3x+18=0 
4. Solve and check. 

a) O=x'- 9x +15x-7 
b) x’ 5x* = 12x - 36 
c) k’- 19k =30 

d) x°- 4x" - 17x =-60 
e) O=w'- Sw +2w+8 
f) 7x — 5x? =3-x° 


5. Solve by factoring. Check your solutions. 


a) 2x? -3x*-2x=0 

b) 3x*- 10x7 + 3x =0 

c) 9z°-4z2=0 

d) 16x'+8x°+x=0 

6. Solve by factoring. 

a) 2x°+9x?+10x+3=0 
b) 3x°- 8x7+7x-2=0 
c) 5x°- 7x’ - 8x+4=0 
d) 2d°- 3d*-12d-7=0 
e) 2x?-11x*+12x=-9 
f) 9x> + 18x*=4x 48 

g) 6y'+29y-12=23y° 
h) x*(2x-1)=2x-1 

7. For each equation 

i) find the exact roots 

ii) approximate the roots to the nearest 
hundredth 

a) x -8x=0 

b) x°-10x+3=0 


c) x —6x+6x+8=0 
d) O=x° + 3x - 15x -25 
e) v+5v=18 

f) x(x +4)(x+1)=4 

8. Find the exact roots. 

a) 3x° + 9x7 + 10x +4=0 


b) 5x°+3x=0 
c) 0 = 2x*- 8x7 + Sx - 20 
d) 3x°- 7x’ +6x=2 


e) 2m'+7m*+11m+10=0 
f) 4x°=9x* + 7x +6 


9. Solve using a graphing calculator. Round 
results to the nearest hundredth, if necessary. 
a) 2x'+9x°-7=0 

b) 2x’ + 9x" - 16 =0 

co) x +x4+2=0 

d) x'-4x°+6=0 

e) x'-3=0 

f) x - 5x? +x4+4=0 

g) x*+2x'- 3x°-3x+1=0 

h) 2x? + 7x*-2x-5=0 

10. Write the equation of the family of 
polynomial functions given each set of zeros. 
What is different about the graphs in each 
family? What is the same? 

a) 25-15 b) 3, -2, -4 

c) 1,14+V¥2,1-V¥2 d) 2,-14+4,-1-i 


Apply, Solve, Communicate 


11. Application A rectangular box is to be 
constructed from a cardboard sheet of 
dimensions 60 cm by 60cm. The box is folded 
according to the diagram. If the box is to have a 
capacity of 8000 cm’, determine the value of x. 


CS x 


60cm 


+m — 60 cm——— 
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12. Communication, Inquiry/Problem Solving A cone 
is inscribed in a sphere. The radius of the sphere 
is 2 units. 


a) Write a formula for the volume, V, of the 
cone in terms of x. 

b) Argue that negative values of x are 
reasonable, provided that we think of x as a 
coordinate and not as a distance. What is the 
domain of the function in part a)? 

c) Factor the formula for V in part a). Explain 
the meaning of the roots. 


13. Inquiry/Problem Solving The atrium at the new 
Municipal Museum of Magnificent Mathe- 
matical Monuments is designed in the shape 

of a cone. The exterior wall of the atrium is to 
be a portion of a sphere circumscribed around 
the cone. The radius of the sphere is 10 m. 


a) Determine a formula for the volume of the 
cone in terms of x. 

b) If the capacity of the atrium is designed to 
be 1000 m’, what is the value of x? What are 
the resulting dimensions of the conical atrium? 
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c) The Department of Urban Mathematical 
Buildings overrules the conical design of the 
atrium and the spherical exterior wall, and 
decides instead that the atrium must be in the 
shape of a pyramid with a square base, and with 
height 2m more than the side length of the base. 
If the capacity is still to be 1000 m’, what 
should the dimensions of the pyramid be? 

(Note that the volume of a pyramid is ; x area 
of base x height.) 


14. Application The population in thousands, P, 
of a city x years from now is modelled by 

P(x) = x° +x° — 2x + 10, where P is measured in 
thousands of people. City council decides that, 
when the population is triple the current value, 
a bylaw will be passed to limit the number of 
new homes that can be constructed. When will 
the bylaw be passed (to the nearest year)? 


15. Application The population of a certain type 
of fish in a region of the Atlantic Ocean x 
decades from now is modelled by the function 
P(x) = -x* — 5x* — 3x + 12, where P is measured 
in millions of fish. The population of the fish is 
declining due to overfishing and the use of a 
special net that is dragged along the ocean floor, 
destroying the breeding grounds of the fish. 
When the population of the fish has declined to 
fewer than 1000 fish, the damage is sufficient 
that the fish in that area are in danger of extinc- 
tion unless preventive measures are taken. Does 
the population decline to this level, and if so, 
when? 


16. Find the exact roots of each equation. 
a) 8x°-12x*+6x-1=0 

b) 30x'+19x7-1=0 

ce) 12y’-4y°-27y+9=0 

d) 8a°+27=0 


e) 


9) 


17. One root of each equation is —2. Determine 
k and then find the other roots. 

a) x°+kx*- 10x -24=0 

b) 3x°+4x°+kx-2=0 


18. If x' — 4x" + kx = 0, 
a) what values of & result in two equal roots? 
b) what are the roots for these values of k? 


19. Use a polynomial to find three consecutive 
integers with a product of —504. 


20. Find the exact roots of each equation. 
a) x'— 4x) +x° 46x =0 
b) x*42x?-7x?- 8x+12=0 
co) ff - 20-11 + 12+ 36 =0 
d) x*-4x7+3=0 
e) x*~x'- 10x°+ 10x +12=0 
| f) x*-1=0 
g) 2x44 5x°+3x?-x-1=0 
h) 4y*— 8y'- 3y'+ Sy+2=0 


21. The dimensions of a rectangular solid are 
shown. 


x+3 
x-2 


{ The volume of the solid is 42 cm’. Find its 
dimensions using a polynomial method. 


22. A toothpaste box has square ends. The 

[ length is 12 cm greater than the width. 

| The volume of the box is 135 cm’, What are 
the dimensions of the box? 


23. A box holds two CD-ROMs and the 
instruction manual for a multimedia 
encyclopaedia. The width of the box is 15 cm 
greater than the height. The length of the box is 
20 cm greater than the height. The volume of 
the box is 2500 cm’. Find the dimensions of the 
box by factoring a polynomial. 


24. A rectangular prism has dimensions 10 cm 
by 10cm by 5cm. When each dimension is 
increased by the same amount, the new volume 
is 1008 cm’, What are the dimensions of the 
new prism? 


25. The freight station at the Kwai Chung 
container port in Hong Kong is an enormous .« 
building in the shape of a rectangular prism. 


The length approximately equals the width. The 
length is about three times the height. The 
volume of the building is about 0.009 km’. Find 
the approximate dimensions of the building, in 
metres. 


26. Application Selena and Carlos are building a 
sandbox for their community day care centre. 
The box is 12 times as wide as it is deep, and 
1m longer than it is wide. It holds 3 m’ of sand 
when full. The wood they need costs $2/m’. 
How much will it cost in total? 


27. Solve x* + 3x‘ — 5x’ - 15x° + 4x + 12 = 0. 


28. Write a cubic equation that has a real root 
of 7 and two imaginary roots. 


29. Communication a) Suppose that 5, 2, and -3 
are the solutions of a cubic equation. Sketch a 
graph of the corresponding cubic function. Is 
there more than one possible graph? Explain. 
b) What other information would have to be 
specified to guarantee that only one graph is 
possible in part a)? 


30. Communication The graph of a polynomial 
function intersects the x-axis at only three 
different points. Is it possible to say how many 
real roots it could have? Explain. If not, what 
further information would be needed? 


31. a) Write a cubic function with x-intercepts 
of V5,-—V5, and -1, and a y-intercept of —5. 
b) Write a cubic function with the same 
x-intercepts as the function in part a), but with 
a y-intercept of -10. Explain your reasoning. 


32. Inquiry/Problem Solving Decide whether each 
of the following statements is always true, 
sometimes true, or never true. Explain your 
reasoning. 

a) A cubic equation has two real roots and one 
complex root. 

b) A cubic equation has three roots. 

c) A quartic equation has four complex roots. 
d) A cubic equation has one rational root and 
two irrational roots. 

e) A quartic equation has four equal irrational 
roots. 

f) A quadratic equation has two equal 
complex roots. 
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33. a) Is it possible for a polynomial to have 
exactly one complex root? If so, construct an 
example. If not, explain why. 

b) Is it possible for a polynomial to have an 
odd number of complex roots? If so, construct 
an example. If not, explain why. 

c) What can you conclude about the number of 
complex roots of a polynomial from parts a) 
and b)? Explain. 


34. a) If a polynomial equation of degree n has 
exactly one real root, what can you conclude 
about the value of 2? Explain your reasoning. 
b) If a polynomial equation of degree 7 has 
exactly two real roots, what can you conclude 
about the value of 7? Explain your reasoning. 


35. a) All of a polynomial’s roots are real except 
for two, which are complex. Is it possible for the 


two complex roots to be x = 1 +i and x =2 + i? 
If so, construct a polynomial with such roots. If 
not, explain why. 

b) All of a polynomial’s roots are real except 
for two, which are complex. One of the 
complex roots is x = 1 + i. Is it possible to 
determine what the other complex root is? If so, 
determine the root. If not, explain why. 

c) All of a polynomial’s roots are real except 
for four, which are complex. Two of the 
complex roots are x = 1 + iand 3 + 2i. Is it 
possible to determine what the other complex 
roots are? If so, determine the roots. If not, 
explain why. 


36. Use the results of questions 33, 34, and 35 to 
explain as much as you can about the properties 
of the complex roots of a polynomial function. 


The familiar formula for finding the roots of a general quadratic equation was first formally devised 
by the great Arabic mathematician Al-Khwarizmi (c. 780-850 A.D.), from whose name we get the 
word algorithm, in about 830 A.D. However, it was not until 700 years later that methods were 
found for solving general cubic and quartic equations, amid a bitter controversy over who had 
found the cubic method first. Much of the credit belongs to Niccolo Tartaglia (1499-1557), who 
wanted to keep his method a secret (perhaps because he lacked the financial support to get his 
work published), but in 1539 used it to win a public cubic-solving challenge. 


Another Italian mathematician, Girolamo Cardano (1501-1576), heard of Tartaglia's victory and 
persuaded him to share the secret, promising to keep it between the two of them. However, 
Cardano then discovered that the essence of the cubic method had already been given by 
Scipione dal Ferro (1465-1526) in about 1515. Cardano decided to break his word to Tartaglia 
and publish the cubic method anyway, in his book Ars Magna of 1545. While Cardano should 
surely have given Tartaglia due credit, it is likely that Cardano had a better understanding of the 
method, particularly where it produced the square roots of negative numbers, which today we 
understand to be involved in complex roots of polynomial equations. Cardano did give credit to 
his own student, Lodovico Ferrari (1522-1565), for another highlight of Ars Magna, a complete 
method of solving quartic equations. No single formula gives solutions to any quartic, so Ferrari 
broke the method down into 20 cases! 
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Polynomial Functions and Inequalities 


At the start of a log flume ride in an amusement park, an electric motor raises the log to the 
top of a lift hill, Then, the log descends under the influence of gravity. The log speeds up 
enough to carry it over the rest of the hills. 


Investigate & Inquire: Solving a Quadratic Inequality 


The purpose of this investigation is to determine over which regions of track the log flume 
ride is above or below certain heights. 


1. As the log descends the lift hill, the function h(d) = 0.01d? - 1.2d + 38, de [0, 100], 
models its height, h(d), in metres, above the ground as a function of the horizontal distance, 
d, in metres, the log travels, Graph the function. 


2. Find each of the following for h(d). 
a) the y-intercept b) the range c) the real zeros (if any) 


3. Is h(d) continuous? 
4. What does each result in steps 2 and 3 mean in terms of the log flume ride? 


5. When the log is above 18 m, the passengers can see a beautiful view of the 
surrounding area. Determine the interval(s) for which h(d) > 18. 


6. As the log nears its lowest point, it passes through water. The surface of the water 
is about 2.5 m above the ground. On which interval(s) will the riders get wet? 


For every polynomial expression, such as x’ + 4x* — 2x + 3, we can write a 

corresponding, polynomial function, in this case f(x) = x° + 4x” — 2x + 3. Polynomial 
functions have one or more values of x for which the value of the function is 0. Such 
values of x, which may be real or complex, are the zeros of the function and the solutions 
to the corresponding equation f(x) = 0 or y = 0. The real zeros of a function are the 
x-intercepts of its graph. 


In this section we study the behaviour of 
functions over certain intervals. For 
example, for the function y = 2x + 1, 

we can state that y > 0 over the interval 
xe (- 1 2). 


a? 


Window variables: 
x € |[~4.7, 4.7], 
ye[-3.1, 3.1] 

or use the 7Decimal 
instruction. 


Example 1 Interpreting a Graph 


For the polynomial function 

fix)= x’ — 3x? — x* + 3x, determine 
a) the domain and range 

b) the real zeros 

c) the y-intercept 

d) the intervals where f(x) is positive 


Window variables: 
x € [-4.7, 4.7], 


ye [-9.3, 9.3] 
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e) the approximate coordinates of any local maximums or local minimums 

f) any symmetry 

g) Suppose that, for the interval x < [-2, 3], f(x) represents the net worth of the Satori 
Department Store Corporation, in millions of dollars, at time x, where x is in years. 

The time x = 0 corresponds to now, x = | cuorresponds to one year from now, x = —1 
corresponds to one year ago, and so on. Interpret the results of parts d) and e) in terms of 
the net worth of the company. 


Solution 


a) The domain is the set of real numbers. The lowest point on the graph has a 
y-coordinate of about —7. So, the approximate range is the real numbers for which y > —7. 
b) The real zeros are the x-intercepts, —1, 0, 1, and 3. 

c) The y-intercept is 0. 

d) The intervals where f(x) is positive are the sets of x-values for which the graph is 

above the x-axis. From the graph, the three intervals where f(x) > 0 are (-~, —1), (0, 1), 
and (3, 0), 

e) From the graph, f(x) has a local maximum at about (0.5, 1), and local minimums at 
about (-0.5, -1.5) and (2.5, -7). 

f) The graph has no even or odd symmetry, as we can see from the screen. 

g) Between two years ago and one year ago, the company had positive net worth. 

Then, in the past year, the company was in debt (negative net worth), but this year the 
net worth will be positive again. However, for the next two years, the net worth will be 
negative. 

The net worth of the company will peak six months from now at $1 million, but two and a 
half years from now will be the low point, when the company will be $7 million in debt. 


Graphing a polynomial function manually is simpler if the function is written in factored form. 


Example 2 Graphing a Function in Factored Form 


Graph the function f(x) = (x + 4)(x + 1)(x — 1). For f(x), determine 

a) the real zeros b) the domain and range _c) the y-intercept 

d) the intervals where f(x) <0 e) any symmetry f) the end behaviour 

g) Suppose that, for the interval x € |—4, 2], f(x) represents the acceleration, in units of g 
(which is approximately 10 m/s’), of an experimental acrobatic jet at time x on its 
training run, where x is measured in minutes. Positive values of x correspond to times 
after which the jet has passed a tracking station, and negative values of x correspond to 
times before which the jet has passed the tracking station. If the jet’s acceleration exceeds 
5 g, the pilot will experience particular discomfort. When is the jet’s acceleration 

greater than S g? 


Solution 


First, we use the factors to find the real zeros (x-intercepts) of the function, and then plot 
the corresponding points. Since f(x) = 0 when x = —4, x = —1, or x = 1, three points on 
the graph are (4, 0), (1, 0), and (1, 0). We find values of the function that are between 
or beyond the zeros to find other points on the graph. 
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Window variables: 
x € [-4.7, 4.7], y € [-9.3, 9.3] 


a) The real zeros are —4, -1, and 1. 

b) The domain and range are the set of real numbers. 

c) The y-intercept is —4. 

d) The condition f(x) < 0 is satisfied when the graph is on or below the x-axis. The 
intervals for which f(x) < 0 are (—20, —4] and [-1, 1]. 

e) There is no even or odd symmetry, as we can see from the graph. 

f) The left-most y-values are negative. The right-most y-values are positive. 

g) From the graph, it appears that the acceleration is greater than 5 g approximately in the 
intervals x € [-3.6, -1.8] and x €[1.4, 2]. These are the time intervals when the discomfort 
from the acceleration will be worst. 


The real zeros of polynomial functions, or the real roots of polynomial equations, may be dis- 
tinct or equal. Recall that two equal roots of an equation are sometimes called a double root. 
Example 3 Equal Roots 


a) Graph the function f(x) = 2x° + 5x°. 
b) Verify that the equation f(x) = 0 has two roots that equal zero. 


2.6 Polynomial Functions and Inequalities MHR 85 


ee ee ee 


Solution 
a) Graph the function manually or using a graphing calculator. 
nc) f_| | | 
ee as fC 
=i Ps | | 
Os ee 7] 
1m or | 
a — e 
pip | 4 | 1 | 27 
+2 | 
| 14 
Window variables: 
xe [-47, 4.7], re | 
y € [-3.1, 3.1] |_| te | 
or use the fey 2a a Sat 
ZDecimal instruction. | 
b) The graph suggests that the equation f(x) = 0 has a double root at x = 0. 
To verify this, solve the equation 2x’ + 5x” = 0. 
2x* + 5x? =0 
x(x)(2x + 5) =0 
x=Oorx=0o0r2x+5=0 
poe) 
2 
The roots are 0, 0, and -3 , so the equation f(x) = 0 has two roots that equal 0. 


The graph of the function y = x* — 2x — 8 is shown. 


The real zeros of the function are —2 and 4. When x < -2, 
the function is positive. When —2 < x < 4, the function is 
negative. When x > 4, the function is positive. 


This example verifies that the value of a polynomial 
function can change sign only at a real zero. This is so 
because polynomial functions are continuous. For the 
y-values to change from positive to negative, or from 
negative to positive, the graph must cross the x-axis. At 
the crossing point, the y-value is zero. 
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When the real zeros are put in numerical order on the x-axis, they divide the x-axis into inter- 
vals, In each interval, the function is either positive for all x-values or negative for all x-values. 


f(x) <0 for x € (-2, 4), 
f(x) > 0 for x © (—00, -2) and x € (4, ») 


Note that not all polynomial functions change sign at a 

real zero. An example is the function y = x° — 6x + 9, which 
has a double root at x = 3. In this example, the value of the 
function is positive both for x < 3 and for x > 3. 


The sign changes of polynomial functions can be used to solve 
polynomial inequalities. The real zeros of the polynomial 
determine the test intervals of the inequality, in which points 
on a number line are tested to determine if they satisfy 

the inequality. 


Example 4 Solving a Factorable Quadratic Inequality 
Solve x7 +x <6. 


Solution 1 Pencil and Paper Method 
X4x<6 
x+x-6<0 
(x + 3)(x -2) <0 
The zeros of the function f(x) = (x + 3)(x — 2) are —3 and 2. The three test intervals are 
(-2, -3), (-3, 2), and (2, ). 
We choose an x-value in each test interval and determine the sign of (x + 3)(x — 2). 
In the test interval (—:0, —3), use x = —4. 
(x + 3)(x — 2) = (-4 + 3)(-4 - 2) 
=6 
So, (x + 3)(x — 2) is not less than zero in this interval. 
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In the test interval (-3, 2), use x = 0. 
(x + 3)(x — 2) = (0 + 3)(0 — 2) 
a6 
So, (x + 3)(x — 2) is less than zero in this interval. 
In the test interval (2, 0), use x = 3. 
(x + 3)(x — 2) = (3 + 3)(3 - 2) 
= 6 
So, (x + 3)(x — 2) is not less than zero in this interval. 


The calculations performed above can be summarized using a chart. 


Interval 

Test value 
(x+3) 
(x-2) 

Sign of f(x) 


The two numbers that we have not tested are —3 and 2, which are the zeros of the equation 
2 5 , faa 

(x + 3)(x — 2) = 0, or x° + x = 6, so they do not satisfy the inequality x° + x < 6 and they are 

not included in the solution. 


Since (x + 3)(x — 2) < 0 in the interval (—3, 2), the solution to the inequality x +x <6 is 
x € (-3, 2). 


The solution can be graphed on a number line. 


Solution 2 Graphing Calculator Method 
x4+x<6 

x +x-6<0 

We graph the function 
f(x) =x +x-60na 


graphing calculator. Window variables: 


x €[—5, 5], ye [-10, 10] 


Note that f(x) < 0 when the graph is below the x-axis. From the graph, 
we can see that the graph is below the x-axis when —3 < x < 2. So, the solution is 
x € (-3, 2). 
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Example 5 Solving a Factorable Cubic Inequality 
Solve x’ + 3x°-x-320. 


Solution 1 Pencil and Paper Method 


We use the integral zero theorem to factor x° + 3x7 — x — 3. 
f(x) =2° + 3x°-x-3 
f(1) =(1)° + 3(1)?- 1-3 
=0 
Therefore, x — 1 is a factor of x* + 3x” — x — 3. 
Use long division to find another factor. 


Another factor is x° + 4x + 3. Factoring x + 4x43 gives (x + 3)(x + 1). So, 
x4 3x? — x —3 = (x + 3)(x + 1)(x - 1). 

The zeros of the polynomial f(x) = (x + 3)(x + 1)(x — 1) are -3, -1, and 1, 
There are four test intervals: (—c0, —3), (—3, -1), (-1, 1), and (1, »). 

Choose an x-value in each test 
interval and determine the sign of 


(x + 3)(x + 1)(x — 1). The results anced 


. + * i Test value 
can be summarized using a chart. 
The three numbers that have not been (eee) 
tested are —3, —1, and 1. These numbers (x41) 
are the zeros of the equation (x-1) 
(x + 3)(x + 1)(x — 1) = 0, or Sign of f(x) 


x’ + 3x* — x — 3 =0, so they satisfy the 
inequality x° + 3x* — x — 3 > 0 and are included in the solution. Combining these numbers 
with the results from the table gives the solution x € [—3, —1] or x € [1, ~). 


Solution 2 Graphing Calculator Method 


Another way of solving polynomial inequalities is by using the TEST menu of a graphing 
calculator. Enter the inequality in the Y= editor of your graphing calculator, using the > 
symbol from the TEST menu ((2nd) [MATH)). 


“Pletd_ Flot2_ POR? 
ae BR*3+342-K-3E 
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Go to Mode settings and set the calculator to Dot mode, and use the ZDecimal instruction 
to graph the inequality in the friendly window. 


When the inequality is true, the graphing calculator plots the point 1. When it is false, 
the graphing calculator plots the point 0. Thus, from the screen, we can see that 

x’ + 3x? —x-—320 for x €(-3, -1) or x € (1, ©). To determine whether the 

endpoints are included, press [TRACE] and then move the cursor to each of the endpoints. 

If the calculator shows a value for y, then the endpoint is included. If the y-value is blank, 
then the endpoint is not included. 


VIEHO3+3HI-R-FEO 


From the screen, we can see that the endpoint x = 1 is included. By tracing, we can also 
determine that the endpoints -3 and ~1 are included. Thus, the solution to the inequality 
x’ +3x°-x-320 is xe [-3,-1] or x e[l, »). 


Example 6 Solving a Non-Factorable Inequality Using a Graphing Calculator 


Solve x° + 3x” — 4x — 4 < 0, to the nearest hundredth. 


Solution 
Graph the function f(x) = x’ + 3x” - 4x — 4. 


Window variables: 
xe [-4.7, 4.7], y €[-9.3, 9.3] 


Find the approximate values of the x-intercepts, to the nearest hundredth, using the 
Zero operation. 
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Zero 
R=~. 7108315 l¥=0 


zero 
H=1.4B92086 W=0 


The x-intercepts are —3.78, —0.71, and 1.49, to the nearest hundredth. 
f(x) <0 when the graph is below the x-axis. 


The graph is below the x-axis when x < —3.78 or —0.71 < x < 1.49. Thus, the solution to 
the inequality is approximately x € (-», -3.78) or x € (—0.71, 1.49). 


Key Concepts 


e To graph a function given in factored form, use the factors to find the real zeros, or 
x-intercepts, of the function. Find several test points between and beyond the 
x-intercepts. Then, plot the x-intercepts and the test points. Join the points with a 
smooth curve. 

© To solve a factorable polynomial inequality, determine the real zeros of the { 
polynomial. Use the zeros to establish the test intervals, and then, test a convenient 
value within each test interval. 

e To solve a non-factorable polynomial inequality, use a graphing calculator or 
graphing software to determine the approximate values of the x-intercepts. Then, 
use the graph to determine the solution. 


Communicate Your Understanding 


1. Describe how you would graph f(x) = (x — 4)(x + 1)(x - 2), without using a 
graphing calculator or graphing software. 

2. Describe how you would solve x° +x - 2 > 0. 

3. Describe how you would solve a non-factorable polynomial inequality. 
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Practise 
1. Use the graph to determine the domain and 
range, the approximate coordinates of any local 
maximums or minimums, and the y-intercept of 
each polynomial function. 
a) 
2. Use the graph to identify the real zeros of 
the polynomial function, and the intervals where 
f(x) = 0 and where f(x) < 0. Estimate zeros to 
the nearest tenth, if necessary. 
b) a cm 1 
; a 
Cc) 
b) 
iz il {| 
Ein a 
| 
I 16 
He 
bis Pb 
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3. 
i) 


Graph each function and determine 
any real zeros, to the nearest tenth, 


if necessary 


ii) 
iii) 
iv) 


the domain and range 
the y-intercept 
the approximate coordinates of any local 


maximums or local minimums 


v) 
vi) 
a) 
b) 
c) 
d) 
e) 
f) 

9) 
h) 
i) 

i) 


any symmetry 
the end behaviour 
fx) = x"(x" ~ 4) 
y=x'(x +4) 

y= x? — 3x? - 2x 


R(x) = 2° + 3x44 
y=-x'+6 

f(x) = -x* + 4x7 

f(x) = (x — 4)(x + 1)(x + 1) 


f(x) = x(x — 3)(x + 2)(x — 1) 


= 
= 

f(x) = —(x — 2)(x — 4)(x — 6) 
i= 

f(x) = —x(x - 1)(x + 3)(x + 3) 


4. Graph each function. Label all the zeros, 
including the multiple zeros. 

a) f(x) = 3x° - 4x7 

b) g(x) =x'+ 2x3 +2" 

©) A(x) =x° -— 3x7 +3x-1 

d) k(x) = x° — 6x* + 12x° — 8x* 

5. Application Solve each inequality using the 
method of your choice. Graph each solution on a 
number line. 

a) (x -—3)(x+2)<0 

b) (2x — 1)(2x+3)<0 

ce) x -3x<10 

d) 2x°-7x+320 

e) x(x -—2)(x-2)20 

f) (2x -1)(x + 1)(x -2) <0 

g) x(x —2)(x + 1)(x+5)20 

h) x —2x*?-x2>-2 

i) 2x°- x’ > 6x 

6. Write a short paragraph explaining which 
method you prefer to use when solving inequalities. 


7. Solve each non-factorable inequality, to the 

nearest hundredth. 

a) x*-5>0 | 
b) 2x*-x-220 
c) 2x°+6x+3>0 

d) x'+4>0 

e) x -6x°+10x-4<0 

f) 3x°+8x°7-x<2 

g) x'+2x° - 4x" - 6x <-3 


Apply, Solve, Communicate 


8. Inquiry/Problem Solving Use the graphs of 
the two functions f and g to identify the 
approximate intervals where each of the 
following is true. Estimate to the nearest tenth, 
if necessary. 
a) f(x) < g(x) 
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b) f(x) > g(x) 
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9. Application The cross section of part 

of a ravine can be approximated by the 
function h(x) = x* — 6x” + 4x + 20, x €[0, 5], 
where h(x), in metres, is the height, and x, in 
metres, is the width of the ravine. 

a) Graph the function using the given domain 
and a suitable range. 

b) Find the vertical distance between the 
highest and lowest points on this part of the 
ravine, to the nearest tenth of a metre. 


10. a) For a cylinder whose height is twice its 
radius, write a function to express the volume, 
V, in terms of the radius, r. 

b) Graph the function. 

c) Determine the domain and range of the 
function. 


11. Inquiry/Problem Solving A solid is made 
from 3 cubes, each having a side length 
of x. 


a) Determine a function A(x) that represents 
the surface area, and a function V(x) that 
represents the volume of the solid. Graph the 
functions. 

b) For what value of x will the surface 

area and the volume have the same numerical 
value? 

c) For what values of x will the numerical 
value of the surface area be greater than the 
numerical value of the volume? less than the 
numerical value of the volume? 

d) Describe how the graph of A(x) — V(x) 
can be used to answer parts b) and c). 


12. Application The rate of flow of light energy is 
measured in lumens, represented by the 
symbol Im. For example, a 100-W 
incandescent light bulb emits about 1750 Im. 
The rate, L(T), in lumens, at which a firefly 
produces light energy is related to the air 
temperature, T, in degrees Celsius, by the 
function L(T) = 10 + 0.3T + 0.4T* - 0.01T*. 
a) What isa realistic domain for the 
function? 

b) Graph the function. 

c) Use your graph to find the rate at 

which a firefly produces light energy at 

25°C. Round your answer to the nearest 101m. 
d) At what temperature, to the nearest degree 
Celsius, do fireflies produce light energy at the 
greatest rate? 


13. A triangular prism can be used to refract 


light and separate white light into its component 


colours. 


a) Write a polynomial function to represent 
the volume, V(x), in cubic centimetres, of an 
equilateral triangular prism with all edges 

x centimetres long. 

b) What is the domain of this function? 

c) Graph the function. 

d) For a prism with all the edges 5 cm long, 
what is the volume, to the nearest tenth of a 
centimetre? 

e) Find the edge length, to the nearest tenth 
of a centimetre, for a prism of volume 20 cm’. 


14. Communication a) Solve the inequality 

(x + 3)(x + 1)(x — 1) >0. 

b) A rectangular prism has the dimensions 
shown. Determine the possible values of x for 
the rectangular prism. 


x+l 


c) Compare the results from parts a) and b), 
and explain any differences. 


15. Write a quadratic inequality with each of the 
following solutions. 
a) xe[-l, 2] 


b) xe(-»,-}) orx€(4, ) 


16. Write three quadratic inequalities that have 
no solution over the real numbers. 


17. Find the solutions that satisfy both 
x’ +4x-5>Oand x’ +6x-7<0. 


18. Find the solutions that satisfy both 
x? +x° — 20x <0 and x° + 4x” - 11x +30 <0. 


19. A cylindrical frame consisting of three circles 
and four vertical supports is built from 6 m of 
wire, as shown. The frame is then covered with 
paper to form a closed cylinder. 


a) Determine expressions for the radius r, the 
surface area S, and the enclosed volume V of the 
resulting cylinder, in terms of the height h. 


b) Determine the restriction on the height if the 
radius of the cylinder must be at least 10 cm. 
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A company that manufactures camping trailers estimates that the 
annual cost, C(x), in dollars, of manufacturing ~x trailers is given 
by the function C(x) = 200000 + 100x + 5x*. The company’s 
annual revenue, R(x), in dollars, from sales of trailers is given by 
R(x) = 8000x — 0.02x’. 

a) Graph both functions using the domain x € [0, 700] and the 
range y € [0, 2000000]. 

b) What is the minimum number of trailers that must be sold for 
the company to make a profit? 

c) What is the maximum number of trailers that the company can 
sell and still make a profit? 

d) Write an equation to represent the profit function, P(x). 

e) Graph the profit function. Use the graph to determine the 
maximum profit the company can make, to the nearest $10000, 
and the number of trailers that must be manufactured to give this 
profit. 

f) How do the graphs show that profits can never be greater than 
revenues? 

g) Can the company make a profit if costs are greater than 
revenues? if costs are greater than profits? Explain. 


With general methods already found for solving quadratic, cubic, and quartic equations, many 
mathematicians have tried without success to find such a method for quintic equations. The last 
to do so was the Danish mathematician Niels Abel (1802-1829), who in 1821 wrote a paper 
presenting what he believed to be a general method for quintic solutions. However, in checking his 
own work by substituting a numerical example, Abel found a mistake in his theory. Nothing 
daunted, Abel pursued a different approach to the problem, and in 1824 was able to publish a 
remarkable conclusion: in the quintic case, no general solution method can exist. His proof of this 
fact used the theory of permutations of roots, which was an ancestor of modern group theory. 
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Investigating Math: Finite Differences 


The method of finite differences can be used to examine the nature of change in polynomial 
functions, and to determine the equation of a polynomial function given a table of values. 
The most straightforward way to use finite differences is to have equally-spaced x-values 

in a table of values. Then the first differences are calculated by subtracting consecutive 
y-values, second differences are calculated by subtracting consecutive first differences, and 
so on. Here is an example. 


19-7=12 


37-19=18 


Meme ates 
4 


61 - 37 =24 


Sot Pas 


Note that the function specified in the table of values is a cubic function, y = x’, and the 
third differences are constant. 


Reviewing Linear Functions, y = mx + b 
4. Construct a difference table (first differences only) for each linear function. 
a) y=3x-2 b) y=-x+3 c) y=mx+b 


2. How are the first differences for each function related to the equation of the 
function? 


3. For any linear function, why are the differences between successive y-values the same? 
What does this value represent? 


4. Where does the constant term for each equation occur in the table of values? 


5. Describe how you can use a table of values for a linear function and finite differences to 
write an equation for the function. 
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6. Use finite differences to write an equation for each function. 
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7. Check the results for question 6 using regression on a graphing calculator or graphing 
software. 


Reviewing Quadratic Functions, y = ax” + bx +c 

14. Construct a difference table (first and second differences only) for each quadratic 
function. 

a) y=x+1 b) y=2x°-3 c) y=3x-x+2 


2. What is true about the second differences in each table? 


3. a) Make and test a conjecture relating the second difference and the value of a, for the 
general quadratic function ax° + bx +c. 

b) Construct a difference table for the general quadratic function. 

c) Using the results from part b) and the tables you completed in question 1, describe how 
you can use a table of finite differences to calculate the values of a, b, and c. 


4. a) Construct a difference table using the points (—3, 10), (-2, 3), (-1, 0), (0, 1), (1, 6), 
(2, 15) and (3, 28). 

b) Find c. 

c) Find a. 

d) Find b. 

e) Write an equation for the quadratic function. 


5. Write an equation for each function using finite differences. 


i 2 ao = 


6. Check your results in question 5 using regression on your graphing calculator or 
graphing software. 
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Investigating Cubic Functions, y = ax’ + bx’ + cx +d 

1. Construct a difference table for each cubic function. Continue each table until constant 
differences are reached. 

a) yax'-x'+2x41 b) y= 2x°- 3x +4 


2. a) Fora cubic function, in which column are the differences equal? 
b) Make and test a conjecture relating the third differences and the value of a. 


3. a) Construct a difference table for the general cubic function, 

y=ax?+ bx +ex+d. 

b) Using your results from part a) and the tables you completed in question 1, describe how 
you can use a table of finite differences to calculate the values of a, b, c, and d. 


4. a) Construct a difference table using the points (—3, -119), (-2, —48), (-1, -13), (0, -2), 
(1, -3), (2, -4) and (3, 7). 

b) Find d. 

c) Find a. 

d) Find b. 

e) Find c. 

f) Write an equation for the cubic function. 


5. Write an equation for each function. 


a) ald > i >) i» dled 
cat 


-2. -352 =2 ak 
sem ft ee oT 
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6. Check your results for question 5 using regression on your graphing calculator or 
graphing software. 


Investigating Quartic Functions, y = ax’ + bx’ + cx” + dx +e 
1. Construct a difference table for each quartic function. 
a) y=x'- 2x°-3x741 b) y=2xt +x 42°-5 


2. a) Fora quartic function, in which column are the differences equal? 
b) Make a conjecture about which differences will be equal for a function of degree 7. 
c) Make and test a conjecture relating the fourth differences and the value of a. 


3. a) Construct a difference table for the general quartic function, 

y=ax'+bx'+ cx’ +dx+e. 

b) Using your results from part a) and the tables you completed in question 1, 
describe how you can use a table of finite differences to calculate the values of a, b, c, 
d, and e. 
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4. a) Construct a difference table using the points (—3, 123), (-2, 29), (-1, 1), (0, -3), 
(1, -1), (2, 13) and (3, 69). 


b) Find e. c) Find a. 
d) Find b. e) Find c. 
f) Find d. g) Write an equation for the quartic function. 


5. Write an equation for each function. 
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6. Check your results for question 5 using regression on a graphing calculator or graphing 
software. 

Writing Equations 

1. Write an equation for each function. 
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2. a) Explain what first differences indicate about the graph of a function. 

b) Explain what higher differences indicate about the graph of a function. 

c) Explain how the degree of a polynomial can be determined from a difference table. 

d) Explain how to use finite differences and a table of values to determine the equation of 
a polynomial function. If the polynomial is of degree 7, how many entries are needed in the 
table of values? 
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Investigating Math: Determining 
Equations of Graphs 


Given the graph of a polynomial function and the coordinates of points on the graph, we 
discuss four ways to determine an equation of the graph. The methods are 

a) using the zeros of the function and one other point 

b) using the regression feature on a graphing calculator or graphing software 

c) using finite differences 

d) using trial-and-error on a graphing calculator or graphing software 

The method chosen may depend on the coordinates of the given points. 


Determining an Equation Using the Zeros of the Function 
1. a) The graph of a cubic function is shown. The graph has 
x-intercepts —3, —1, and 2, and y-intercept —6. What are three 
factors of the polynomial? 

b) Write the equation of the family of cubic functions whose 
graphs have x-intercepts —3, -1, and 2. 

c) Use this equation and the y-intercept to determine the 
equation of the function graphed in part a). 


Window variables: 
x € [-4.7, 4.7], 
y € [-9.3, 9.3] 


2. Can the regression feature on a graphing calculator or 
graphing software be used to determine an equation of the 
function? Explain. 


3. Can finite differences be used to determine an equation of the function? Explain. 


4. Write the equations, in expanded form, of the families of functions whose graphs have 
the same x-intercepts as those shown. 


b) y 


Determining an Equation Using Regression 
1. The graph of a cubic function 

is shown. The points (1, 24), (2, 12), (3, 0), 
and (6, 24) lie on the graph. Use the 
regression feature on a graphing calculator 
or graphing software to determine an 
equation of the function. 


Window variables: 
x €[-4.7, 9.4], 
y €[-6.2, 31] 
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2. Can finite differences be used to determine the equation of the function? 
Explain. 


3. Can the zeros of the function be used to determine an equation? 
Explain. 


4. Use the regression feature on a graphing calculator or graphing software to 
determine an equation of each function with the given points. 

a) a quadratic function with points (—3, 28), (1, 4), (3, 4) 

b) a cubic function with points (—4, 1), (—1, 1), (1, 1), (2, 19) 

ce) acubic function with points (-3, 36), (0, 3), (1, 4), (3, -12) 

d) a quartic function with points (-3, -40), (-2, 0), (0, —4), (2, 0), (3, —40) 


Determining an Equation Using Finite Differences 


1. The graph of a cubic function is shown. The table gives the coordinates 
of four points on the graph. Use finite differences to determine an equation of 
the function. 
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2. Can the regression feature on a graphing calculator or graphing software be 
used to determine an equation of the function? Explain. 


3. Use finite differences to determine an equation for each function. 
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Determining an Equation Using Trial-and-Error on a Graphing 
Calculator or Graphing Software 


1. a) The graph of a cubic function is shown. The table gives the coordinates of seven 


points on the graph. 
ered 


elS, 


a 
ao 
Window variables: 
e [-4.7, 4.7], 
ye [62°62] me 


b) Enter the data as two lists on your graphing calculator or graphing software. 

c) Make a scatter plot of the data. 

d) By entering equations in the function editor and graphing them, use trial-and-error to fit 
the equation of a cubic function in the form y = ax’ + bx* + cx + d, where a, b, c, and d are 
integers, to the scatter plot. 


2. Use trial-and-error with a graphing calculator or graphing software to determine an 
equation for each function in the form y = ax’ + bx’ + cx + d, where a, b, c, and d are 
integers, or in the form y = ax* + bx’ + cx’ + dx + e, where a, b, c, d, and e are integers, 
for the given points. 


a) cubic function b) cubic function c) quartic function d) quartic function 
oe ae aes ee 
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3. Assess the advantages and disadvantages of each method discussed in this section. Are 
some methods more appropriate than others in certain circumstances? Explain. 
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Technology Extension 
The Graph of a Cubic Function Using TI InterActiv 


Create a graph with y1(x):=a*x'+b*x°+ c*x +d. 
Format the graph with the following 

window settings: xMin = —5S, xMax = 5, 

yMin =-10, yMax = 10. Use a slider for each 
of the parameters a, b, c, and d. Give each 

slider an initial value of 1 and allow each 

one to vary from —S5 to 5, with steps of 1. 


1. What is the effect of moving the slider for d? 


2. The graph shown has only one x-intercept. 
Which values will have to be changed in order 
to produce a graph with two x-intercepts? three 
x-intercepts? 


3. Position the sliders so that the graph has 
x-intercepts of —3, —1, and 2. Is there an algebraic 
method that will help with this problem? Is there 
only one graph with these properties? Explain. 
Algebraic Manipulations 


Set up a math box to do the following 
polynomial division question. 


6x7 - 19-x7 + 18x - 20 
2x-5 


3x? -2x+4 
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Web Connection 
Atrial version of TI InterActive!™ is 
provided by the manufacturer. Go to 
www.megrawhill.ca/links/CAF12 and 
follow the instructions there. 


Consider the polynomial f(x) = x° + x* — 4x + 4. 
The factors of 4 are +1, +2, and +4, 

so the possible factors of the polynomial 

are (x + 1), (x — 1), (x + 2), (x — 2), (x + 4), 

and (x — 4). Below, we test the factor (x + 1) in 
two different ways. 


First, define the function f(x) in 
TI InterActive!™, 


Tix) =x tx -4x-4 "Done" 


Use the factor theorem. 


fC) 0 

Next, divide by (x + 1). 
fe) 24 
x+1 


Thus, (x + 1) is a factor of f(x). 


Repeat this procedure for each of the other 
factors listed and then write x° + x° — 4x + 4 
in factored form. 


Investigate & Apply: interpolating Polynomials 


If we are given any two distinct points in the plane, we can find a line 
(a first-degree function) whose graph passes through those two points. 


1. Since two points define a first-degree function, do three points define a 
second-degree (quadratic) function? Do four points define a third-degree (cubic) 
function? Explain. 


We have discussed several methods for finding the equation of a function given 
several points on a graph, including finite differences and regression on a 
graphing calculator. In this investigation, we discuss another method: using an 
interpolating polynomial. 


Example 


Find a polynomial that passes through the points (—2, -1), (-1, 7), (2, -5), 
(3, -1). 


Solution 


Since we are given four points, we will try to find a cubic polynomial that goes 
through all the points. 


We can solve this problem by expressing the unknown polynomial in 

the form P(x) = a, + a,(x + 2) + a,(x + 2)(x + 1) + a,(x + 2)(x + 1)(x — 2). Note 
the relationship between the factors in the polynomial and the x-values of the first 
three given points. 


P(-2) =-1 

a, + a,(0) + a,(0) +.4,(0) =—1 
a)=-1 

P(-1)=7 

a, +a,(-1 + 2) +.4,(0) + a,(0) =7 
-1+a,=7 

a,=8 

P(2) =-5 

a, +a,(2 + 2) +a,(2 + 2)(2 + 1) +.4,(0) =-S 
—1 + (8)(4) + 12a, =-5 

12a, = -36 

a,=-3 

P(3) =-1 


a, + a,(3 + 2) + a,(3 + 2)(3 + 1) +a,(3 + 2)(3 + 1)(3 — 2) =-1 
~1 + (8)(5) + (-3)(20) + 20a, = -1 
20a, = 20 
a,=1 
Thus, 
P(x) =-1 + 8(x + 2) — 3(x + 2)(x + 1) + (x + 2)(x + 1)(x - 1) 
=x — 2x*- 5x45 
Check that the four given points satisfy the equation. Alternatively, check this 
equation using a graphing calculator. 
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In general, the interpolating polynomial for a set of points is given by 

P(x) =a, + a,(x — x9) +.4,(x — x,)(x —x,) +--+ +4, (x — x,)(x — x,)(x — Ay) a(n) 
2. Explain the reasoning behind the choice of factors in the interpolating 
polynomial. 

3. Find a polynomial equation that passes through (—1, 3), (0, 1), (1, 1), and 

(2, 9). Verify the equation. 

4. Find a polynomial equation that passes through: (—2, —2), (-1, 1), (0, 6), 

(1, 1), and (2, -2). Verify the equation. 


5. Is it possible to use this method to find an equation of a polynomial with 
roots or x-intercepts at ~1, 3, 5, and 7? If so, find such an equation and verify it. 
If not, explain why. ‘ 


6. What conditions must exist for it to be possible to use the general form of the 
interpolating polynomial? 


Although Niels Abel had proved that there is no solution of the general quintic equation in 1824, 
the first mathematician to work out the full theory of polynomial equations and their related 
permutation groups, of which Abel's result is just one part, was Evariste Galois. Born in 1811, 
Galois accomplished an extraordinary body of work in a lifetime cut tragically short. Galois was 
often frustrated by lack of acceptance for his genius and was never the most emotionally stable 
of young men. After the suicide of his father, who had been falsely accused in a political scandal, 
Galois fell into depression and despair, and in 1831 died of his wounds after getting into a duel 
over a young woman. Galois' papers were eventually published in 1846, and the complete body 
of polynomial mathematics they contain is still known as Galois theory, in his honour. 
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2.1 Investigating Math: Polynomial 
Functions On a Graphing Calculator 


Refer to page 42. 
1. Graph each of the following functions and 
i) determine the type and number of 
x-intercepts 
ii) describe the behaviour near the 
x-intercepts 
iii) determine the type and number of turning 
points 
iv) describe the end behaviours 
v) describe any symmetry 
a) f(x) = x(x —2)(x + 3) 

) f(x) =—-(x + 1)(x — 1)(x - 3) 


c) f(x) =x(x + 2)(x — 2)(x + 4) 
d) f(x) =x? +x°- 20x 
e) f(x) =—-x' + 3x° +4 


2. A cone is circumscribed around a sphere. 
The radius of the sphere is S units. 


a) Write a formula for the volume, V, of the 
cone in terms of x. What kind of function is V? 
b) Determine the roots of the function in 

part a). Do the roots have any geometrical 
meaning? Explain. 

c) What is the domain of the function in part a)? 


2.2 Dividing a Polynomial by a Polynomial 


Refer to the Key Concepts on page 51. 
3. Divide. State any restrictions on the 
variables. 

a) (x + 10x + 16) + (x + 2) 

b) (ty 2) (y-1) 

c) (4° -1 + 4m) = (2m + 3) 

d) (x° = 3x — 9 +27) + (x +3) 

e) (3y'—2y> + 12y — 9) = (y’ + 2) 


Review of Key Concepts 


4. The area of a business card can 
be represented by the expression 
28x° — 15x + 2, and the length by the 
expression 7x — 2. 

a) Write an expression that represents the width. 
b) If x represents 13 mm, what are the 
dimensions of the business card, in 

millimetres? 


5. Divide. State any restrictions on the variable. 
a) (x’ + 2x7 - 4x — 3) + (x + 3) 

b) (2x° — 7x? — 7x +5) + (2x —1) 

c) (15x —4x' — 9x* + 3x‘ — 4) = (3x — 4) 


2.3 The Remainder Theorem 


Refer to the Key Concepts on page S8. 

6. Use the remainder theorem to determine the 
remainder for each division. 

a) (x? + Sx — 8) +(x -2) 

b) (3m + 7m +1) + (m+ 3) 

0) (y'— Sy’ - 3y + 1) + (y+1) 

d) (2x7 + Sx +11) + (2x-1) 

e) (8y' +12y — 4y + 5) + (2y + 3) 


7. For each polynomial, find the value of k if 
the remainder is —1. 

a) (x’— 4x" + kx - 2) +(x-1) 

b) (x? — 3x” - 6x + k) + (x + 2) 


8. Graziella has recently written a book. Her 
publisher models the cumulative total number of 
copies sold, C(t), t days after the book is 
released, by the formula C(t) = 0. St + 20t + 50, 
where t € [0, 30]. 

a) Explain the strengths and weaknesses of 

the formula for C(t). Do you think that it is 

an exact formula or an approximation? 

Explain. 

b) Divide C(t) by t— 10. State the quotient O(t) 
and the remainder R. Explain the meaning of 
Q(t) and R. 

c) Do you think that the same formula for C(t) 
is still valid for ¢ > 30? Explain. 

d) A book can be marketed as a bestseller in 
Canada if 5000 copies are sold. Does Graziella’s 
book become a bestseller in the first month after 
it is released? If so, when does this occur? If not, 
when will it become a bestseller if the formula is 
still valid for ¢ > 30? 
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9. Find the integer k such that 

a) x —2 divides 3x’ — 2x° +x +k evenly 

b) the remainder is —15 when 8x’ + 6x° + 2x +k 
is divided by 2x + 3 

c) the remainder is 10 when 4x* + kx — 15 is 
divided by x + 5 


2.4 The Factor Theorem 


Refer to the Key Concepts on page 67. 

10. Show that the binomial is a factor of the 
polynomial. 

a) x°-2x*-5x+6;x-1 

b) y' + 4y' — 9y — 16y + 20; y +2 

c) 2n'- 1 —4n+3;2n4+3 

d) 32° + 172? + 18z - 8; 3z-1 


11. Factor completely. 
a) x -x?-5x-3 
b) x + Sx? + 3x-4 
ce) 2x°-x°-2x+1 
d) 3x° + 13x°- 16 


12. The volume of a rectangular prism is given 
by V = 2x’ - x’ — 22x — 24. Determine possible 
polynomial expressions for the dimensions of 
the prism. 


2.5 Roots of Polynomial Equations 


Refer to the Key Concepts on page 78. 
13. Solve and check. 

a) y'=9y 

b) 1 -3n-2=0 

ce) 3w’ + 1lw=2w' +6 

d) 3x°-2=8x'-7x 


14. Find the exact roots. 
a) x°-3x°+x+1=0 
b) 4y'- 19y=6 

c) xi +x°+ 16x +16=0 
d) m-n’=2m+12 


15. A cereal box is a rectangular prism with a 
volume of 2500 cm’. The box is 4 times as wide 
as it is deep, and 5 cm taller than it is wide. 
What are the dimensions of the box? 


16. Recall that the value, A, of an initial 
investment of P dollars with interest of i per 
month, compounded monthly, is A = P(1 + i)". 
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a) Suppose that P is a constant. What is a 
reasonable domain for the function 

A = P(1 +3)” for ordinary investments? 

b) Does the function in part a) have any zeros 
in the domain you determined in part a)? If so, 
determine the zeros and explain what they 
mean. If not, explain why none are expected. 

c) Some people think that our environment 
would be better preserved if interest rates were 
typically negative. For example, there is 
currently an incentive to cut down trees, sell the 
wood, and then invest the money, since the 
money will grow if interest rates are positive. 
However, if interest rates were negative, there 
would be a greater incentive to protect forests, 
since the money obtained by selling wood would 
only decline if invested. 

i) Repeat part b) if interest rates are allowed to 
be negative. 

ii) Write a short essay discussing the 
implications of negative interest rates and 
whether you think they would be a good idea. 


2.6 Polynomial Functions and Inequalities 


Refer to the Key Concepts on page 91. 
17. Graph each function and determine 
i) the domain and range 

ii) the y-intercept 

iii) any real zeros 

iv) the intervals where f(x) > 0 and f(x) < 0 
v) any symmetry 

vi) the end behaviour 

a) f(x) = x(x + 4)(x — 4) 

b) f(x) = x(x — 1)(x + 1)(x — 2) 

c) f(x) = (x — 2)(x + 2)(x + 4) 

d) f(x) =—(x + 2)(x — 3)(x — 5) 

e) f(x) =—x(x — 3)(x + 1)(x + 4) 


18. Graph each function and determine 

i) the domain and range 

ii) the y-intercept 

iii) any real zeros, to the nearest tenth, if 
necessary 

iv) the approximate coordinates of any local 
maximums or local minimums 

v) any symmetry vi) the end behaviour 
a) f(x)=x"(x°- 9) b) f(x) =x"(x - 5) 

ce) y=—x(x°-4) dd) y= (x 9)(x"- 1) 


. 


e) f(x)=x'-2 f) flz)=-2?- 3x? 
g) y=-x°4+3x°-x h) y=x'-x’-2x-3 


19. Solve each inequality. 

a) x(x +3)>0 

b) (x + 4)(x — 1) <0 

c) x°+6x<-9 

d) (x + 2)(x —2)(x+4)20 
e) x’-2x°-5Sx>6 


20. Solve the following non-factorable 
inequalities, to the nearest hundredth, using 
a graphing calculator. 

a) x*+x-4>0  b) -3x° 4x57 

Cc) x -3x?>-1 d) x'-x?<2 


21. Doctors determine that, for a certain 
hospitalized patient, the normal range for blood 
sugar is between 2.5 mmol/L and 25 mmol/L. 
The blood sugar level, B(t), for this 

patient can be modelled by the formula 

B(t) = 0.2¢' — 2.6 + 11.30 — 18t + 11, te [0, 8] 
where ¢ is measured in hours and B(t) is meas- 
ured in mmol/L. If the blood sugar is outside the 
normal range, doctors must take action to help 
the patient. When is the blood sugar outside the 
normal range? 


2.7 Investigating Math: Finite Differences 


Refer to page 97. 

22. a) Construct a difference table using the 
points (—3, 40), (-1, 24), (1, 0), (3, 16), 

(5, 120), (7, 360), and (9, 784). 

b) Of what degree is this polynomial function? 
Explain. 

c) Determine the coefficients of the terms. 

d) Write an equation for this function. 


23. Write an equation for each function. 
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2.8 Investigating Math: Determining 
Equations of Graphs 


Refer to page 101. 

24. Use the given zeros and the y-intercept to 
determine an equation of each function, in 
expanded form. 
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25. Use finite differences to determine an 
equation for each function. 
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26. A quartic function has x-intercepts of —5, 
—1, 2, and 4. The point (3, -8) lies on the curve. 
Determine an equation of the function. 


27. Use trial and error on a graphing calculator 
to determine an equation for each function in 
the form y = ax’ + bx* + cx + d, where a, b, c, 
and d are integers, or in the form 

y = ax" + bx* + cx’ + dx +e, where a, b, c, dy 
and ¢ are integers, passing through the given 


points. 
a) cubic function 
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Chapter Test 


Achievement Chart 


5, 13, 15, 17 


1. Graph each function and 

i) determine the domain and range 

i) determine the type and number of 
x-intercepts 

iii) describe the behaviour near the x-intercepts 
iv) determine the type and number of turning 
points 

v) describe the end behaviours 

vi) describe any symmetry 


a) f(x) = ae 2)(x + 3) 
b) f(x) =—-(x + 1)(x — 1)(x - 3) 
c) f(x) = x(x +2)(x — 2)(x +4) 


d) f(x) =x' +x" — 20x 
e) f(x)=-x'+ 3x7 +4 


2. Divide. State the restrictions on the variables. 


a) (x? +x" — Sx +2) + (x - 2) 
b) (y+ 2y’ - 2y°) + (2y + 1) 
c) (10 + 6x? — x? — 11x) + (2x +3) 


3. The area of the base of a box is given by 
3x° — 4x — 5 and its volume is given by 

6x’ — 17x” + 2x + 15. Determine an expression 
for the height of the box. 


4. Use the remainder theorem to determine the 
remainder for each division. 

a) (p + 4p" ~2p +5) +(p+5) 

b) (4y' + y"~ 12y ~ 5) + (Ay + 1) 

5. When the polynomial 3x° + mx? + nx + 2 

is divided by x — 2, the remainder is -8, When 
the polynomial is divided by x + 3, the 
remainder is —88. What are the values of 
mand n? 


6. Show that the binomial is a factor of the 
polynomial. 

a) x - 5x? -x4+55x-5 

b) 32° + n° — 38n +24; 3n-2 

7. Factor completely. 

a) x°+2x’-21x +18 

b) 3x*— 10x? - 9x +4 


12, 16, 17 


8. Consider the expression 6x° — 17x” + 7x — 5. 
Without factoring, use the rational zero theorem 
to state the possible factors. 


9. Find the exact roots. 

ay *— 3y" a 12 

b) m — Sm = Sm -1 

c) x°+4x°4+9x4+10=0 < 
d) 3y’- 28y" = 8 — 32y 


10. An open box, no more than 5 cm in height, 
is to be formed by cutting four identical squares 
from the corners of a sheet of metal 25 cm by 
32 cm, and folding up the metal to form sides. 
The capacity of the box must be 1575 cm’. 
What is the side length of the squares 

removed? 


11. Solve each inequality. 
a) x ~x-620 
b) -x° + 13x<12 


12. Solve the following non-factorable 
inequalities, to the nearest hundredth, using 
a graphing calculator. 

a) xbx-7<0 

b) 3x7 - 4x >-3-—x° 

13. Use the given zeros and the y-intercept to 
determine an equation of each function, in 
expanded form. 

a) a ie 
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15. Use trial and error on a graphing calculator 
or graphing software to determine an equation 
for the cubic function passing through the 
following points. 
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14. Use finite differences to determine an 1 -6 
equation for the function. De 5) 
| eed 16. The cumulative area, A(t), in thousands 
| ep 25 ll of hectares, of farmland to be paved over 
| 1 3 with roads in Progress County after t years 
ao is projected to be 4¢° + St + 10, t [0, 10]. 
. a a) When will the area of farmland paved over 
! + reach 500000 ha? 
- b) When will the area of farmland paved 


over be greater than or equal to 2000000 ha? 


17. A rectangular storage unit has dimensions 1m by 2m by 3m. 


If each linear dimension is increased by the same amount, what 
increase would result in a new storage unit with a volume 10 times 
the original? 
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Challenge Problems 


4. If f(x+1)= ane oe and f(0) = 5, find the value of f(), where 1 is a positive integer. 


2. If f(x) = 3x° — 2ax + b, where a + b, fla) = b, and f(b) = a, find the value of a + b. 


3. The length of the diagonal of a rectangle is shorter than half the perimeter by one fifth 
of the longer side. Find the ratio of the shortest side to the longest side. 


4. The height of a point P(x, y) is given by the expression x° + y’ + 4x — 6y. Find the 
lowest point and the height at that point. 


5. While riding on a train you can hear the click of the wheels passing over the joins in the 
rails. If each rail is 10 m long, how many seconds must a passenger count clicks to equal the 
exact speed of the train in kilometres per hour? 


6. a) Show that 4 + i and —4 — i are the square roots of 15 + 8i. 
b) Explain how you would find the square roots algebraically. Then, use the method to 
determine the square roots of 5 + 3i. 


7. A rectangular container measuring 1 m by 2m by 4m is covered with a layer of lead 
shielding of uniform thickness. Model the volume of the shielding as a function of its 
thickness. Find the thickness of the shielding, to the nearest centimetre, if the volume of the 
shielding is 3 m’. 

8. Girolamo Cardano developed a formula for finding the exact zeros of cubic 
polynomials. The formula is used to determine that one exact zero for P(x) = x° + 6x — 2 is 
x=V4-42. Verify this root by finding P(*/4 - ¥2). Use a graphing calculator to justify 
this result. Research Cardano’s formula and use it to find the exact values of the zeros of 
P(x) = x° + 9x - 6. 

9. A fuel tank is in the shape of a horizontal right circular cylinder with a hemisphere at 
each end. If the length of the cylinder is 10 m, and the volume is 2000 m’, find the common 
radius of the hemispheres and the cylinder. 


10. According to estimates by the Ontario Provincial Police, the stopping distance at various 
speeds is approximately as follows. (This includes reaction time as well as the time to stop 


the car.) 
Speed (km/h) Distance (m) 
50 22 
70 38 
90 58 
110 82 
130 110 


If x is the speed, in kilometres per hour, and y is the distance, in metres, find the polynomial 
y = f(x) of least degree that fits these data. 
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Cumulative Review 


1. Determine whether each function is even, 
odd or neither. Then, graph the function on the 
stated interval. 


a) y=For+0), xe[-4, 4] 
b) y= lx] + 3, xe (-c, 1) 


2. Is the sum of two odd functions odd? Verify 
your result algebraically. 


3. State the domain of each function in interval 
notation. 


a) f(x) =2x°-5x°+4 b) gix) 
ce) h(x)=V9-x? 


4. The data in the table show the heights and 
masses of 10 students. 


zo 
© [x=] 


160 51 
172 64 
163 54 
152) 48 
176 81 
141 46 
169 65 
171 80 
188 95 
165 64 


a) Draw a scatter plot of the data. 

b) Describe the graph. 

c) Draw a curve of best fit and define it 
algebraically. 

d) Use your model to estimate the mass 
of a 195-cm tall student. 


5. The number of post-secondary degrees and 
diplomas granted between 1978 and 1996 are 


shown in the table. 
| Year Number Year Number _ 


1978 168 696 1988 202440 
1980 167923 1990 212609 
1982 173749 1992 229265 
1984 192859 1994 246678 
1986 201599 1996 257677 


Source: Statscan 
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Chapters 1 and 2 


a) Make a scatter plot of the data in the table. 
b) Develop and superimpose a curve of best fit 
using an exponential model. 

c) Discuss the slope of the curve and how it 
changes. 

d) Use your model to predict the number of 
degrees and diplomas granted in 2006. 


6. a) State the domain of f(x) = 2|x'| — 1. 
b) Use transformations to sketch a graph of f. 


7. Is the graph of y = |x — 2} the same as the 
graph of y =|(x — 2)'|? Explain your reasoning. 


8. a) Use a graphing calculator or graphing 
software to plot the graph of the function 

= x+1 
** (= Dee+sy 
b) Determine the domain and range of the 
function. 
c) Use the DRAW menu to add in vertical 
asymptotes. 
d) Find the values of all x- and y-intercepts. 


9. On March 1, Tom invested $1000 in a 
guaranteed investment certificate. At the end of 
each month, interest was added at a rate of 
0.5% per month, compounded monthly. What is 
the value of the GIC after 

a) 6 months? 

b) 2 years? 


40. Graph each function and 

i) determine the y-intercept 

ii) determine the type, number, and coordinates 
of any x-intercepts 

iii) determine the type, number, and coordinates 
of any turning points 

iv) describe the behaviour near the x-intercepts 
v) describe the end behaviour 

vi) describe any symmetry 

a) f(x) =—x(x + 2)(x- 3) 

b) f(x) = (x + 1)(x - 1)(x - 2) 

c) f(x) =—x(x + 4)(x — 4)(x + 3) 

d) f(x) =x'-x?- 12x 

e) f(x) =x" + 3x? + 2x 


11. Divide. State any restrictions on the variables. 
a) (wt? — 5m + 6) + (m+ 6) 

b) (10) + 17y — 20) + (Sy — 4) 

co) (x? + 3x + 4x7 + 12) + (3 +x") 


12. Determine the remainder for each division. c) the approximate coordinates of any local 
a) (x? — 4x? + 5x — 2) +(x -1) maximums or local minimums 
b) (6y' +y + 9y +5) + (2y 41) d) the intervals where f(x) > 0 and f(x) <0 


43, When x* — 4x°+ ax’ + bx + 1 is divided by : Es, spare 
(x — 1), the remainder is 7. When it is divided by ee BvIOUr 


(x + 1), the remainder is 3. Determine the values 18. Solve each inequality. 
of a and b. a) x(x-3)>0 
14. Factor completely. b) ape 6<0 
a) x - 8x" +11x +20 oc) x +4x°-11x- 3020 
3 2 
b) 4x’ — 11x" - 6x +9 19. Solve each inequality, to the nearest 
15. Find the exact roots and check your hundredth, using a graphing calculator. 
solution. a) x -x-7< 0 
a) x =25x b) x'+5x°-9x-25 <0 


b) 2y'-y'-2y41 
c) 4+3r°-10t-24=0 
d) x°- 5x*-22x+56=0 


e) 49" Ly" Lay + 28-6 =0 Hi» Bo Hie 
0 -3 0 0 0 4 


20. Use finite differences to determine an 
equation for each function. 
f) x°-Sx*-7x+51=0 


16. Write the equation of the family of functions mee Rae Bey ae Oe 
2 il 


with zeros —3, 2, and 6. 


2 TOA 2 0 
17. Graph the function y = x* — 2x* — Sx +6 ee ep (3) (120) Se aos 
and determine An 2 4 360 4 36 


a) the domain and the range 
b) any real zeros and the y-intercept Hee (378 5 840° eo Tea 
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Chapter 3 


Limits 


Specific Expectations | Section | 


Demonstrate an understanding that the slope of the tangent to a curve 


at a point is the limiting value of the slopes of a sequence of secants. ae 
Determine the equation of the tangent to the graph of a polynomial 3.1, 3.2 
or a rational function. pete 
Demonstrate an understanding that the slope of a secant to a curve 

represents the average rate of change of the function over an interval, 3.1, 3.4 
and that the slope of the tangent to a curve at a point represents the Seg 
instantaneous rate of change of the function at that point. 

Demonstrate an understanding that the instantaneous rate of change of 

a function at a point is the limiting value of a sequence of average rates 3.2, 3.4 
of change. 

Determine the limit of a polynomial or a rational function. 3.3 
Demonstrate an understanding that limits can give information about 33 
some behaviours of graphs of functions. : 
Identify examples of discontinuous functions and the types of 3.3 


discontinuities they illustrate. 

Solve problems of rates of change drawn from a variety of applications 
(including distance, velocity, and acceleration) involving polynomial 3.4 
or rational functions. 


Pose problems and formulate hypotheses regarding rates of change 


within applications drawn from the natural and social sciences. a 
Calculate and interpret average rates of change from various models 3.4 
of functions drawn from the natural and social sciences. t 
Estimate and interpret instantaneous rates of change from various 

2 ‘ ‘ 3.4 
models of functions drawn from the natural and social sciences. 
Explain the difference between average and instantaneous rates of 3.4 
change within applications and in general. ; 
Make inferences from models of applications and compare the 34 


inferences with the original hypotheses regarding rates of change. 


Review of Prerequisite Skills 


1. Slopes and y-intercepts 

i) Determine the slope and the y-intercept of 
each line. 

i) Graph each line. 


a) y=4x4+2 b) y=2x+3 
c) y=x4+5 d) y=-2 

e) y=-0.5x-1 f) y=-x-4 
g) y=-2x+1 h) y=-4x-5 


2. Equation of a line given two points 
Determine an equation of the line through 
each pair of points. Express your answer in 
slope, y-intercept form. 

a) (-2, -4) and (2, 8) 

b) (4, 7) and (9, -12) 

c) (-8, 6) and (-2, -5) 

d) (-S, -3) and (3, 13) 

e) (2, 3) and (7, 3) 

f) (-3, 6) and (9, -18) 


3. Factoring ax* + bx + ¢, a = 1 Factor. 
a) x°+5x+6 b) x?-7x4+12 
0) x’-3x-18 d) x +Sx—14 
e) x'- 9x7 + 14x f) 2x3 + 4x7 + 2x 


4. Factoring ax’ + bx + c, a #1 Factor. 

a) 3x°- 10x +8 b) 4x°+ 25x +6 

c) 15x?-x-2 d) 16x? + 12x” + 18x 
e) 27x + 18x +3 f) 4x' + 14x° — 60x 


5. Factoring a’ — b* Factor. 


a) x*-25 b) 9x°- 16 

c) 64-36y" d) y’—49y 

6. Factoring a’ — b’ or a’ + b° Factor. 

a) x°-27 b) m+ 64 

c) x°-8 d) 64y' + 216x' 
e) 8x'- 125y° fh x°+8 

g) y'- 343y h) 4x1 + 4x 

i) 2y'- 16y i) 27x° + 64° 

kK) 8x° - 27x” ) 3x’y> + 81x 


7. Factor theorem (Section 2.4) Factor. 
a) x°+5x°+2x-8 

b) x’-7x-6 

c) 2x? - 5x? - 4x43 

d) x°4+x7- 14x -24 

e) x? +2x*-11x-12 

f) x°+5x°-2x-24 


g) x*+3x°- 11x -— 3x +10 
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h) 4x‘ + 20x + 29x? + 4x - 12 
i) x*—3x?- 7x? + 27x — 18 


8. Simplifying rational expressions Simplify. 
State any restrictions on the variable. 


qd) 3x7 -Sx-12 

x? +2x-15 

2x? -13x-7 
4x* -1 

f) 6x? +x-2 
6x* -7x+2 


e) 


9. Simplifying compound rational expressions 
Simplify. State any restrictions on the 
variable. 


1 1 
a) x+2 2 
x 
2 2 
b) x+3_ 3 
B 
1 1 
c) (x+5f 25 
ae 


10. Rationalizing expressions Rationalize the 
denominator. State any restriction on the 
variable. 


A) ee = 
vxt+1-1 
or 
vVx4+34Vx 

c) 4x 
x+4—Vx 

d) x1 
e+3--2 

e) et 
Vx? +4-2 

f) Bo, 
Vxt+1—Vx-1 


11. Transformations Given the graph of 

f(x) =x°, describe how to graph each of the 
following. Use this information to sketch each 
new graph. 


12. Evaluating functions Given 

f(x) =x° + 5x + 6, find each of the following. 
a) (2) 

b) f(h) 


c) £(3)=f(2) 
3=2 
d) f(h+2)—f(2) 
h 
13. Slopes of lines For each function, 


i) determine the slope of the line that intersects 
the graph of fat x = 2 and x = 4 


ii) determine the slope of the line that intersects 
the graph of f at x =2 and x =3 

iii) determine an expression for the slope of 

the line that intersects the graph of f at x = 2 
andx=2+h 

a) f(x)=x° b) f(x)=x°+3x-1 


o) fixy=4 d) fix)=x' 


14. Finite differences (Section 2.7) Determine an 
equation for each set of data. 


Ie ee 
Oo ae Om ae 
ee ed 

2 0 


pean 

Becht 74 Pan Boe 

4 10 ie ip) 
(SRB 
6 32 


15. Word problems A car moves at a speed of 
50 km/h. Determine how long it takes for it to 
travel 280 km. 


16. Word problems Water from a garden hose 
fills a swimming pool of capacity 50.000 L in 
24 h. At what rate, in litres per min, does water 
flow from the hose? 


17. Word problems Fifteen thousand trucks pass 
through an international border crossing 

per week. What is the average rate at which 
trucks cross the border, in trucks per minute? 
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From Secants to Tangents 


In a situation where a quantity is changing, often the most important information is 

the rate at which the quantity is changing. When a quantity changes at a constant rate, 
its graph is linear. As we will see, the slope of the graph corresponds to the rate of 
change. When the rate of change of a quantity is not constant, its graph is not linear. 

To determine the rate of change in such a case requires us to calculate slopes for a curve. 


In this section, we will explore the idea of calculating slopes for a curve. 


Example 1 Fire Hydrant Pressure Test 


The table and graph show how much water passes through a fire hose in a pressure test of 
a fire hydrant. A line of best fit has been plotted on the graph. 


0.0 

Bae 
10.3 
15.6 
20.7 
26.0 
31.2 


Dut wnNrR SS 


a) Determine the slope of the line of best fit. 
b) What are the units of the slope? 
c) Explain the meaning of the slope. 


Solution 

a) The line of best fit passes through the points (0, 0) and (5, 26). The slope of the line is 
_ rise 
_ run 


= 5.2 


b) The units of the slope are litres per second. 
c) Every second, approximately 5.2 L of water are pumped from the hydrant. 


The slope of a line is the same for every part of the line. However, the same is not true of 
a curve—some parts of a curve are steeper than others. In the following situation, we will 
begin to develop a method for determining the slope of a curve. 
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A serious environmental disaster can result when a supertanker filled with oil develops 

a leak and millions of litres of oil spread over the surface of the ocean. The area of oil in 
a particular spill is shown in the table below, assuming that the ocean is calm and the oil 
spreads in a circular pattern. 


Time (s) Area (m*) 
0 0.0 
28.1 
112.9 
254.7 
452.2 
706.7 
1018.0 


Dntkwne 


Input the data by selecting 1:Edit on the S141 EDIT menu of a graphing calculator. 
Then, select QuadReg on the $14 CALC menu to find an equation to represent the data, 
which appear to be quadratic. 


y=ax?+bxtc. 
a=28. 28452) 
b= ~. 6464: 


Window variables: x € [0, 6], y € [0, 1100] 


The quadratic regression formula that fits the data is approximately 
y = 28.3x° — 0.05x — 0.05. 


Suppose we want to know how fast the oil is spreading after 1 s. 
As we will see later, this rate corresponds to the slope of the graph 
at x = 1. To estimate this quantity, we determine the slope m,,. of 
the line joining the points P(1, 28.1) and Q(4, 452.2). A line 
passing through two points on a curve, such as the line PQ, is 
called a secant. 


pq? 


Mog = 


=141.37 


Thus, the area of the oil slick is increasing at a rate of about 141.37 m’/s. 


As we can see from the graph, the calculation is only an estimate, since it is based on the 
secant PQ, which approximates the curve near x = 1. Now consider the secant PR, where 
the coordinates of R are (3, 254.7). The secant PR seems to be a better approximation to 
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the curve near x = 1, so determining its slope gives a better estimate of how fast the oil is 
spreading after 1s. 


_ rise 
My = —— 


run 


_ 254.7-28.1 
= g=4 


=113.3 


The rate 113.3 m’/s is a better estimate of how fast the oil is spreading. Finally, choosing to 
calculate the slope of the secant PS, where the coordinates of $ are (2, 112.9), gives an even 
better estimate. 

rise 

run 

Py a 

X —% 

_112.9-28.1 

> 2-1 

= 84.8 


The secant PS resembles the curve more closely than the other two secants near x = 1. Thus, 
84.8 m’/s is the best estimate (of the three) for how fast the oil is spreading. To calculate 
better estimates, slopes of secants joining P to points with x-values even closer to x = 1 
could be chosen. 


Mos = 


The same method can be used to estimate the slope of 

any graph at a point where the graph is smooth. For 
example, consider estimating the slope of the graph of the 
function y = x’ at the point P(3, 9). We draw a secant from 
P to another point Q(x, y) close to P, and find the slope, 
Myo of PQ. 

We can then let the point Q approach P more and more 
closely. The nearer Q approaches P, the better the slope of the secant PQ estimates the slope 
of the curve at P. An expression for the slope of the secant PQ is 


fe aa 
My = 3 
Since Q lies on the parabola y = x’, 
x? -9 
=a 


Notice that we must choose x # 3, since the denominator cannot be zero. This means that 
we must choose Q + P. 


In the following investigation, you will use the above expression for the slope of a secant 
line PQ, and the idea of letting Q approach P, to estimate the slope of the graph of y = x* 
at the point P(3, 9). 
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Investigate & Inquire: Slope of a Tangent 


1. Use a graphing calculator, graphing 
software, or another method to estimate 
the slope of the secant m,,, to the 
parabola y = x, using P(3, 9) and 
points Q with the given x-values. 

In other words, let Q approach P from 
the left. 


Move the cursor up to L2 
to enter the formula 
(Li? - 9)/{L1 — 3)” in La, 


2. Repeat step 1 for points Q with x-values slightly greater chan 3. In other words, let Q 
approach P from the right. 


3. Why does x never equal 3 in the tables? 


4. What happens to the secants as the x-values of Q get closer and closer to 3? 


5. Examine your results from steps 1 and 2 carefully. 

a) What value does 17,, appear to approach in both tables? 

b) As the point Q approaches the point P, the secant PQ approaches a line that touches the 
graph of y = x" only at P. The line that the secant approaches is called the tangent to the 
graph at P. Make a conjecture about the slope of the tangent at P(3, 9). 

c) How confident are you that your conjecture in part b) is correct? 

d) Use the fangent operation of a graphing calculator or graphing software to check your 
conjecture, 

6. Use the slope you found in step 5 to determine an equation for the tangent in slope and 
y-intercept form, 


7. Summarize the steps used in this investigation to determine the slope of a tangent to a 
curve. 


An illustration of the process in the investigation is shown in the figure. As Q approaches P 
along the parabola, the corresponding secants rotate about P moving closer to the tangent, 
in blue. 


tangent | 
Ssegants 


| Web Connection in) 
im For an animated version of many of 
| these concepts, go to 

www.mcgrawhill.ca/links/CAF12. Which of 
the listed links are most helpful to your 
understanding? 
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Example 2 Slope of the Tangent to a Curve 


The point P(1, 5) lies on the curve y = x° + 4x. 

a) If Q is the point (x, x’ + 4x), find an expression for the slope of the secant PQ that is 
valid provided x # 1. 

b) Use the expression in part a) to help you conjecture the value of the slope of the tangent 
to the curve at P. 

c) Using the slope from part b), find the equation of the tangent to the curve at P. 

d) Sketch the curve, one secant on either side of P, and the tangent. Check your sketch of the 
curve and tangent using the |sngent operation of a graphing calculator or graphing software. 


Solution 
a) Since y=x' + 4x, the slope of a secant PQ is 
Hine EO 
PQ x = 
_ (x? +4x)-5 
7 *-1 


The expression for 71,,, is valid provided x # 1. 


PQ 
b) We can use the TABLE feature of a graphing calculator or graphing software to calculate 
values for the slopes of secants. First, we input the formula for the slope in the function 
editor. Then, we use Ask mode for the independent variable on the TABLE SETUP screen. 
We input values of x that approach 1 from both the left and the right. In the screens shown, 
we have chosen enough values that we are fairly confident in the result. 


Plot Plot2 lots 


From the values in Y1, the slope of the tangent to the curve at P(1, 5) appears to be 7. 

c) We use the point-slope form of the equation of a line to find an equation of the tangent: 
y-5=7(x-1) 

y=7x-2 

d) The diagram shows the curve, one secant on either side of P, and the tangent at P. 


segant 


tangent 


serant 
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The following screens show how to use the [angent operation on a graphing calculator to 
draw a tangent at a given point. 


Plott Flot2 Plots POINTS STO 
'ClrOraw 
tLinet 
tHorizontal 


Set the Window 
variables to the 
friendly window 
by pressing 

4. 


Vertical 


So, the slopes of secants provide estimates of the rate of change of a quantity over 

specific intervals. The slope of the tangent to a curve is the exact rate of change of the 
quantity at the point of tangency. 

Scientific experiments usually produce data from which patterns must be discovered, 
rather than an explicit equation that can be graphed. In such cases, the previous method 
for conjecturing a value for the slope of a tangent will not work. The following example 
shows how to estimate the slope of a tangent to the graph of such data. 


Example 3 Estimating Slope From Experimental Data 


When a camera flash goes off, it must be recharged 


before the next flash picture can be taken. The f - 
0.00 0.00 


charge is stored in a capacitor. The charge, O 

(in microcoulombs, C), as the flash recharges 20.00 89.45 
is shown in the table as a function of time, t 40.00 141.59 
(in milliseconds, ms). 

a) Plot the data on a scatter plot. Then, draw a 60.00 171.97 
smooth curve through the points. What does the 80.00 189.67 
slope of the graph represent? 100.00 200.00 


b) Use the graph of the function to estimate the 
slope of the tangent at ¢ = 40. 
c) Use the table to estimate the slope of the tangent at ¢ = 40. 


Solution 

a) In the figure, we plot the given data and use 
them to sketch a curve that approximates the i 
graph of the function, 1604 


O(nc) 4 
200 


The slope of the tangent represents the rate 

at which charge flows from the battery to the 
storage capacitor. The rate of flow is also known 
as the electric current, and is measured here in 
milliamperes (mA). | 40} 


= 


LEE EEEE 
0 20. 40 60 80 100 *ms) 
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b) We sketch an approximation to the tangent 
at P(40.00, 141.59), and calculate the slope 
as shown. 


m= Ay 
Ax 
_ 180-100 
~ 60-20 
m2 


By this method, the slope is approximately 2. 


c) from the given dara, find the slopes of the a oh | dot do | da abo | athasl 
two secants that best approximate 
the tangent. The points Q,(20.00, 89.45) and Q,(60.00, 171.97) are closest to P. 


Find the slope of the secant PQ): Find the slope of the secant PQ,: 
ae _ 141.59-89.45 ‘ _ 171.97 -141.59 
re *"40.00— 20.00 “ra ~~ 60.00 — 40.00 


= 2.607 =1.519 


Since these secants are the closest ones to the desired tangent, we would expect the slope 
of the tangent at ¢ = 40 to lie somewhere between 1.519 and 2.607. Taking the average 
of these slopes gives an estimate: 

1 


7 (1.519 + 2.607) = 2.063 


By this method, the slope of the tangent is approximately 2.1. This method provides a slope 
very close to the one found in part a). 


Determining the slope of a tangent using secants that approach the tangent more and more 
closely is one of the most important ideas in calculus. The numerical method presented in 
this section is a good starting point, but one can never be sure that the results obtained 
from tables of values are valid, especially for complicated functions. We need to translate 
this idea into an algebraic method. This is done in the next section, and leads to the 
concept of a limit. 


Key Concepts 


¢ The slope of the tangent to the graph of a function is the rate of change of 
the function at the point of tangency. 

e The slope of a tangent can be estimated by calculating the slope of a secant that 
approximates the tangent. By moving the point Q closer and closer to the point P, 
the secant PQ approximates the tangent at P more and more closely. Use this 
method if the function is described by an equation. 

¢ The tangent feature of a graphing calculator can be used to find the tangent if 
the function is described by an equation. 
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If the function is expressed in terms of experimental data, and is not 
described by an equation, there are three methods for estimating the slope of 
the tangent. 
a) Average the slopes of the two secants that are the best approximations. 
b) Sketch an approximation of the tangent to the graph of the function and 
calculate the slope. 
c) Input the data into a graphing calculator, find a regression formula, and use 
either the secant method or the graphing calculator’s tangent feature. 


Communicate Your Understanding 


4. a) Why is it necessary to investigate cases in which Q approaches P gradually 
rather than choosing a single point Q very close to P? Draw a sketch to support your 
answer. 

b) Why is it necessary to investigate cases in which Q approaches P from both sides 
of P? Draw a sketch to support your answer. 

2. a) Explain why the two closest secants on opposite sides of the tangent 

are used to estimate the slope of the tangent when only experimental data are 
available. : 3 

b) Why do the methods of finding the slopes of tangents in this section result only in 
estimates? 

c) Which of the methods in this section do you consider to be the most accurate? 
Explain. 

d) Which of the methods can be improved upon? Explain. 

3. When calculating the slope of a tangent to a curve of experimental data, can you be 
sure that the slope is reasonable? Would your result be more accurate if more data 
were available? Explain. 


Practise 2. Inquiry/Problem Solving For each curve and 
. ; i) each point P, 
LAI 1. The point P(2, 2) lies on the curve y = 4* . i) Choose five appropriate points Q on either 
side of P on the curve. Find the slope m,,, for 
each Q that you chose. . 


a) If Q is the point (x ; =" ), use a 


calculator to find approximate values of the slope ii) Guess the value of the slope of the tangent 
of the secant PQ for the following values of x. to the curve at P. 

i) 3 ii) 2.5 ii) 2.1 iv) 2.01 iii) Find an equation of the tangent to the curve 
v) 2.001 vi) 1 vi) 1.5 viii) 1.9 at P. 

ix) 1.99 x) 1.999 iv) Sketch the curve, one secant on each side 
b) Explain the choice of x-values in part a). of P, and the tangent. 

c) Using the results of part a), guess the valueof — a) y= + 2x, P(1, 3) 

the slope of the tangent to the curve at P(2, 2). b) + 2x +1, P(1, 4) 

d) Using the slope from part c), find the ce) y=-x +4x—4, P(1,—-1) 

equation of the tangent to the curve at P(2, 2). d) y= 1 , P=(1,1) 

e) Sketch the curve, one secant on each side “x 

of P, and the tangent. e) y=vVx, P(4,2) 
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Apply, Solve, Communicate 


3. Communication A tank holding 3000 L of 
water develops a Jeak at the bottom resulting in 
all the water draining out in 50 min. The values 
in the table show the volume, V, in litres, of 
water remaining in the tank after ¢ minutes. 


Vi(L) 3000 2430 1920 1470 
V(L) 1080 750 480 


a) What does the slope of the graph of V versus 
t represent? 

b) Sketch a graph of the function and estimate 
the slopes of the tangents at P(20, 1080) and 
R(35, 270) using the method of Example 3b) on 
page 125. 

c) Use one secant on either side of P to estimate 
the slope of the tangent at P. 

d) Estimate the slope of the tangent at R by 
averaging the slopes of two secants, one on each 
side of R. 

e) Use a graphing calculator or graphing 
software to find a regression equation for the 
data. Then, use the !angent operation to find 
the slopes of the tangents at P and R. Compare 
your answers with those in parts b) to d). 

f) Use the method of your choice to estimate at 
what rate the water is flowing from the tank 
when ¢ = 10. 


4. Inquiry/Problem Solving A cardiac monitor is 
used to measure the heart rate of a hospital 
patient by keeping track of the number of 
heartbeats after ¢ minutes. The slope of the 
tangent to the graph of heartbeats versus t 
represents the heart rate in beats per minute. 
Because of the patient’s condition, the doctor 
feels the patient is in danger if the heart rate 
goes beyond the normal range at any time. 
(The normal range of heart rate for this patient 
is between 65 and 85 beats/min.) 


Heartbeats 0 150 310 466 608 
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a) Use a graph of the function to estimate the 
slope of the tangent at each of the following times. 
) t=2 i) ¢=4 iil) t=6 

b) Estimate the slope of the tangent at each time 
in part a) by averaging the slope of two secants. 
c) Is there any evidence suggesting that the 
patient is in danger at any time? From the data 
collected, can we know for sure if the patient 
was in danger at any time within the first 8 min? 
d) Is there a better way to monitor the 
situation? Explain. 


5. Application According to Boyle’s Law, the 
product of the pressure, P, in atmospheres, and 
the volume, V, in litres, of a confined gas remains 
constant as long as the temperature is constant. 


For a certain gas, P = a . Find the slope of the 


tangent to the graph of the function at M(5, 2) 
(meaning V = 5) using the following methods. 
a) Sketch a graph and use it to estimate the 
slope of the tangent at M. 

b) Estimate the slope of the tangent at M by 
averaging the slopes of two secants. 

c) Estimate the slope of the tangent at M by 
finding slopes of secants closer and closer to the 
tangent. 

d) Check your results in parts a), b), and c) 
using a graphing calculator or graphing software 
to determine which method is most accurate. 


6. Application A small town committee estimates J 
that, with the introduction of a large new busi- = = 
ness in the area, the population, N, of the town 
will change with respect to time, ¢, in years, 
according to the equation N = 5000V1+t. 
Determine the rate at which the population of 
the town will be increasing with respect to time 
after 3 years. 


7. The heights and masses for some players on 
the Toronto Raptors basketball team are 
recorded in the following table. 


188 92 206 103 
191 89 208 104 
196 84 213 116 
201 93 


a) Graph the data in the table using a 
graphing calculator or graphing software. 

b) Use regression to find the polynomial 
equation for the curve that best fits the data. 
c) Estimate the slope of the tangent to the 
curve in part b) at x = 200, using any method 


a) Find the slope of the secant PQ where 
the x-coordinate of Q is 

i) 1.5 ii) 1.6 ii) 1.7 iv) 1.8 vw) 1.9 
vi) 2.5 vil) 2.4 vil) 2.3 ix) 2.2 x) 2 
b) Are the slopes approaching a value? If 
so, what is the value? 


except the Tangent operation of the graphing 
calculator or graphing software. 

d) Check the result of part c) using a graphing 
calculator or graphing software. 


c) Sketch a graph of y = sin( 20m: } for 

x € (1, 3) to explain your result in part b). 
d) Why is it a good idea to sketch a graph 
of a function when estimating slopes of 
tangents? 

e) Estimate the slope of the tangent at (2, 0) 
using appropriate points Q. 


8. Inquiry/Problem Solving The point P(2, 0) is 


on the graph of y = sin{ 207 } where angle 


measure is in radians. 


Achievement Check 


The table gives the concentration, C(t), in milligrams per cubic 
centimetre, of a drug in a patient’s bloodstream at time ¢, in 
minutes. 


C(t) 0.83 0.88 0.93 0.97 0.99 


C(t) 0.96 0.89 0.78 0.62 0.40 


a) Construct a table of estimated values for R(t), the rate of change 
of C(t) with respect to time, by using the approximate formula 


R(t)= G+ h)Cie , with h = 0.1. 


b) Use the table of part a) to graph C(t) and R(t). 

c) Describe the graph of C(t). What shape does it seem to have? 

d) Estimate the slopes of the tangents to the graph of C(t) at t= 0.9 
and t = 1. How accurate do you think your estimates are? Explain. 
e) Explain how the estimates in part d) are related to values of R(t). 
f) Extrapolate to estimate a value for C(1.1). When do you think 
the drug will be completely out of the patient’s system? Explain. 
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Using Limits to Find Tangents 


On March 6, 2001, the 135-tonne Russian space station MIR crashed into the Atlantic 
Ocean from an orbit 390 km above the surface of Earth. For the safe re-entry of MIR, 
many factors had to be considered, including the gravitational potential energy of the 
station. The gravitational potential energy, E, in joules, J, depends on the distance, x, 
in metres, from the object to the centre of Earth and is given by the equation 
5:38 R10" 
e 
(the radius of Earth). The rate of change of E with 
respect to x represents the force of gravity on the 
space station. How the gravitational potential energy 
changes with respect to the distance from Earth 
affects the trajectory of the falling space station, and 
so it must be accounted for. In questions 12 and 13, 
you will determine how E changes with respect to x 
by investigating the slopes of the tangents to its graph. 


, where x > 6.38 x 10°m 


In Section 3.1, we found the slope of the tangent to the parabola y = x° at the point (3, 9) 
by computing the slopes of secants that approach the tangent more and more closely. If a 
curve has equation y = f(x), to find the tangent to the curve at the point P(a, f(a)), we first 
consider a nearby point Q(x, f(x)) and compute the slope of the secant PQ. 


Mog = 7 In selecting point Q, we must make sure that x + a, since we need two different 
rs )— fla) points on the curve to find the slope of the secant joining them. Otherwise, the 
x)— G 
aera formula for the slope m,, would have 0 in the denominator, which is undefined. 


Then, we let Q approach P along the curve by letting 

x approach a. If m,,. approaches a number mm more and 
more closely as x approaches a, we define the tangent 
to the curve at P to be the line through P with slope 7. 
This process of calculating a quantity by estimating 
it, and then making the estimate more and more 
accurate until it is exact, is known as determining 

a limit. In the notation of limits, the slope of a 
tangent to the graph of y = f(x) at the point x =a is 


m= lim flox)— Fla) 
xa X—-@ 


Formula 1 
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This expression for the slope of a tangent amounts to 
saying that the tangent is the limiting position of the 
secants PQ as Q approaches P, as shown in the figure. 
Only the secants for which Q is on the right side of P 
are shown in the diagram, but we must examine the 
slopes of the secants for points Q on both sides 

of P to be sure that we have the correct slope for 

the tangent. 


Now we can use limits to find the slopes of tangents 
to curves. The idea is the same as in the previous sec- 
tion, but, rather than rely on tables of values to work 
out a limit, we use an algebraic method that provides 
greater certainty. 


Example 1 Determining the Slope of a Tangent to a Curve Using Limits 


a) Find the slope of the tangent to the curve y = x° + 2x — 1 at the point (2, 7). 

b) Determine the equation of the tangent in part a). 

c) Use a graphing calculator or graphing software to graph the function and the tangent 
to the graph at (2, 7). 


Solution 1 Numerical Method 


a) As in the previous section, we construct tables 
of values to determine the slope of the tangent. 


The slope of a secant PQ that joins the points 
P(2, 7) and Q(x, x* + 2x — 1), where f(2) = 7, is 
_ A(x)=fla) 
PQ x-a 
_ (x* +2x-1)-(7) 
x-2 
_ x? +2x-8 
x—2 
As the point Q approaches P more and more 


closely, x approaches 2 more and more closely. 
The following tables show what happens to the values for the slopes 1). of the secants PQ 
as Q approaches P from both the left and the right. 


5 7, 1 5 


2.001 6.001 {ooo aay 5.999 
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From the tables, it appears that the slopes of the secants approach 6 as Q approaches P, 
that is, as x approaches 2. Thus, it appears that the slope of the tangent to the curve at P is 6. 


It would be tedious to perform this kind of numerical calculation every time we want to 
determine the slope of a tangent. A more serious issue is this: for more complicated 

functions, how could we be sure that the function does not behave in some unusual way 
for numbers that are beyond what we have included in the tables? An algebraic method, 
such as the one in Solution 2, shown next, provides us with both precision and certainty. 


Solution 2 Algebraic Method 
We find the slope of the tangent using Formula 1 (page 130) with a = 2 and 
f(x) =x° + 2x — 1. That is, we write an expression for the slope of a secant PQ, and 
then determine the limit as x approaches 2. This is essentially the same process that was 
used in Solution 1, but here algebra is being used instead of a table of values. 
m=lim fx)= (2) 

x32 X-2 


x2 x-2 
= Ij x° +2x-8 
a) 
= 


=lim (x+4), x#2 


Note that the simplified expression x + 4 still represents the slope of a secant PQ. 
This can be verified by using it to reproduce the entries in the tables of Solution 1. 
But working with this simplified expression means we can achieve the result of the tables 
by reasoning: as x gets closer and closer to 2, x + 4 gets closer and closer to 2 + 4 = 6. 
Thus, the slope #1 of the tangent is 
m= lim (x +4) 
x72 

=6 
The slope of the tangent at (2, 7) is 6. 
b) Using point-slope form, we find that an equation of the tangent is 
y —7 = 6(x — 2) 
which simplifies to 
y=6x-5 
c) We graph the function y = x* + 2x — 1, and use the Tangent operation to draw the 
tangent at (2, 7). 


Plot. Plotz. Plots 


Window variables: 
xe[-6, 3], ye[-S, 10] 
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An alternative formula for the slope of the tangent to the graph of y = f(x) is 
obtained by labelling the coordinates of points P and Q as P(a, f(a)) and 
Q(a+h, f(a + h)). The diagram illustrates the case where h > 0 and Q is to 
the right of P. If h < 0, Q would be to the left of P. 


The slope of the secant PQ is 
_ flat+h)- f(a) 
"Q”ath-a 


_ fla+h)~ fla) 
h 


secant 


P(a, f(a)) Qla+h, flath)) 


As x approaches a, h approaches 0, and the 
expression for the slope of the tangent 
becomes 


m= lim m 
Qop FQ 


=lim PazNE Ta) Formula 2 
hod h 


Note that, if we substitute x — a for h in Formula 2, the result is Formula 1. 
Confirm this for yourself. Thus Formula 1 and Formula 2 are equivalent, and 
which to use is a matter of preference. 


Example 2 Determining the Slope of a Tangent Algebraically Using Limits 


Use Formula 2 to find the slope of the tangent to y = x* + 3x +4 atx =-2. 


Solution 
Use Formula 2 with a = —2 and f(x) =x? + 3x44, 
m= lim f(a+h)- f(a) 
ae e deh (2 ene atao-dn ea] 
3 _ftle Q(-2 +h, (-2 +h)" +3(-2 Hh) + 
lim [2+ h)-f-2) 
ho h 
= ii (-2 +h) +3(-2+h)+4—-[(-2) +3(-2)+4] 
= hm 
ha h 
=i -h+h° 
“hoo oh 
“im A) 420 
hao h 
= lim (-1+h) 


hoo 


As h + 0, -1 + h approaches —1 + 0 = —1. Thus, the slope of the tangent to the curve at 
the point where x = —2 is -1. 
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Example 3 Determining an Equation of a Tangent to a Curve 


a) Find an equation of the tangent to the curve y = par at (2, 1). 
b) Graph the curve and the tangent. 


Solution F 


a) First, check that (2, 1) is on the curve y= PE 


Thus, the point (2, 1) is on the curve y = shy 


Second, use Formula 2 with f(x) = and a = 2 to determine the slope of the tangent. 


g, 24h f(2) 


} a 


-1 
m= 


4 fe 
_.. Weh=i 2-1 
=m h 


ila 1-(1+h) 
no aa 
= lim ae 
hoo — 
= fim ; a phe 
_ al 
~ 14+0 
= 
ere the slope of the tangent at (2, 1) is —1. The equation of the tangent at (2, 1) is given by 
-1=-1(x - 2) 
: =-x+3 


1 . i ‘ . 
b) Graph the curve y= and its tangent using a graphing calculator or graphing 
e= 8 s 


software, as in Example 1. 


P riots rote riots 
SABI DD 


Set the Window variables to 
xe [-4.7, 4.7], y € [-3.1, 3.1] 
by pressing (ZOOM) 4. 
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Example 4 Determining the Slopes of Several Tangents 


a) Find the slopes of the tangents to the curve y = Vx at the points (1, 1), (4, 2), and (9, 3). 
b) Describe how the slopes of the curve change as x increases. 


Solution 


Since three slopes are required, it will be more efficient to find the slope of the tangent to 
the curve y= Vx ata general point (a, Va), and then substitute values for a. We find the 
slope using Formula 2. 


m= lim fla h)- fla) 
hoo a 
li vathoNa Va 
a 
Sie (4 cas) Rationalize the numerator. 
ho h va+h+Va 
Atte, (a+h)- Note that the numerator simplifies so 
Plasto that there is a common factor in the 
li numerator and the denominator. 
nt) werk +a) 
: 1 
= lim ————=,, h#0 
10 Jath+Va 
2 oe 
~ Va+0+Va 
pee. 
~ 2a 
Now we can calculate the slopes for the given points. 
For (1, 1), a= 1, For (4, eee For (9, 3), a= 9, 
eh) Sel. 
"ash — A ™* 29 
=f 1 au 
2 4 6 


b) As the x-values in part a) increase, 
the values of the slopes decrease. In other 
words, as we move to the right along the 
graph, the slope of the graph decreases. 
This can be verified by looking at the 
graph. 
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Key Concepts 


e To determine the slope of a tangent to a curve at a point P, first determine an 
expression for the slope of a secant joining P to a point Q on the curve. Then, let Q 
approach P more and more closely, and the resulting 
slopes of the secants will approach the slope of the 
tangent at P more and more closely. The slope of the 
tangent is the limit of the slopes of the secants. 

e Expressions for slopes of secants and tangents: 


_ fx) fla) i 
Mig eee Slope of secant PQ 
m= lim f(x)= fla) Slope of tangent Formula 1 = e 
xa x-@ ) tangent /seda: 
Pia, fla)) ae Malhe 
e Expressions for slopes of secants and tangents: i Qua +heflashh 
Ve y= fx) 
Myg = fla he) Slope of secant PQ Vi 
m= lim pe te Slope of tangent Formula 2 V 
h—>0 


Communicate Your Understanding 


1. Consider the limiting process described in this section for determining the slope of a 
tangent to a curve by working with the slopes of secants. 

a) Sketch a diagram that represents the situation. Make sure to include several secants 
and the tangent. Label the diagram completely. 

b) Explain the limiting process represented on your graph in part a). 

c) Explain how tables of values can be used to determine the slope of a tangent. 
Explain how the tables correspond to the graph in part a). 

d) Explain how an algebraic procedure can be used to determine the slope of a 
tangent. Explain how the algebraic procedure corresponds to both the numerical 
method in part c) and the graph in part a). 

2. Two formulas are used to find the slopes of tangents. Explain in your own words, 
with the aid of a graph, how the expressions are related. Use the following as 

a guide in your explanation. 

a) How is the concept of x approaching a in Formula 1 similar to h approaching 0 in 
Formula 2? 

b) What value does f(x) approach as x approaches a (Formula 1)? What value does 
f(a +h) approach as h approaches zero (Formula 2)? How are the two cases related? 
3. a) Consider functions of the form y = cx’. Which formula would you prefer to use 
when finding the slope of the tangent at any point on the curve? Explain. 

b) Are there any advantages to using the other formula? 

4. In the algebraic solution to Example 1, the solution is valid provided that x # 2, 
since the expression for the slope of a secant PQ has the expression x — 2 in 

the denominator. Is it valid in the final step of the calculation to substitute x = 2 in 
order to determine the limit? Explain. 
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Practise 


1. A graph is defined by the equation y = f(x). 
a) Find an equation for the slope of the secant 
through the points P(2, f(2)) and Q(x, f(x)). 

b) Find an equation for the slope of the 
tangent at P. 


2. A graph is defined by the equation y = f(x). 
a) Find an equation for the slope of the 
secant through the points P(2, f(2)) and 

Q(2 +h, f(2 +h). 

b) Find an equation for the slope of the 
tangent at P. 


3. a) Find the slope of the tangent to the 
parabola y = x° — 4x + 5 at the point (2, 1), 
i) using Formula 1 

ii) using Formula 2 

b) Find an equation of the tangent. 

c) Graph the parabola and the tangent. 


d) Is one formula easier to use than the other in B 


this case? Explain. 


4. a) Find the slope of the tangent to the curve 
y =x’ at the point (1, 1), 

i) using Formula 1 

ii) using Formula 2 

b) Find an equation of the tangent. 

c) Graph the curve and the tangent. 

d) Is one formula easier to use than the other in 
this case? Explain. 


5. Application Find the slope of the tangent to 
the curve at the given point. 

a) y=x' +2 at (2, 6) 

b) f(x) =x° — 6x + 9 at (1, 4) 

ce) g(x)=Vx-3 at (7, 2) 


d) yes at (2, 4) 


e) x)= = at (3, 1) 


ff). 2= 


: 1,1 
xe at (1, 1) 


6. Application Find the equation of the tangent 
to the curve at the given point. 
a) h(x) =x’ —x+3 at (-1, 5) 
b) y=4—x' at (-2, 0) 
1 
c) y= =a at (-4, -1) 
d) f(x)=V3-~x at (-1, 2) 


e) y= tat at (2, 5) 


1 
vx-1 
7. a) Find the slopes of the tangents to the 
parabola y = x° — 8x + 12 at the points whose 
x-coordinates are given. 

i) O i) 2 iii) 4 iv) 6 
b) Graph the parabola and the tangents. 


f) f(x)= at (2, 1) 


Apply, Solve, Communicate 


8. Communication a) Consider the following 
definition of a tangent: A tangent is a line that 
touches a curve at only one point over a small 
interval. 

i) Determine an equation of the tangent to 
the graph of f(x) =x atx =2. 

ii) In light of the result of part i), what is your 
assessment of the definition of the tangent 
suggested in part a)? 

b) Consider the following definition of a 
tangent: A tangent is a line that touches a curve 
but does not cross the curve at a point. 

i) Determine an equation for the tangent to 
the graph of f(x) = x' at x = 0. 

ii) In light of the result of part i), what is your 
assessment of the definition of the tangent 
suggested in part b)? 


9. For each of the following curves, 

i) find the slope of the tangent at the given 
point 

ii) find the equation of the tangent at the given 
point 

ii) graph the curve and the tangent 

a) y=x' - 9 at (3, 0) 

b) g(x) =x° + 4x —1 at (-2, -5) 

c) y=4--x' at (2, 0) 

d) g(x) =x’ ~2 at (2, 6) 

e) f(x) =8--x' at (2, 0) 
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f) y=z at (2, -1) 


96 


g) y=Vx+2 at (2, 2) 
h) A(x) =x" at (1, 1) 


10. Application Find the equation of the tangent 
to the graph of the given function at the given 
point. 
a) f(x) = 2x” - 3x + 2, (1, 1) 
b) g(x) =x —x’, (0, 0) 

x+i 
c) g(x)= xa? 3) 


d) fi)= =F, (0,-1) 


e) f(x)= Vx? +9, (4, 5) 
N ex= ry (4 |] 


11. Communication For each curve, 

i) find the slope of the tangent at the general 
point whose x-coordinate is a 

ii) find the slopes of the tangents at the points 
whose x-coordinates are —2, -1, 0, 1, 2° 

ii) describe how the slope of the function 
changes as x increases 


12. Application The gravitational potential energy 

of the MIR space station, in joules, at a distance 

of x metres from the centre of Earth, can be 

described by the equation 

5.38x10" 
x 


E=- . Determine the slope of the 


tangent to the graph at each value of x. 


a) 6.77 x 10° m (radius of MIR’s stable orbit, 
390 km above Earth’s surface) 

b) 6.6 x 10°m (220 km above Earth’s 
surface) 

c) 6.5 x 10° m (120 km above Earth’s surface) 


138 MHR Chapter 3 


d) 6.38 x 10°m (MIR crashes into the Atlantic 
Ocean) 


13. The slope of the curve in question 12 
represents the force on MIR due to gravity. 
Verify the acceleration due to gravity at Earth’s 
surface by dividing your solution to part d) by 
MIR’s mass, 135 000 kg. 


14. Inquiry/Problem Solving A principle used 
by many investors in the stock market is to 
buy low and sell high. An investor has just 
sold all her shares in a stock, which she 
believes has just reached a peak market 
value. She then records the price of the 
stock over the next four days and discovers, 
using regression, that the market value per 
share, V, in dollars, is a function of the 
time, f, in days, and can be expressed by 

the equation V = ¢' — 3¢° + 10, where 

te [0,4]. 

a) Use a graphing calculator or graphing 
software to draw the graph of the function. 
b) Did the investor make a wise decision selling 
the stock at t = 0? Explain. 

c) Find the slope of the tangent at 

t = 0 using the calculator or software. 

d) At what time should the investor have 
reinvested in this stock? Explain. What is the 
slope of the tangent at this point? 

e) Using one of the formulas, find the slope 
of the tangent at the value of t you found in 
part d). 

f) Have you found a new principle for 
investing or do both methods contain an 
element of risk? Explain. 


15. Inquiry/Problem Solving a) Find the slope of 
the tangent to the parabola y = 2x” + 3x at the 
point whose x-coordinate is a. 

b) At what point on the parabola is the tangent 
parallel to the line y = 14x — 6? 


16. Communication Consider the function 
f(x) = (x + 0.001)". The object of this question 
is to find lim f (x). 


a) Determine the values of f(x) for the 
following values of x, and summarize your 
results in a table: x = 10, 1, 0.1, 0.01, 0.001. 


b) Using the table in part a), conjecture a value 
for lim, f(x). 


c) Repeat part a) for the following values of x: 
x = 0.0001, 0.000 01, 0.000 001, 0.000 000 1. 
d) Do the results of part c) suggest you revise 
the conjecture of part b)? Explain. 

e) When trying to determine a limit using a 
table of values, how do you know how far to go 
in constructing the table? Explain. 

f) How confident are you in the conjectures 
that you made in this question? Explain. 

g) Using the results of this question, explain 
why determining limits using reasoning together 
with algebraic arguments leads to greater 
certainty than using tables of values. 


17. a) Find the equation of the tangent to 

y =x° + 6x +9 that has a slope of 4. 

b) Find equations of the tangents to y = x" that 
have a slope of 12. 


18. Find the equations of the tangents to 
the graph of y = x’ — x at the intersection of 
the graph with the x-axis. Sketch the graph 
and the tangents. 


19. Find the points of intersection of the 
parabolas y = 5 x? and y=1- j x’, Show 
that, at each of these points, the tangents to 
the two parabolas are perpendicular. 


20. Inquiry/Problem Solving The force of gravity, F, 
in newtons, on a 1000-kg satellite in the 
gravitational field of Earth can be found by 
calculating the rate of change of the gravita- 
tional potential energy, E, in joules, of the satel- 
lite with respect to the distance, x, in metres, of 
the satellite from the centre of Earth. 
The gravitational potential energy of the satellite 
is given by the equation 
pss 4x10" 

x 
where x must be greater than or equal to the 
radius of Earth (6.38 x 10° m). 
a) Find the force of gravity on a satellite in a 
circular orbit of two Earth radii above Earth’s 
surface. 
b) Where could a satellite be placed in space so 
that the gravitational force acting on it due to 
Earth would be zero? Explain. 


If it were not for the tragedy of the Great Plague, which hit Europe in 1665, Newton may not have 
been such an important figure in the discovery of calculus. Because of the plague, Cambridge 
University, where Newton was a student, was forced to close. With a lot of spare time on his 
hands, Newton began to explore his own ideas more deeply. In the following two years, he 
discovered calculus, and made many other discoveries in the fields of mathematics and physics. 
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The Limit of a Function 


As we have seen in the last two sections, the slope of a tangent to a curve can be 

found using limits. In Section 3.4, we will see that limits also arise in computing velocities 
and other rates of change. In fact, limits are fundamental to all of calculus. In this section, 
we give a basic definition of a limit. We also consider limits as they are applied in general, 
not just for finding the slopes of tangents, and methods for computing them. 


To help with the idea of a limit, let us explore the 
properties of the electric current in the simple 
direct-current (DC) circuit shown. A battery that 
supplies a constant voltage of 10 V, a constant 
resistor, and a variable resistor are connected in 
parallel as shown. A fuse is used to stop the electric 
current I, in amperes, from becoming too large. This happens when the resistance R, in 
ohms, in the variable resistor decreases to values approaching 2 Q, When the fuse burns 
out, the current J becomes zero. For values of R greater than 2, the electric current in the 
circuit is given by the equation 


variable resistor 
10V R 


battery 


Ammeter 


i 2(5+R) 
R 
For values of R less than or equal to 2, 
the current is zero. Thus, P=oKcosHNcRseDeze +7 
0, Re[0, 2] 
T=125*R) peo) — 
R , Window variables: 


x € [0, 5], y © [0, 10] 


Notice that the function I(R) behaves quite differently over the intervals R € [0, 2] and 

R & (2, »). In particular, the behaviour of the function as x approaches 2 from the left side 
is different from the behaviour as x approaches 2 from the right side. This type of 
discontinuity will be investigated later in the section. 


Defining Limits 
We begin investigating limits by examining the behaviour of the rational function 
ry x +x -4x—-4 
f (x)= 
o 
from determining the slope of a tangent to a curve, as was done in the previous two 
sections. In this case, we are interested only in examining the values of the function, not the 


slopes of any secants or tangents. Also note that the function is not defined for x = 2, so 
we can examine values of the function only for x-values near 2, but not equal to 2. 


for values of x near 2. Note that this process is somewhat different 


1.9: Berit 
B09 11.9301 2.01 12.0701 
1.999 11.993001 2.001 12.007001 
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We can also determine these values using the TABLE feature of a graphing calculator or 
graphing software, after selecting Ask mode on the TABLE SETUP screen: 


ARCH 3+ HEHE ACR= 2) 


Window variables: 
xe [0, 4], ye [0, 24] 


From the table and the graph of f(x), note that when x is close to 2, on either side of 2, f(x) 
is close to 12. Furthermore, it appears that, as x approaches 2 more and more closely, the 
values of f(x) approach 12 more and more closely. Verify this by entering values even closer 
to 2, such as 1.999999 and 2.000001, into the graphing calculator. This is expressed as 


x +x? -4x-4 


“the limit of as x approaches 2 is equal to 12,” 


or, in brief, 


In general, the limit of a function is written lim f(x) = L, read as “the limit of f(x), 
xa 
as x approaches a, equals L,” if the values of f(x) approach L more and more 


closely as x approaches a more and more closely, from either side of a, but x # a. 


Note the phrase “but x # a” in the limit definition. This means that, in finding the limit of 
f(x) as x approaches a, we never consider x = a. In fact, f(x) need not even be defined when 
3 2 
" x +x -4x-4 r : 
x =a, as in f(x) = a above. The only thing that matters is how f(x) behaves 
near a. The reason for this is that we want limits to be applicable to the calculation of 
the slope of a tangent to a curve at a point P, by first determining the slope of a 
secant PQ and then letting Q approach P, But, as we saw in the previous two sections, 
the slope of a secant is undefined when Q = P, so we need to exclude Q = P from our 
reasoning. 
See a 
e 7 : x +x°-4x-4 Pi 
The graph of the function f(x) = — 7 has a hole at x = 2 because f(x) is not 
defined there. This hole is called a discontinuity, and the function f(x) is described as being 
discontinuous at x = 2. There are three different types of discontinuities: removable, jump, 
and infinite. The discontinuity in f(x) is called removable, because we could remove it 
by defining f(x) appropriately for the value x = 2. We discuss the other two types of 
discontinuities later in this section. 


The figure on the next page shows the graphs of three similar functions that behave 
differently at x = a. In part a), f(a) is defined at a and f(a) = L. In part b), f(a) is defined 

at a and f(a) # L. In part c), f(a) is not defined at a. But in each case, despite the differences 
in the values of f(a), we have lim f(x) = L. 
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Investigate & Inquire: Discontinuities in Functions 


In this investigation, you will explore discontinuities in a specific function and examine the 
behaviour of the function values near these discontinuities. 


a) Using a graphing calculator or graphing software, graph f(x) = 


Use the decimal (“friendly”) window by pressing (ZOOM) 4. 

b) Alternatively, sketch a graph of f(x) for values of x close to 2, on either side of 2. 
Repeat for values of x close to 4. 

c) Describe what happens when x = 4 and x = 2. Is the function defined at these values 
of x? How can you tell from the equation of the function? 
2. What kind of discontinuity occurs at x = 4? 

3. Construct tables by finding the values of f(x) = ——7— _ for values of x 
approaching 4 from both sides, but not equal to 4. ne use the TABLE feature of 


a graphing calculator or graphing software. Why can x not be equal to 4? 


4. a) Find lim ; aot 
4x? -6x+8" 
; : ; x 4 ifx#4 
b) Suppose f(x) is redefined as f(x) =4x* —6x+8 
0.5 ifx=4 


How does this affect the limit calculated in part a)? 


: =. #4 
5. Factor the function f(x) = Eee 
g(x). Describe the difference between f(x) and g(x). 


and simplify it. Call the new factored function 


6. Construct tables by finding the values of f(x) =—- =e for values of x 
x -60+8 

approaching 2 from both sides, but not equal to 2. Alternatively, use 

the TABLE feature of a graphing calculator or graphing software. Why can x 

not be equal to 2? 


7. How does the behaviour of the function at x = 2 differ from that at x = 4? 
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In the investigation, the function f has an infinite discontinuity at x = 2. We have already 


seen such discontinuities—for example, the function f(x) = % has an infinite discontinuity 


at x = 0, where the graph also has a vertical asymptote. Discontinuities involving vertical 
asymptotes will be discussed in detail in Chapter 6. 


Another type of discontinuity is often encountered in electric circuits that are turned on 
and off, in economics problems, and in other situations. Consider the net worth of 

a company or business that is experiencing financial difficulty. The value of the company is 
decreasing over time until the net worth is less than zero. Eventually the company declares 
bankruptcy. At this time, the company’s debts are forgiven, its net worth is zero, and so it 
has a chance to make a new start. If the new business is successful, the net worth of the 
company could rise rapidly. A function that could be used to model this situation is 


wa(2-2, ifrel0,2) 
: “lay fEE(%) 


where f is the time, in years, and v is the net worth of the small business, in tens of 
thousands of dollars, The discontinuity at t = 2 is called a jump discontinuity, which occurs 
when there is a break in the graph of the function, as in the DC circuit at the beginning of 
this section. In effect, the graph of the function “jumps” from one value to another. Some 
other examples of situations that may be represented by functions with jump discontinuities 
are the population of Ottawa as a function of time, the cost of a taxi ride as a function of 
distance, and the cost of mailing a first-class letter as a function of its mass. Such functions 
can be specified by using different formulas in different parts of their domains. 


Remember that a function is a rule. For this particular function, if t  [0, 2], the value of 
v(t) is 2 — 2t. If t € (2, «), the value of v(t) is (t — 2)°. For instance, we compute v(1), v(2), 
and v(3) as follows. 
Since 1 < 2, Since 2 < 2, Since 3 > 2, 
w(1) =2 -2(1) u(2) = 2 - 2(2) u(3) = ((3) - 2) 

=0 =-2 =1 


lett Flot 


Window variables: 
x €|0, 4.7], y € [-3.1, 6.2] 


We now investigate the limiting behaviour of f(x) as x approaches 2 from the left and from 
the right, that is, for x-values less than and greater than 2. 


1.9 -1.8 

1.99 -1.98 

1,999 -1.998 

20 0.01 

2.01 0.0001 1E-4 means 1.0 = 10 * 
2.001 0.000001 or 0.0001, 
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From the table, we see that v(t) approaches —2 as t vit) 
approaches 2 from the left, but v(t) approaches 0 as ¢ 
approaches 2 from the right. The notation used to 
indicate this is 


2-2 ift < [0,2] 
u(t) = A 
(t-2)" if t © (2,50) 


lim u(t) =—2 and lim, v(t) = 5 


Such limits are called one-sided limits. Since the 2 
function approaches different values from the left and 
the right, we say that the limit lim u(t) does not exist. 


For a limit to exist, the one- -sided fimnits must exist and 
be equal. 


In general, a left-hand limit is written lim f(x), which is read as “the limit of f(x) 


xa 


as x approaches a from the left,” and a right-hand limit is written lim f(x), 
x7 


which is read as “the limit of f(x) as x approaches a from the right.” If the values of 
f(x) approach L more and more closely as x approaches a more and more closely, 


with x <a, then tim f(x) =L.. Similarly, if we consider only x > a, if the values of 


f(x) approach L more and more closely as x approaches a more and more closely, 
then lim f(x)= 
za 


As mentioned above, if a function behaves differently to the left and to the right of 
a number a, then lim f(x) does not exist. That is, 
xa 


If lim f(x) # lim f(x), then lim f(x) does not exist. 


xa 


If lim f(x)=L = lim f(x), then lim f(x) = L. (This is true even if f(a) # L.) 


Example 1 Limits and Discontinuities 


a) The graph of a function f is shown. Use it to find 
the following limits, if they exist. 


i) lim f(x) ii) lim, f(x) iii) lim f(x) 
iv) lim f(x) v) lim f(x) vi) lim f(x) 
vii) lim f(x) viii) lim, f(x) ix) lim f (x) ‘wr Ed 


b) There are two discontinuities on the graph. 
Identify each as a jump discontinuity, an infinite discontinuity, or a removable 
discontinuity. 
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Solution 


a) From the graph, the values of f(x) approach 3.5 as x approaches 0 from the left as well 
as from the right. Therefore, 


i) lim f(x)=3.5 and ii) lim f(x)=3.5 


iii) Since the left- and right-hand limits are equal, lim f(x) =3.5. 


From the graph, the values of f(x) approach 3 as x approaches | from the left, but they 
approach 0 as x approaches 1 from the right. Therefore, 


iv) tim f(x)=3 and v) lim f(x)=0 

vi) Since the left- and right-hand limits are not equal, lim f(x) does not exist. 
From the graph, 

vii) tim f(x)=2 and viii) lim f(x) =2 

ix) Since the left- and right-hand limits are equal, lim f(x) =2, despite the fact that 
| f(2)=1. 


b) The discontinuity at x = 1 is a jump discontinuity, because the function “jumps” from 
one value to another. The discontinuity at x = 2 is a removable discontinuity, since it can be 
removed by redefining f(2) = 2. 


Another function with a jump discontinuity is the Heaviside function, named after 
the electrical engineer Oliver Heaviside (1850-1925). This function describes the 
electric current in a circuit that is switched on at a specific time, t = 0. For t < 0, 
the current is off, which is represented by H(t) = 0. For t > 0, the current is on, 
which is represented by H(t) = 1. 


The Heaviside function is defined by 


Hiy=1° af t €(—, 0) 
la if t © [0, 0) 


Example 2 Limits of the Heaviside Function 
Evaluate the following limits of the Heaviside function, if possible. 


a) lim H(t) b) lim H(t) c) lim H(t) 


10 10" 
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Solution 


a) Since H(t) = 0 for t < 0, b) Since H(t) = 1 for t > 0, 
lim H(t) = lim 0 lim H(t)= lim 1 
too too 130° 130 

=0 =1 


c) Since lim H(t) # lim H(t), lim H(t) does not exist. 
90 t 


10" 


Example 3 Limits of an Absolute Value Function 


Show that lim |x|=0. 
x40 


Solution 
Recall that 

3 if x €[0, 0) 
| \-{* if x €(—00, 0) 
Therefore, 
lim |x|= lim x 


x0" x0" 


=i) 


and 
lim |x| = lim (—x) 


x30 x0 
=0 
Since the left- and right-hand limits exist and are equal, 


lim |x|=0 
x0 


Example 4 Period and Length of a Pendulum 


The period of a pendulum, T, in seconds, is given approximately by the equation 
T = 2x, where x is the length of the pendulum, in metres. 


a) Find lim 2Vx. b) Explain what the limit in part a) means. 


x0" 


Solution 


a) Notice that the function f(x) = 2Vx is defined only for x = 0, so the two-sided limit 


lim 2Vx does not exist. As x approaches 0, x >0, 2Vx approaches 0. 


x40 
Therefore, 
lim 2Vx =0 


x30" 
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Window variables: 
x<€[0, 9], ye [0, 6] 


b) As the length of the pendulum gets shorter and shorter, the period also gets shorter and 
shorter. In other words, the shorter the pendulum, the faster it oscillates. 


The result of part b) of Example 4 is true not just for pendulums but for practically all 
oscillating systems in nature. For instance, earthquakes produce relatively slow (although 
powerful!) vibrations, but the tiny quartz crystal in a watch vibrates extremely rapidly. 


Example 5 Limits of a Function Defined Piecewise 


Consider the function 
x+3  ifxe(-«,0] 
f(x)=4-x+2 ifx (0, 2) 
(x-2)? if x €[2, 00) 
Graph the function, and use the graph to determine whether lim f(x) and lim f(x) 


exist. 


Solution 


We can graph piecewise functions by including the intervals for each piece in the 
function definition. 


n 3 Cuiaton 
Plotd Plot2 Plots 


VIRCH+SIHSOI*C “HE ICCOS 
? 2 


Window variables: 
xe[-2, 4], y €[0, 3] 


We first determine the one-sided limits. From the graph, the values of f(x) approach 3 as x 
approaches 0 from the left, but they approach 2 as x approaches 0 from the right. 


Therefore, lim f(x)=3 and lim f(x) =2. 
x30 x30 
The left- and right-hand limits are not equal, so lim f(x) does not exist. 


However, the values of f(x) approach 0 as x approaches 2 from the left and from the right. 
Therefore, lim f(x)=0 and lim, f(x) =0. 


The left- and right-hand limits exist and are equal, so lim f(x) = 0. 
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Example 6 Infinite Limits 
The magnitude of the repulsive force exerted by an electron at the origin on another 


electron located at position x on the x-axis is f(x) = 


, provided the force and distance 


units are chosen appropriately. Determine lim f(x), if it exists. 
x> 


Solution 


First, we graph the function. 

From the graph, we can see that the 

left- and right-hand limits do not exist. 
For example, as x approaches 0 from the 
right, the function values get larger and 
larger, without approaching any specific 
y-value. The same is true as x approaches 0 from the left. Thus, lim f(x) does not exist. 


Window variables: 
x e€[-3, 3], y €[-2, 6] 


Example 6 shows the third type of discontinuity, the infinite discontinuity, as also seen 
in the investigation. If a function does not have a discontinuity at a certain point, it is 
continuous at that point. A more formal definition follows. 


If the limit of a function at a certain value exists, and is equal to the value of the function at 
that value, then the function is continuous at that value. 


A function f is continuous at a number a if lim f(x) = f(a). 


The definition of continuity implicitly requires three things: 
1. f(a) is defined (that is, a is in the domain of f) 


2. lim f(x) exists (lim f(x) and lim f(x) exist and are equal) 
3. lim f(x) = f(a) 


Conversely, if a function f is continuous at a number a, 
then lim f(x) = f(a). If a function has no discontinuities, 
it is called a continuous function. From the definition 

of a continuous function, if a function f(x) is continuous 
at x = a, to determine lim f(x), all we need to do is 


evaluate f(a). 


Most physical phenomena, such as the position and velocity of a car, air temperature, and 
the height of a tree, are continuous. As we saw earlier in this section, a discontinuous 
function involving electric currents can be written in terms of the Heaviside function, which 
has a jump discontinuity at t = 0 because lim H(t) does not exist. 
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Using the properties of limits, it can be shown that many familiar functions are continuous. 
Recall that a ee is a function of the form P(x) = a,x" +a, x" Te oe. a,x +4, 
where a,, 4,,--., 4, are constant. A rational function is a ratio of polynomials. 


0 


a) Every polynomial P is continuous at every number a, that is, lim P(x) = P(a). 
xa 
b) Every rational function f(x) = P(x) , where P and QO are polynomials, is continuous at 


Q(x) 


D 
every number a such that O(a) # 0, that is, lim P(x) _ Pla) 


« Q(x) Ola) 


For instance, f(t) = P+6t+Sisa polynomial, so it is continuous at ¢ = 3, and therefore, 


» provided O(a) # 0 


lim(e* +6t+5) =f (3) 


= 3° +6(3)+5 
=32 


In this example, as well as others in this section, we are making use of the limit laws. 


The Limit Laws 


Suppose that the limits lim f(x) and lim g(x) both exist and c is a constant. 
sa xa 


Then, we have the following limit laws. 


lim c=c 


xa 


lim x =a 


xd 
lim [f(x)+ g(x)]= lim f(x)+ lim g(x) The limit of a sum is the sum of the limits. 
The limit of a difference is the difference of 
the limits. 

The limit of a constant times a function is 
the constant times the limit of the function. 
The limit of a product is the product of the 
limits. 


lim [f(x)-g(x)]= lim f(x)- lim g(x) 
lim [ef (x) ]= é lim F(x) 
lim [f(x)g(x)]= lim f(x) lim g(x) 


f(x) 2 lim F(x) if i 0 The limit of a quotient is the quotient of the 
De) g(x) Tim g(x) g(x) eee a(x) #0. limits, if the limit of the denominator is not 0. 
lim [f(x)]" = [is fix) if 2 is a positive The limit of a positive integer power is the 
integer. re power of the limit. 

lim x" =a" 
lim Yf(x) = flim f(x) if the root on the The limit of a root is the root of the limit, 


right side exists. if the root exists. 


lim Vx = Va if Va exists 


xa 
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Example 7 Evaluating the Limit of a Function at a Point of Continuity 


Evaluate the following limits. 


i ig 
a) lim 23248 b) lim Vx" +2x +1 


Solution 
x? -3x45 


a) Since the function f(x) = 74 


That is, 


is continuous at x = 2, the limit is simply f(2). 


Window variables: 
x € [-4.7, 4.7], y © [-18.6, 9.3] 


lim Vx? 42x41 = 3? +2(3)4+1 


=V16 


=4 
Window variables: 


x € [-4.7, 4.7], y € [0, 6.2] 


Example 8 Limit of a Function at a Removable Discontinuity 


Evaluate lim ed é 
x32 x-2 
Solution 
x? -4 
Let f(x) = P= 


Graph the function. 


"Plot Platz Pots 
NWHECRE49.7€X-2) 


Window variables: 


x € [-4.7, 4.7], y © [-3.1, 6.2] 


Note the gap, or hole, in the graph at x = 2. 
We cannot find the limit by substituting x = 2 because f(2) is indeterminate (substituting 2 


gives 0. Remember that, to determine lim f(x), we must consider values of x that are 
ra 


close to a but not equal to a. In this example, x # 2, so we can factor the numerator as a 
difference of squares. 
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lim x4 _ tim zen 2) i 
x92 x-2 232 (x—2) We are not dividing by 0 since x #2. 


= lim(x +2) We can substitute because g(x) = x + 2 is continuous. 


Notice in Example 8 that we replaced the given rational function by a continuous function, 
g(x) =x + 2, that is equal to f(x) for x # 2. Notice also that the graph of f(x) above is 
identical to the graph of g(x) except at x = 2. This is a removable discontinuity. 


Key Concepts 

© = The limit of a function is written as lim f(x) = L, which is read as “the limit of 
f(x), as x approaches a, equals L.” *~* 

e If the values of f(x) approach L more and more closely as x approaches a more and 
more closely (from either side of a), but x # a, then lim f(x) = L. 

© The left-hand limit of a function is written as lim f(x), which is read as “the limit 
of f(x) as x approaches a from the left.” 


e If the values of f(x) approach L more and more closely as x approaches a more and 
more closely, with x <a, then lim f(x) =L. 


¢ The right-hand limit of a function is written as lim f(x), which is read as “the 
limit of f(x) as x approaches a from the right.” eee 

¢ If the values of f(x) approach L more and more closely as x approaches a more and 
more closely, with x >a, then lim f(x)=L. 


¢ In order for lim f(x) to exist, the one-sided limits lim f(x) and lim f(x) must both 
exist and be equal. That is, 
If lim f(x) # lim, f(x), then lim f(x) does not exist. 


If lim f(x)=L= lim f(x), then lim (ee) ete 


xa 


© Tocheck that a function f(x) is continuous at x = a, check that the following three 
conditions are satisfied: 


a) f(a) is defined (that is, a is in the domain of f(x)) 
b) lim f(x) exists 
o) lim f(x)= fla) 


Also, if f(x) is continuous at x = a, then lim f(x) = f(a). 


e Every polynomial P is continuous at every number, that is, lim P(x) = P(a). 
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P(x) 
Q(x) 


at every number a for which O(a) # 0, that is, lim Ets) ed) 


vou Ox) Ola) 


e Every rational function f(x) = , where P and Q are polynomials, is continuous 


y Ola) 0. 
e Discontinuities: 


a) Ifa function f(x) has a removable discontinuity at x =a, then lim f(x) =L 


exists, and the discontinuity can be removed by (re)defining f(x) = L at the single 
point a. 

b) Ifa function has a jump discontinuity, the function “jumps” from one value to 
another. 

c) Ifa function f(x) has an infinite discontinuity at x = a, the absolute values of 
the function become larger and larger as x approaches a, 


Communicate Your Understanding 
4. Suppose that lim f(x) =7 


a) How is this equation read? 

b) What does the equation mean? 

c) Is it possible for the equation to be true if f(3) = 4? Explain. 
d) Is it possible for the equation to be false if 2 = 7? Explain. 

,| 2. Suppose that Jim f(x) = 1 and Jim, f (x)= 


a) What kind of pare is each equation? What does each equation mean? 

b) Does lim {(x) exist? What kind of discontinuity exists at x = 2? Explain. 

3. a) Can the two-sided limit ever exist at a jump discontinuity? an infinite 
discontinuity? Explain using diagrams. 

b) For which type of discontinuity does the two-sided limit always exist? Explain. 
4. Given that 

lim f(x) = 4 lim f(x)=0 lim g(x)=0 lim g(x) =- 


explain why each of the following limits does not exist. 


on L*) im 8%) : 4 
a) jim Paes b) lim 4_fe) °) lim ( g(x) 75] 
5. a) Explain in your own words the conditions that must be met for a function f(x) 
to be continuous at a number a. 
b) A student claims, “If the left- and right-hand limits of a function, as x approaches a, 
are equal, then the function is continuous at a.” Discuss the validity of this statement. 
c) Draw examples of each of the following discontinuous functions. 


i) f(a) is defined, lim f(x) exists, lim f(x) # f(a) 


ii) f(a) is defined, lim f(x) does not exist 


6. Explain, using examples, when substitution can be used to solve a limit. 


152 MHR Chapter 3 


Practise 


1. Use the graph of f(x) to state the value of 
each limit, if it exists. If it does not exist, 
explain why. 


a) Jim, f(x) b) lim f(x) 
co) lim f(x) d) lim f(x) 


2. Use the graph of g(x) to state the value of 
each limit, if it exists. If it does not exist, 
explain why. 


a) lim, g(x) b) lim g(x) 
c) lim, g(x) d) lim g(x) 
e) lim g(x) f) lim, g(x) 
g) lim g(x) h) lim g(x) 
i) lim, g(x) j) lim g(x) 
xo x74 
k) lim g(x) 1) lim g(x) 
m) lim g(x) n) lim g(x) 


3. Use the graph of g(x) to state the value 
of each quantity, if it exists. If it does not 
exist, explain why. 


b) lim g(x) 


e) lim g(x) a g(2) 
e) Jim, g(x) f) lim g(x) 
9) Jim g(x) h) (5) 
i) Jim, g(x) i) lim g(x) 


4. Identify each discontinuity in questions 
1 to 3 as removable, jump, or infinite. 


5. Let 


—2 if x €(—00, 1) 
fis={~ if x e[1, ») 
Sketch the graph of f(x). Then, find each limit, 
if it exists. If the limit does not exist, explain 


why. 
a) lim f(x) b) lim f(x) ©) lim f(x) 


={ x? if x € (—00, 2] 
° -x+1 if x €(2,0) 


Sketch the graph of g(x). Then, find each limit, 
if it exists. If the limit does not exist, explain 
why. 


a) lim g(x) b) lim g(x) lim g(x) 


3.3 The Limit of a Function MHR 153 


7. Let 

x+2 if x e(-o, 0) 
h(x) =40 ifx=0 

-x-2 ifxe(0, ») 
Sketch the graph of h(x). Then, find each limit, 
if it exists. If the limit does not exist, explain 
why. 


a) lim h(x)  b) lim, h(x) co) lim h(x) 


xo" 


8. Let 
—x? if x e(-c, -1) 
f(x)=41 ifx=-1 
(x if x e(-1, 2) 
Sketch the graph of f(x). Then, find each limit, 


if it exists. If the limit does not exist, explain 
why. 


a) lim f(x) b) lim, f(x) ©) Jim, f(x) 


x>-l 


9. Using a graphing calculator or graphing 
software, find each limit, if it exists. 


a) lim Vx b) lim V4—2x 
x0 at 

c) lim |x-4| d) lim |x —4| 
Peer x 

e) lim|x-4| f) lim 
x4 x0 X 
«(ol ee | 

ae D) Bie 


10. Determine the value of each limit. 


a) lim 4 b) lima 
oy ed 
e) lim(3x — 4) f) Jim (3x? — 42 + 10) 
Q) lim(x?-x?+x-1) h) lim 2—4 
xo x90 X42 


i) lim aa La i) Jim, v3t* +40 


x93 x* 42x 


11. Find each limit. 


a) lim 
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. x 6x48 x+2 
c) tim a ae d) Jim, ea 
ei 2x° +7x+3 f) lim x?4+2x-24 
a3 tad ro x? 6x48 
. 5x? -3x-2 . x8 
OAR oy ta ee. 
m Biieorere Bea 
, , + 
i d deed 
iil 
.  x—4 ie BG. Sl 
S eGo » I-35 


Apply, Solve, Communicate 


8 | 12. Communication Use the graphs of f(x) and 
g(x) to evaluate each limit, if it exists. If the 
limit does not exist, explain why. 


a) lim, [A(x)+ g(x) b) lim, [f(x) g(x) 


©) lim V/(x)g(x) 


ad) lim {f(x)— g(x)] 


g(x) 
x00 Fla) 


h) lim [f(x) + g(x) 


f) 


13. Determine where each function is 
discontinuous. 

3x41 ifx#2 

8 ifx=2 

x+2 ifxe(-o, 0] 

b) f(x)=4x7+2 ifxe(0, 3] 
2x+4 ifxe€(3, ») 

x if x e(-0, -1] 

c) f(x)=4-x° if x e(-1, 1) 

-x ifxe[1, 0) 


a) f(x)= 


x1 if x €(-00, -1) 
d) f(x)=4x?+2x+1 ifxe[-1, 1] 
x’ -2x+1 if x (1, ©) 


14. Inquiry/Problem Solving A paving 
company decides to simplify its estimates 
by billing according to the following rules. 
Any driveway 60 m’ or less will be priced 
at $800. Any driveway larger than 60 m* 
will be charged an additional $100 

for every 10 m* (or part of 10m’) 

above 60m’. 

a) Draw the graph of the cost, C, in dollars, as 
a function of the area, A, in square metres. 
b) Find each limit, if it exists. 


i) Jim C(A) ii) lim, C(A) 
iii) Jim, C(A) iv) lim C(A) 
v) Jim, C(A) vi) lim, C(A) 


c) Discuss some problems that might occur in 
terms of customer satisfaction due to this billing 
procedure, 


15, Communication Postal rates for a 
non-standard (oversized) letter within Canada 
in the year 2001 are given in the table. 


Mailing 
Cost $0.94 $1.55 $2.05 


a) Draw the graph of the cost, C, in dollars, of 
mailing an oversized letter as a function of its 
mass, ™, in grams. 


b) Find each limit, if it exists. 


i) lim, C(m) ii) lim C(m) 
iii) tim C(m) iv) lim C(m) 
v) lim C(m) vi) | lim C(m) 


c) What are some possible problems with this 
billing method? 

d) Design an improved way of billing that 
would be fair to both Canada Post and the 
consumer. Why do you think such a method is 
not used? 


16. Application Calling from Canada to Italy 

on a discount rate plan costs 40¢ a minute 

(or part of a minute). 

a) Draw a graph of the cost, C, in cents, 

as a function of the time, ¢, in minutes. 

b) For what values of a is lim C(t) not defined? 


Explain. 


17. A taxi company charges $3.00 for the first 
0.25 km (or part of a quarter kilometre), and 
$0.25 for each additional 0.1 km (or part). 
Draw the graph of the cost, C, in dollars, of a 
taxi ride, as a function of the distance travelled, 
x, in kilometres. Where are the discontinuities of 
this function? 


18. Inquiry/Problem Solving A parking lot charges 
$5 for the first hour (or part of an hour) and 
$3 for each succeeding hour (or part), up to a 
daily maximum of $14. 

a) Sketch a graph of the cost of parking at 
this lot as a function of the time parked there. 
b) Discuss the discontinuities of this function 
and their significance to someone who parks in 
the lot. 


19. Application Consider the electric circuit 
problem posed at the beginning of this section. 
We defined I(R) with two functions, for 

R € [0, 2] and for R € (2, »). 

a) Write a single function /(R) that defines 

the electric current for any resistance R >0 

of the variable resistor setting. (Hint: Review the 
Heaviside function.) 

b) Draw a graph of I(R). 
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c) Find the following for 1(R). 


i) lim 1(R) i) im, 1(R) 
iil) 1(2) iv) lim 1(R) 


20. Consider the function f(x) described by 


1 if x is an integer 
f(x) = | sh : 
0 if x is not an integer 
Find each of the following, if it exists. 
a) lim f(x) b) lim f(x) 
21. Find each limit, if it exists, 
2 
a) lim ee 
93642" 
x-8 
b) lim ==—— 
) Te — 
» V7—-x-2 
c) lim — 
x33 a 4 ~x 


22. Find functions f(x) and g(x) such 
that lim Tf (x) + g(x)] exists but lim f(x) and 


lim g(x) do not exist. 
> 


vx-1 
23. Evaluate lim —=—. 
vahiate lim so 


24. Let 
1-|x|  ifx e[-1, 1] 
_jlx|-1 if e[-2, -1) orxe(1, 2] 
Fe) 3 if wed, «3 
(x+3) if x e(-o, —2) 
Sketch the graph of f(x) and determine the 
values of x at which f(x) is discontinuous. 


25. For what values of c is the function 
)_flex-l) ifxe(-», 2) 

fob 133 -1 ifxe[2, ») 

continuous at every number? 


The greatest integer function is defined by [x ]] = the largest integer 
that is less than or equal to x. For instance, [6 ]]=6, [6.83 ]]= 6, 
{7 ]=3, and [-4.2]=-5. 
a) Sketch the graph of this function. 
b) Find lim {x] and lim {x}. 

x7 ce 
c) For what values of a does lim [|x ]] exist? 
d) For what values of x is the greatest integer function discontinuous? 
e) Sketch the graph of g(x) =[[2x+1]} Where is it discontinuous? 
f) Sketch the graph of h(x) =x-([x]. Where is it discontinuous? 
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Technology Extension 


Limits on a Graphing Calculator 


An important menu on the TI-92 Plus graphing 
calculator is the Calculus menu. Access this set 
of operations by pressing [F3]. In this course, we 
will use the differentiate, limit, and nDeriv 
features of the menu. 


CP eisseaBorrerPrsntoleiees vel | 


1: Hs di Peanenc tale 


The calculator can determine the limits 

of functions or expressions. The syntax 

for the command is shown on the entry line, 
while the mathematical form of the 
command and the result are shown in the 
work area. 


hitebraleeiebiterbrenioeiees vel) 


One-sided limits are also easily calculated. 

In this example, the function is evaluated 
first without considering an approach from 
either side. The result “undef” indicates that 
this limit cannot be evaluated. To find a limit 
from the right, insert any positive number 
after the value that x is approaching. 

To find a limit from the left, insert any 
negative number after the value that x is 
approaching. 


[Fai sebralcaiclather|erantolciesn uel _| 


The TI-92 can also be used to illustrate limit 
laws. This screen demonstrates the limit law for 
the sum of limits. First, we define two functions, 
fand g, using the Define operation. Then, we 
find the individual limits as x approaches 1, and 
the limit of the sum as x approaches 1. 


Throughout the course, we will be working with 


f(x +h)~ f(x) | 


h 


the expression lim 
ho 


[Limit <cf<x+h>e f <x>>/h,h, 0) 
FUNC 2730 


This type of expression can be evaluated on 
the calculator as shown for the function 
f(x) = x + 6x + 9, which we defined in the 
previous screen. 
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Practise a Boe ee [vx +1 ifxe(-o, -1] 

1. Find each limit. : a Rees if x e(-1, ») ; 
eae 

a) lim vx? =2 5) find each limit. 


c) a) lim f(x) b) lim, f(x) 
7 if x €(-o0, O| ah 
3 ifxe(0, ») ” 5. Find lim flesh) =f ix) for each 
find each limit. fee - 

] a) lim g(x) b) lim, g(x) unSHOn, 

| - a) f(x)= b) f(x) =x" 
i. For wognl™™ Be St-.2) Cin 7 , 
PROP METS | 3x fx e[2, ) ” ©) flx)=x°+2x+1 @) fly= 


x 
find each limit. ‘ ; 
a) lim A(x) b) lim A(x) e) fix)=— f) fix)=Vx 


Architecture is a field where the use of mathematics is growing steadily. Modern architects design 
highly complex structures that are achievable only through the use of computers and mathematical 
thinking. The computer software used is based on the principles of calculus—fitting curves by 
matching tangents, controlling curvature so that it is not too severe, and using parametric equations 
to develop curved surfaces. Architects often start with a series of points on the building being 
designed. These are then linked by smooth curves so the tangents, where different curves join, 
match exactly. The architect must choose which family of curves will best represent the original 
design concept. 


Canadian architect Douglas Cardinal, who designed the Canadian Museum of Civilization in Hull, 
Québec, was one of the first in the profession to realize the potential of computerization. His 
distinctive architectural forms appear moulded more by natural forces than by human hand. Rather 
than using conventional drafting techniques, Cardinal makes use of computer technology to develop 
his complex curvilinear designs. He uses prestressed and reinforced concrete to create structures 
with a distinctive style. 


Although an architect may start with hand sketches of a design concept, these are quickly 
translated into computer equations. This allows for basic models to be easily constructed and, 
more importantly, for subtle changes to be viewed and implemented effortlessly. The architect is 
guided through the creation process by images on the computer screen as well as the information 
about the equations, derivatives, and curvature of functions. The use of parametric equations 
allows the architect to create three-dimensional smooth surfaces. Similar software is used 

today by designers in their creation of prototypes of airplanes and automobiles as well as 
consumer goods such as perfume bottles and cutlery. 


158 MHR Chapter 3 


Rates of Change 


Physicists are interested in the rate of change of the position of a moving object with 
respect to time (velocity). Chemists are interested in the rate of change in the 

concentration of a reactant with respect to time (rate of reaction). A textile manufacturer 

is interested in the rate of change of the cost of producing x square metres of fabric per day 
with respect to x (marginal cost). A biologist is interested in the rate of change of the 
population of a colony of bacteria with respect to time. Each of these rates of change 

can be interpreted as the slope of a tangent to an appropriate curve. 


A car is driven in one direction on a highway for 2 h and travels 160 km. The average 
velocity of the car is 


z change in position 
average velocity = 


time elapsed 


160 
= 


=80 


> velocity is 80 km/h. However, the indicator on the speedometer of a car 
travelling in city traffic does not stay still for very long, that is, the velocity of the car is 
not constant. It seems that the car has a definite velocity at each moment, but how is this 
“instantaneous” velocity defined? Before giving a general definition, we will examine the 
situation of a falling ball in the following investigation. 


Investigate & Inquire: Motion of a Falling Object 


1. Use a motion detector connected to a 
graphing calculator or a computer to graph 

the motion of a ball starting from rest and falling 
from a height of at least 2 m. 


2. Identify the part of the distance-time graph 
where the ball was actually falling. Then, pick a 
time ¢ =a in this part of the graph. For better 
results, pick a time where the graph is relatively 
smooth. 


3. Complete a table like the one that follows 
using your value of a and smaller and smaller 
values of h from the graph. To get the final value 
of h, use the point on the distance-time graph at 
t=a+h that is closest to t = a. For example, 
using t = 0.5 s, find values of t closer and closer 
to 0.5. The table that follows is partially filled in 
for t= 0.5 for a ball dropped from a height 

of 2m. 
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0.236 
0: Si) VOI | MO as: 0.5178 0.05 
GS 10775) (051 0.7255 0.01 
C55 OWS: O50 0.7701 0.001 
0.5 0.775 0.5001 0.7745 0.0001 


4. Note that the last column of the table gives the slope of the secant joining P(a, f(a)) 
to Q(a+h, f(a +h)). 


time(s) 


tangent 


a) What does the slope of the secant PQ represent physically? 
b) As h becomes smaller and smaller, what does this slope approach? 


5. Compare the average velocities calculated in the table to the velocity at t= a from 
the velocity-time graph on the graphing calculator or computer. As / decreases, how 
does the difference between the average velocity and the velocity from the velocity-time 
graph change? 


6. How can the velocity be calculated from a distance-time graph? 


7. Choose another point from the graph for t = a and use the same method to estimate 
the velocity at this time. Compare this velocity to that from the velocity-time graph at the 
same time. 


8. Describe the relationship between the slope of the tangent at ¢ = a and the velocity at 
that point on the velocity-time graph. 
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In Example 1 we use the concept of limits to investigate average velocity further. 


Example 1 Velocity of a Bungee Jumper 


When bungee jumping from a high bridge, the 
jumper accelerates at a constant rate for a while, 
until the strong elastic cords slow down the jumper 
before hitting the water. Find the velocity of a 
bungee jumper 3.0 s after jumping off the bridge, 
and before the cords have an effect, if air resistance 
is ignored. 


Solution 


To solve this problem, we use the fact, discovered 
by Galileo, that the distance fallen by any freely 
falling body is proportional to the square of the 
time it has been falling, neglecting air resistance. 
If the distance fallen after ¢ seconds is s, in 
metres, then Galileo’s law is expressed by the 
equation 


s(t) = 4.92? 


The difficulty in finding the velocity after 3.0 s is 4 

dealing with a single instant of time, t = 3.0, so that there is no time interval involved. 

However, we can approximate the desired quantity by computing the average velocity over 

the brief time interval of a tenth of a second from ¢ = 3 to t= 3.1. 

change in position 
time elapsed 


There is a distinction between speed and 
velocity. Average speed is distance divided by 


average velocity 


= As time. Average velocity is change in position 
At divided by time. If you take 1 h to walk 7 km, 
s(3.1)—s(3) 


= your average speed is 7 km/h. If you end 


The average velocity from 3s to 3.1 s is 29.89 m/s. 


successively smaller time periods. 


3.1 3 e your walk where you started, your change in 
= 4.9(3. 1 " 7 4.9(3") position is 0, so your average velocity is 0 
. - 29.89 . km/h. We will explore this distinction more 


deeply in Chapter 4. 


The following table shows the results of similar calculations of the average velocity over 


"Time Interval (s) Average Velocity (m/s) 
[3, 4] 34.3 
[3, 3.1] 29.89 
[3, 3.05] 29.645 
[3, 3.01] 29.449 = The formula in Ls is 
[3, 3.001] 29.4049 EMD 4.9(L2—L1)/(L2-L). 
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It appears that, as the time period is shortened, the average velocity becomes 
closer to 29.4 m/s. We compute the average velocity over the general time 
interval te (3, 3 + hj: 
average velocity = As 

At 
_ s(t +h)—s(t) 
an 
_ 4.913 + hy —4.9(3) 
SE 
_ 4.9(6h +h?) 
—_ 
_ 4.9h(6 +h) 
aa aaa 
=4.96+h), h+0 


=29.4+4.9h 


As the time interval becomes shorter and shorter, h becomes smaller and smaller, 4.9h gets 
closer and closer to 0, and thus the average velocity becomes closer and closer to 29.4 m/s. 
The instantaneous velocity, v, when t = 3, is defined to be the limiting value of these average 
velocities as h approaches 0. 

v= lim(29.4+ 4.9h) 


=29.4 
Thus, the instantaneous velocity after 3s is 29.4 m/s. Note that we do not substitute = 0 
in the expression for the average velocity because that would result in the expression 3 


which is undefined. Rather, the instantaneous velocity is the /imit of the average velocities 
as h approaches 0. 


The calculations in Example 1 are very similar to those we used to find tangents. In fact, 
there is a close connection between the two calculations—if we draw the graph of the posi- 
tion function of the ball, and we consider the points P(3, 4.9(3)’) and Q(3 + h, 4.9(3 + h)’) 
on the graph, then the slope of the secant PQ is 

4.9(3 +h)? — 4.9(3)° 
Mog = ay mae 
which is the same as the average velocity over the time interval ¢ < [3, 3 + h| found in 
Example 1. 1 F a TT ) 


Therefore, the velocity | : g vl T ‘a 


at time f (the limit of | 

these average velocities ie | 
| 
y ‘a 


as h approaches 0) 
is equal to the slope of | Y slope af tangent) | 
= Instantan jour \ 
-yelocit; “a 
14 16 1 8 | 14 
| 1 i qt 


the tangent at P (the 
limit of the slopes 
of the secants). 


T 
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So far we have discussed only situations where an object’s direction of motion does not 
change. Suppose an object can move back and forth along a straight line according to the 
equation s = f(t), where s is the position of the object at time ¢. The function f(t) that 

describes the motion is called the position function of the object. In the time interval from 
t=atot=a+th, the change in position is 


As = f(a +h) - f(a) = 


\ 
The average velocity over this time interval is i 
As _ f(a+h)-f(a) | 

I 


At h 


St a | 


pie 


the point for which ¢ = a, and Q is the point for which 
t=arth. 


} 
| 
which is the same as the slope of the secant PQ, where P is [ 
; 
| 
| 


7 0| 14 | 44h 
Now suppose we compute the average velocities over shorter —— 
and shorter time intervals [a, a + h]. In other words, let h approach 0. As in Example 1, we 


define the instantaneous velocity, v(a), at time t = a to be the limit of the average velocities. 


we 


= lim fat h)= fla) 


hoo h 


Instantaneous Velocity: 


, where s = f(t) is the position at time t 


This means that velocity at time ft = a is equal to the slope of the tangent to the graph of the 
position function at t =a. 


Example 2 Instantaneous Velocity 


The height, in metres, of a toy rocket launched at an initial upward velocity of 30 m/s, 
from a height of 1m, is approximately given by s = —4.9¢ + 30t + 1, where t is measured 
in seconds. 

a) Find the instantaneous velocity of the rocket after 4s. 

b) Sketch a graph of the position function and find the slope of the tangent to the graph 
att=4. 


a) Use the formula for instantaneous velocity with a = 4. 


| 
| Solution 


v(4) = lim s(4+ # —s(4) 
| = lim ~4,.9(4+ hy +30(4 +h) +1-[-4.9(4) + 30(4) +1] 
~ hoo h 
af -9.2h-4.9h° 
~ 5 h 
_ 4... h(-9.2—4.9h) 
| = h 
= lim(-9.2-4.9h), hh #0 
=-9.2 


\ =o 
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The velocity after 4s is —9.2 m/s. The negative sign means the rocket is falling toward 
the ground. 


b) Using a graphing calculator or graphing software, we can graph the function, and 
we can find the slope using the fangent operation. 


Window variables: 
x €[0, 7], y € (0, 50] 


Note that the slope is the same as the velocity we found in part a). 


Other Rates of Change 

Suppose that y is a function of x, written y = f(x). If x changes from x, to x,, then the 

change in x is 
Ax=x,-— x, 

and the corresponding change in y is 


Ay = f(x.) — f(x,) 
The quotient 

Ay _ f(x.)- fl) 

Ax” x) -x, 


is called the average rate of change of y with respect to x over the interval x € [x,, x,]. 
We follow the same procedure as with velocity, that is, we consider the average rate of 
change over smaller and smaller intervals by letting x, approach x,, which means that Ax 
approaches 0. The limit of these average rates of change is called the instantaneous rate of 
change of y with respect to x at x = x, and, as with velocity, can be interpreted as the slope 
of the tangent to the curve y= f(x) at P(x,, f(x,)). 

Ay 


Instantaneous rate of change = lim <= 
a ang: av 0 Ax 


=" F(x2)— f(x) 


55-94] hg — Py 


If a thermometer is taken from indoors to outdoors in the winter, it does not instantly 
record the accurate outdoor temperature. In Example 3, we examine how long it takes to 
reach the new temperature in a specific situation. 


Example 3 Finding the Rate of Change of Temperature 


A thermometer is taken from a room temperature of 20°C to an outdoor temperature 
of 5°C, Temperature readings (T) are taken every 5.0 min as shown in the table. 


TGO)s 2098 15) De Beers habe oe Weve eens eG e0) beede (ard. 50 bee sS) 
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y 


a) Find the average rate of change of temperature with respect to time over the following 
time intervals: 
i) te [20, 40] ij) te [20, 35] iii) te [20, 30] iv) te [20, 25] 


b) Sketch the graph of T as a function of t, and use it to estimate the instantaneous rate of 
change of temperature with respect to time when t = 20. 


Solution 


a) i) Over the interval ¢ € [20, 40], the temperature changes from T = 8.3°C to T = 5.7°C, 
so 


AT = T(40) —T(20) 


=5.7-8.3 

=-2.6 
The change in time is At = 40 — 20 or 20 min. 
AT _ -2.6 
At 20 

=-0.13 


Therefore, the average rate of change of temperature with respect to time over the interval 
t € [20, 40] is -0.13°C/min. The negative rate of change indicates that the temperature is 
decreasing. 
i) AT _ T(35)—T(20) 
At =: 35-20 

_ 6.0-8.3 

7 

=-0.15 


The average rate of change of temperature with respect to time over the interval 
t € [20, 35] is approximately —0.15°C/min. 


ii) AT _ T(30)—T(20) 
‘At 30-20 
_ 6.5-8.3 
; £0 
=-0.18 


The average rate of change of temperature with respect to time over the interval 
t € [20, 30] is -0.18°C/min. 


iv) AT _ T(25)-T(20) 
At 25-20 
_7.2-8.3 
~S 


=-0.22 


The average rate of change of temperature with respect to time over the interval 
t € [20, 25] is -0.22°C/min. 
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b) Solution 1 Sketch the Graph 


ws a = 
we Ba 
We plot the given data and use them to sketch a fash thas | 
smooth curve that approximates the graph of the 
temperature function. . so | = 


Then, we sketch the tangent at the point P where 
t= 20. After measuring the side lengths of AABC, 
we estimate the slope of the tangent to be 


12-7 
m= 


S25 i —+ 


=-0.25 ia ith (alin) 


The rate of change of temperature with respect to 
time after 20 min is about —0,25°C/min. 


Solution 2. Average the Slopes of Two Secants 


We can also estimate the rate of change at t = 20 by finding the average of the slopes of 
two secants, one on either side of P. We use the points Q,(15, 9.8) and Q,(25, 7.2). 


_ 7.2-8.3 
Ma. ~ 95-20 
= -0.22 
0.3 +(-0.22) 


The rate of change of temperature with respect to time after 20 min is approximately 
~0.26°C/min. This result is very close to the result of the first method. 


Example 4 Population Growth in a Small Town 


The planners in a small town have analysed population growth over the past 100 years and 
have used regression to model the population with a formula, P(t) = 0.8f + 1002 + 1000, 
to describe the growth, where P is the population, and f is time, in years, with t = 0 
representing the beginning of this year. 

a) What is the population of the town at the beginning of this year? 

b) Find the rate of change of the population after 10 years. What will the population be at 
that time? 

c) Would the planners be justified in building a new elementary school for 300 students to 
be ready in 10 years? Explain. 


Solution 
a) The population at the beginning of this year is given by P(0). 
P(t) = 0.8t" + 100t + 1000 
P(O) = 0.8(0)? + 100(0) + 1000 
= 1000 
The population of the town at the beginning of this year is 1000. 
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b) When t = 10, the rate of change of population, P, with respect to t is given by 
_ AP _,. P(t)—P(10) 
Bim, ‘ae = Hie 10 


— Jim 0:82 + 1008 + 1000 ~[0.8(10)° + 100(10) + 1000] 


110 t-10 

li 0.8(t? — 107) + 100(t — 10) + 1000-1000 
= lim — 

110 t-10 
= iin 0.8(¢ — 10)(t + 10) + 100(t — 10) 

110 t-10 


= lim (0.8(¢ + 10)+100), t#10 
= lim (0.8¢ +108) 

= 0.8(10) +108 

=116 


Ten years from now, we predict the population will be growing at a rate of 
116 people per year. The population after 10 years is predicted to be 
P(10) = 0.8(10)° + 100(10) + 1000 or 2080. 


c) The population may be growing fast enough to justify a new elementary 

school. Whether children make up a large enough part of the population increase to 
warrant a new school cannot be determined. It could be that many people are 

retiring to the community. More information about the ages of people in the community 
is needed. 


As we have seen, finding the slope of a tangent is not just an abstract calculation. It is 
applicable to many problems in a variety of practical contexts including all areas of science. 
Any problem involving a rate of change corresponds to finding the slope of a tangent, as we 
have done in this section. 


Key Concepts 


change in position 
time elapsed 
¢ instantaneous velocity, where s is the position function 


s(a +h) —s(a) 
h 


average velocity = 


Ha) i 


¢ average rate of change of y = f(x) with respect to x over the interval x € [x,, x,] 
Dye F(x.)— f(x) 
Ax yy 

¢ instantaneous rate of change of y = f(x) with respect to x 
lin Ay _ lim f(x2)— f(x.) 


Ax 30 Rye Ny — By 
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Communicate Your Understanding 


1. Explain the difference between average velocity and instantaneous velocity, using at 
least two specific examples in your explanation. 

2. The graph shows the position function, y = s(t), of a car along a straight section of 
a very busy highway. Use the slopes of the tangents to the graph at the points labelled 


a) What was the velocity of the car at A? 
b) At what point was the car moving with the greatest velocity? 
c) Was the car speeding up or slowing down at B and D? 

d) What was the car’s motion from E to F? 
3. Under what circumstances are average velocity and average speed the same? Under 
what circumstances are they different? 


Apply, Solve, Communicate 


1. The position function of an object is given 
by the equation y = 3° — 8. Write an expression 
for each of the following. 

a) the average velocity of the object from t = 3 
tot=3+h 

b) the instantaneous velocity at ¢ = 3 


2. The position function of an object is given 
by the equation y = f(t). Write an expression for 
each of the following. 

a) the average velocity of the object from t= a 
tot=ath 

b) the instantaneous velocity at t =a 


3. May and Richard are throwing a Frisbee™ 
at the beach, When May throws to Richard, the 
height, in metres, of the Frisbee™ above the 
sand after t seconds is described by the function 
h(t) =-2¢ + 3t+1. 

a) Find the average upward velocity of the 
Frisbee™ for the time period from ¢ = 1, lasting 
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i) Is ii) OSs 
iv) 0.055 v) 0.01s 
b) Find the instantaneous upward velocity of 
the Frisbee™ when t = 1. 


ili) O.1s 


4. Ifa firework is shot straight up into the air 
with an initial upward velocity of 40 m/s, its 
height, in metres, after t seconds is given by 
y=40t- 4.99. 

a) Find the average velocity for the time period 
beginning when t = 2 and lasting 

i) Is ii) 0.5 iii) O.1s 

iv) 0.055 v) 0.01s 

b) Find the instantaneous velocity when t = 2. 


5. The displacement, in metres, of a ball rolling 
in a straight line on a grassy hill is given 
approximately by s = -t* + 6t + 5, where t is 
measured in seconds. 

a) Find the average velocity over the following 
time periods. 
i) te[2, 4] 
iil) te [2, 2.5] 


il) te [2,3] 
iv) te [2, 2.1] 


b) Find the instantaneous velocity when ¢ = 2. 
c) Draw the graph of s as a function of ¢ and 
draw the secants whose slopes are equal to the 
average velocities in part a). 

d) Draw the tangent whose slope is equal to the 
instantaneous velocity in part b). 


6. Communication The displacement, in 

metres, of a runner moving in a straight line 

is given by s = ’, where t is measured in 
seconds. 

a) Find the average velocity over the following 
time periods. 

i) te[3, 5] i) te [3,4] 

ii) te [3.3.5] iv) te [3, 3.1] 

b) Find the instantaneous velocity when t = 3. 
c) Draw the graph of s as a function of t and 
draw the secants whose slopes are equal to the 
average velocities in part a). 

d) Draw the tangent whose slope is equal to the 
instantaneous velocity in part b). 

e) In what kind of race do you think the runner 
is participating? Explain, 

f) What do you think is a realistic domain for 
the function that models the runner’s position? 
Explain. 


7. A race car moves in a straight line, past 

a stationary observer, with position function 
s= 0.4 + 5t, where ¢ is measured in seconds 
and s in metres. Find the velocity of the car at 
time t = a. Use this expression to find the 
velocities after 1s, 2s, and 3s. 


8. a) Use the data of Example 3 to find 
the average rate of change of temperature 
with respect to time over the following time 
intervals. 

i) te [30, 50} ii) te [30, 40] 

ii) te[10,30] iv) te [20, 30] 

b) Use the graph of T to estimate the 
instantaneous rate of change of T with 
respect to ¢ when t = 30. 


9. Application Temperature readings, T, in 
degrees Celsius, were recorded every 2 h 
starting at 6:00 a.m. on a spring day in 
Niagara Falls, Ontario. The time, ¢, is 
measured in hours for 24 h. The data were 
recorded in the table. 


0 300) 14 10.0 
z 5.0 16 8.7 
4 fe 18 6.4 
6 9.0 20 4.0 
8 10.9 22 14 
10 12.2 24 1.0 
ale 13 


a) Find the average rate of change of 
temperature with respect to time over the 
following time intervals: 

) te[2,6) i) te[0,2] ii) te[2,4] 
b) Estimate the instantaneous rate of change of 
temperature with respect to time at t = 2 by 
graphing the data and then measuring the slope 
of the tangent. 

c) Find the average rate of change of 
temperature with respect to time over the 
following time intervals: 

i) te [18,22] ii) te [18,20] iii) te [16, 18] 
d) Estimate the instantaneous rate of change 
of temperature with respect to time at ¢= 18 by 
measuring the slope of the tangent on your 
graph from part b). 


10. Application The table shows the numbers 
of outlets of a popular Canadian chain of 
restaurants from 1978 to 2000. 


1978 100 1995 1100 
1984 200 1996 1400 
1987 300 1997 1500 
1989 400 1999 1800 
1991 500 2000 2000 
1993 700 


a) Construct a scatter plot of the data in the 
table. 

b) Find the average rate of change in the 
number of outlets for each time interval. 

i) 1984 to 1991 ii) 1991 to 1997 

ii) 1989 to 1991 iv) 1991 to 1993 
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c) Use regression on a graphing calculator or 
graphing software to find and plot a curve of 
best fit for the data. 

d) Use the Tangent operation of a graphing 
calculator or graphing software to find the 
instantaneous rate of change in number of 
outlets for 1991. Compare your result to the 
results from part b). 


11. Inquiry/Problem Solving The population, 
P, of the Regional Municipality of 
Waterloo from 1991 to 2000 is given 

in the following table. 


1991 399400 


411500 
420100 


429800 


ies 


442300 
a) Find the average rate of growth of the 
Regional Municipality of Waterloo 

i) from 1994 to 1996 

ii) from 1995 to 1996 

ii) from 1996 to 1998 

iv) from 1996 to 1997 

b) Estimate the instantaneous rate of growth 
in 1996 by graphing the data and then 
measuring the slope of the tangent. 

c) Use regression on a graphing calculator or 
graphing software to find a cubic function to 
model the population growth. Then, find the 


instantaneous rate of growth in 1996 using the Gg 


Tangent operation. 
d) Compare your answers in parts c) and d). 


— 4. 
12. Communication a) If y =<, find the average 


rate of change of y with respect to x over the 
interval x € [2, 3). Illustrate by drawing the 
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graph of the function and the secant whose 
slope is equal to the rate of change. 

b) Find the instantaneous rate of change of y 
with respect to x at x = 3. Draw the tangent 
whose slope is equal to the rate of change. 


13. Inquiry/Problem Solving a) A cubic crystal is 
being grown in a laboratory. Find the average 
rate of change of volume of the cube with 
respect to its edge length, x, in millimetres, when 
x changes from 

i) 4toS5 i) 4to4.1 ii) 4to 4.01 

b) Find the instantaneous rate of change of 
volume when x = 4. 


14. If a tank holds 1000 L of water, which takes 
1 h to drain from the bottom of the tank, then 
the volume, V, in litres, remaining in the tank 
after t minutes is 


2 
= ast 
v =1000{ 1 a) > t€[0, 60] 


Find the rate at which the water is flowing out 
of the tank (the instantaneous rate of change of 
V with respect to ft) after 10 min. 


15. The profit, in dollars, for producing 

x units of an instruction manual is 

P(x) = 8000 + 20x + 0.10x* for the first 

2000 units of the manual. 

a) Find the average rate of change of P with 
respect to x when the production level is 
changed 

i) from x = 100 tox = 110 

i) from x = 100 to x = 105 

iii) from x = 100 tox = 101 

b) Find the instantaneous rate of change of P 
with respect to x when x = 100. (This is called 
the marginal profit and will be explained in 
Chapter 4.) 


16. If a projectile is fired straight upward from 
the surface of the moon with an initial upward 
velocity of 40 m/s, its height, in metres, after 

t seconds is given by s = 40¢ - 0.83¢°. 

a) Find the average velocity for the 

time period beginning when ¢ = 2 and lasting 

i) Is ii) O.5s iii) O.1s 

iv) 0.05 s v) 0.01s 


b) Find the instantaneous velocity when t = 2. 
c) Find the velocity of the projectile when t = a. 
d) When will the projectile hit the moon? 

e) With what velocity will the projectile hit the 
moon? 

f) The velocity of the projectile at its maximum 
height is 0 m/s. Find the maximum height of the 
projectile. 


17. The position of a runner is given by s = 8t-f 
for t € [0, 10], where s is in metres and ¢ is in 
seconds. Some of the positions are negative 
because the runner is initially moving to the 
east and then turns to move to the west. 

a) Sketch the position-time graph of the runner. 
b) Find the velocity of the runner at t = a and 
use it to draw a velocity-time graph of the runner. 
c) Describe the motion of the runner in a short 
paragraph. Indicate position, direction of 
motion, and velocity. Use a diagram to illustrate 
your description. 


18. Application The electric potential energy, E, 
in joules, between two positively charged 


spheres of radius 10.0 cm, separated by a dis- 
tance, x, in metres, measured from the centres of 
90 


the spheres, is given by the equation E = 


The electric force of repulsion, F, in newtons, on 
each sphere is given by the rate of change of the 
electric potential with respect to x. 

a) Find the electric force of repulsion between 
the two spheres at a distance x,. 

b) Find the electric force of repulsion for each 
distance: 

i) 2.0m i) 10.0m iii) 100.0m 

c) Find the electric force of repulsion when the 
surfaces of the two spheres are 2.0 cm apart. 

d) What happens to the electric potential 
energy and the electric force as the two spheres 
move very far apart? Explain. 


19. Communication Are instantaneous speed and 
instantaneous velocity identical? If so, explain 
why. If not, give an example of a motion 
where they are different, and explain the 
difference. 


Newton and Leibniz, the two men credited with discovering calculus, were not very concerned 
about formally proving the results for which they are famous. Basically, they said that the fact that 
their ideas led to so many new discoveries and that the same ideas applied to a number of fields 
guaranteed their correctness. In the following centuries, Euler, Cauchy, Gauss, and many others 
encouraged the mathematical community to become much more concerned with formal proofs of 


mathematical theorems. 
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City council has hired you 
to design trails for cycling 
and in-line skating. Part 
of one trail is on a slope. 
You must model the slope 
to determine the velocity 
at which a coasting skater 
or cyclist might travel 
down the slope. 


| ART HISTORY 


Geography 
English 


Use a motion detector (CBR), a ball (or cart), and a ramp to model this situation. 
Graph the motion of the ball as it rolls down the ramp. Compare the position- 
time graph to the velocity-time graph using the methods investigated in this 
chapter. 


The following suggestions can guide your comparison. 

¢ Using the slopes of secants from the position-time graph, estimate the values 
of the slopes of the tangents to the curve at five different times. Compare 
these slopes to the velocities from the velocity-time graph at the same times. 

e Using a graphing calculator or graphing software, find the equation that best 
approximates the position-time graph. 

© Use the above best-fit equation and the properties of limits to calculate the 
slopes of the tangents to the position-time graph at the same times as above. 

¢ Compare these slopes to those estimated previously and to the velocities from 
the velocity-time graph. 

¢ Which of the two methods yields the most accurate results? Explain the 
advantages and disadvantages of each method. 


Write a report on your findings. 
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Review of Key Concepts 


3.1. From Secants to Tangents 
Refer to the Key Concepts on pages 126-127. 


1. For each curve and each point P: 

i) Choose five appropriate points Q on either 
side of P on the curve. Find the slope My. for 
each Q you chose. 

ij) Estimate the value of the slope of the 
tangent to the curve at P. 

iii) Find the equation of the tangent to the curve 
at P. 

iv) Sketch the curve, one secant on each side of 
P, and the tangent. 

a) y=x* +x, P(1, 2) 

b) y =x" - 2x, P(2, 4) 

c) y=Vx+1, P(3,2) 


2. A small metal ball with a radius of 5.0 cm is 
dropped and allowed to fall. The air friction on 
the ball, F, in newtons, increases with time, f, in 
seconds, as the ball is falling. Typical values are 
shown in the tables. 


ae ee) 
0 0 1.0 


3.859 
0.1 0.478 11 4.149 
0.2 0.933 12° 4.425 
0.3 1.366 1.3 4,687 
0.4 1.778 VA) 4.937 
0.5 2.169 WS. Sek 74 
0.6 2.542 #6 ~ 5.400 
Oem: GeO 26: V7 3.615: 
(0:85 9/3233 18 5.820 
Os hone 1.9 6.014 


a) If P is the point (0.7, 2.896) on the graph 
of F, find the slope of the secant PQ 

when Q is the point on the graph with 

t= 0.6; t= 0.8. 

b) Estimate the slope of the tangent at P by 
averaging the slopes of the two secants in 
part a). 

c) Estimate the slope of the tangent at 

(1.5, 5.174) by averaging the slopes of two 
secants. 


d) Use a graph of the function to estimate the 
slopes of the tangents found in parts b) and c). 
e) At what rate is the air friction on the ball 
changing with respect to time at t = 1.0? 


3. The amount of active ingredient of a 
medicine ingested by the body, A, in milligrams, 
is a function of time, ¢, in hours, given by 

A= 1o(+- ae ); where ¢ €[0, 12]. 

a) What does the slope of the function at any 
point P represent? 

b) Estimate the slope of the tangent to A at 


80 
(4, *) using the method of your choice. 


Check your result with a graphing calculator or 
graphing software. 


4. The world record times, in seconds, in the 
100-m sprint are shown for women. Graph the 
data. 


1934 11.7 1977 


10.88 
19375 AdiG: 1983 10.81 
1948 11.5 1983 10.79 
4952) 21-4 1984 10.76 
1955: 11-3. 1988 10.49 
Pets 112 
1965 Fla 
NOCD FAH-07; 
1976 11.04 
1976 11.01 


a) In which years do the times seem to be 
improving the fastest? 

b) Estimate the rate of change of times in 

1948 and in 1984. Does what you 

found verify your answer in part a)? 

Explain. 

c) Find similar data for the men’s 100-m sprint. 
Plot the data and write a short paragraph about 
the improvement in times over the last 100 
years. Use slopes of tangents to describe the 
improvement. 
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3.2 Using Limits to Find Tangents 
Refer to the Key Concepts on page 136. 


5. Find the equation of the tangent to 
the curve at the given point. 

a) y=x"+1 at (2, 5) 

b) y=x°+ 4x44 at (1, 9) 

c) y=Vx+3 at (6,3) 

d) y=1-x' at (0, 1) 


1 
e) Y= at (3, 1) 


f) yas at (1,1) 


6. Find the equation of the tangent to the 
curve at the given point. 

a) y=3--x' at (-1, 2) 

b) y=x°-2x+1 at (2, 1) 


c) yavx +3 at (1, 2) 


d) y= pat (4.5) 


3 


x? -1 


f) y= at (2, 1) 

7. For each curve, 

i) find the slope of the tangent at the given 
point 

ii) find the equation of the tangent at the given 
point 

iii) graph the curve and the tangent 

a) y= (x —3) at (-1, 16) 

b) y=x° at (2, 8) 

c) y=vx-2 at (11,3) 


ef. 


8. a) Find the slope of the tangent 

to the parabola y = x° — 3x — 10 at 

the general point whose x-coordinate is a. 

b) Find the slopes of the tangents to the parabola 
at the points with x-coordinates —1, 0, 1, 2, 3. 

c) At which point on the parabola is the slope 
of the tangent zero? 
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9. During a hockey game, a forward is 
skating hard toward the net along the path 

y = 2x” — 8x + 12. When the forward reaches 
the point where x = 2.5, she falls and slides 
along a tangent to her path. The goal line of the 
net extends along the x-axis between x = -1 
and x = 1, and the goaltender is located 
somewhere along the goal line. 

a) Determine an equation for the tangent that 
the forward slides along after she falls. 

b) Should the goaltender take evasive action to 
avoid being hit by the sliding forward? Explain. 


3.3. The Limit of a Function 
Refer to the Key Concepts on pages 151-152. 


10. Use the graph of f(x) to state the value of 
each quantity, if it exists. If it does not exist, 
explain why. 


a) lim f(x) b) lim. f(x) 
c) f(-4) d) lim, f(x) 
e) jim f(x) f) lim, f(x) 
@ £02) by lim fle) 
i) lim f(x) i) tim f(x) 
k) f(5) )) lim f(x) 


11. a) State whether the function f(x), whose 
graph is shown in question 10, is continuous or 
discontinuous at the following values of x. 
Identify each type of discontinuity in the function. 
) -4 ii) 2 ii) 5 

b) Can the discontinuities of a function such as 
f(x) be used to determine if lim f(x) exists? 
Explain. 75 


12. Use the graph of g(x) to state the value of 
each quantity, if it exists. If it does not exist, 
explain why. 


y 
|_| aan 
— 4] 
Phat 
Lifes: an 
.s 
= fo} |? 6* 
a) lim g(x) b) lim, g(x) 
c) g(-3) a) lim, g(x) 
e) tim g(x) f) lim g(x) 
9) g(2) h) lim g(x) 
i) lim g(x) i) lim, gtx) 
k) (4) ) lim g(x) 
m) g(5) n) lim g(x) 


13. a) State whether the function g(x), whose 
graph is shown in question 12, is continuous or 
discontinuous at the following values of x. 
Identify each type of discontinuity in the function. 
i 3 ii) 2 ii) 4 iv) 5 

b) How does the value of g(a) affect each of the 
following? 

i) lim g(x) ii) the continuity of g(x) at a 


14. Let 
{n +2. if x €(-c, -1] 
g(x) = : 
x+4 if x e(-1,%) 
Find each limit, if it exists. Then, sketch the 
graph of g(x). 
a) lim g(x) b) jim, g(x) ©) lim, g(x) 
15. Let 
2x-1 if x e(-«,1) 
A(x) =42 
-x+2 if x €(1, 0) 


ifx=1 


Find each limit, if it exists. Then, sketch the 
graph of h(x). 
a) lim h(x) — b) lim h(x) oc) lim h(x) 
16. Let 

x+3 if xe(-#,-2) 
f(x)=41 if x =-2 

(x+1)? if x © (-2, 0) 
Find each limit, if it exists. Then, sketch the 
graph of f(x). 
a) lim f(x) b) lim, fix) ©) lim f(x) 
17, Using a graphing calculator or 
graphing software, find each limit, if it exists. 


a) lim vx-2 b) lim Vx" ~4 


x32" x22! 
oc) lim |-x*+9| — d) lim |-x* +9| 

- 2.8 . je—1] 
e) lim |-x +9 f) tim el 

.. |x—I] . |x-1| 
ee hy lim 7 


18. Evaluate each limit. 
a) lim (4x—1) b) 


. x +3x—4 . x +9) 
c) lim * 72 d) lim 
) fin, So lines 

, —5x+6 . x?—~2x-8 

lim %—°* —_ 
® ieee | Roya 
y tim 224 ty tim SSP = NS 
Wet 16 moo h 

3 

jy lim Gah -8 

x0 x 


19. Find each limit, if it exists. 


4 4 
ee? Dee 
® sy 0 ey 
‘ x1 . 7 
—— e427 
OM ya2e—sere 9 SS 
e) lim vx*+27 f) lim, Vx! +27 
co} wae 
. 3x?-5x-2 \3—x| 
line ORES. ey jie 
9) m3 x? -9x+10 ) Lin 3-x 
3 
) li x +1 


im =—3 
xo-1 x +3x°4+3x+1 
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3.4 Rates of Change 
Refer to the Key Concepts on page 167. 


20. If a ball is dropped from the top of a 
150-m cliff, then its height after t seconds, 
and before it hits the ground, is 

h = 150-498, 

a) Find the average velocity of the ball for the 
following time periods. 

i) te[2, 3] 

i) te[2,2.1] 

ii) te (2, 2.01] 

b) Find the instantaneous velocity 

when t = 2. 


21. The population of a slow-growing 

bacterial culture can be represented by the 
function P(t) = ¢ — 0.7t + 10, where ¢ is 
measured in seconds. Find the rate of change of 
the population after 5s, 


22. The table shows the life expectancy at 
age 65 for a Canadian from 1921 to 
1996. For example, in 1921, a 65-year-old 
could expect to live for 13.3 more 

years. 
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a) Construct a scatter plot of the data 
on a graphing calculator or graphing software. 


b) Find the average rate of change of life 
expectancy at age 65 for each time period. 

i) 1941 to 1961 ii) 1921 to 1941 

ii) 1931 to 1941 

c) Use regression to find a curve of best fit for 
the data. 

d) Use the |angcnt operation of the graphing 
calculator or graphing software to estimate 

the instantaneous rate of change in 1941. 
Compare your result to your results in part b). 


Chapter Test 


Achievement Chart 


oan 


Questions All 
1. The points P(2, 5) and Q(3, 12) lie on the 
parabola y = x* + 2x — 3. 
a) Find the slope of the secant PQ. 
b) Find the slope of the tangent to the parabola 
at P. 
c) Find the equation of the tangent at P. 
d) Graph the parabola, the secant, and the 
tangent. 


2. Let 
fia)={ 
a) Find each limit, if it exists. 
i) tim f(x) il) lim f(x) 


b) Sketch the graph of f. 
c) Where is f discontinuous? What type of 
discontinuities does it have? 


3x-2 if x e(-0, 2] 
x? +1 if x e(2, 0) 


iii) lim f(x) 


3. Find each limit, if it exists. 


. 24 . x'-8 
im b) | : 
a) rol + 3K —4 ) rut 3x? —4x—4 
vx+5 V4-x-2 
c) fi a i d) in 


2,6,7 6,7 1,6,7 


=) lm——— f) lim 


4. For each curve, find the slope of the tangent 
at the given point. 

a) y= 3x" + 5x42, (1, 10) 

b) y=x' + 8, (-2, 0) 

c) y=V3x+l, (1,2) 


2x? -5 5 
ad y= Z az» (0 5) 


5. The displacement, in metres, of a particle 
moving back and forth in a straight line is given 
by s = 2f - 11¢+ 15, where ¢ is measured in 
seconds. 

a) Find the average velocity over the time 
interval t¢ € [1, 2]. 

b) Find the instantaneous velocity at ¢ = 1. 


6. A liquid is being poured slowly onto a level 
surface, making a circular pattern on the sur- 
face. Find the rate of change of the area covered 
on the surface with respect to the radius when 
the radius is 20 cm. For what situations could 
scientists use this as a small-scale model? 


time f= a. 


7. Karina designs fireworks to explode when they reach their 
highest point. A firework is fired straight up in the air with an initial 
upward velocity of 25 m/s. The height, y, in metres, of the firework 

t seconds after it is launched is y = 25t — 4.9¢°. 

a) Graph the equation for y using a graphing calculator or graphing 
software. Record your window variables. 

b) Find the instantaneous velocity of the firework at the general 


c) Find the velocity of the firework after 0.5 and 2s. 

d) At what time will the velocity of the firework be zero? How does 
this help Karina design the fireworks? 

e) For which times does the equation represent the path of the 
firework? Justify your answer. 
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Challenge Problems 


1. The tangent to the curve xy = 4 at a point P in the first quadrant meets the x-axis at A 
and the y-axis at B. Prove that the area of AAOB, where O is the origin, is independent of 
the position of P. 


2. Argue for or against using a continuous function to model each of the following 
scenarios (it is not necessary to find equations). 

a) the cost of filling a car’s tank with fuel 

b) the amount of fuel when filling a car’s tank and then driving 

c) the temperature in an oven as it warms, cooks food, and then cools 

d) the fines for speeding on a highway 

e) the height of a point on a Ferris wheel as it takes on passengers, goes through the ride, 
and discharges passengers 


3. Helga von Koch invented a curve called the Koch Snowflake. The region enclosed in the 
Koch Snowflake is Koch’s Island. To construct the curve, start with an equilateral triangle. 
Remove the middle third of each side and replace with an equilateral triangle. Continuing 
the process forever would produce the Koch Snowflake. 

a) Calculate the area of the first island. Assume the equilateral triangle has sides of length 
1 unit.) 

b) Calculate the area of the second island by finding the areas of the three smaller triangles 
added to the first island. 

c) Calculate the area of the third island. 

d) Model the area of the mth island. 

e) Will there be a limiting value of the area as 7 gets large? Explain. 


V 


. Vax+1-1 : 
4. Evaluate lim, =e where a is a constant. 
5. A ski boat travels in a parabolic curve. Let the vertex of 
the parabola be the origin and let the parabola open upward. boat 
The boat is currently at a point 100 m west and 100 m north of 
the origin, travelling toward the origin. The dock is situated 100 m 
east and 50 m north of the origin. At what point should the skier 
release the tow rope to head straight for the dock? 


6. Ata publicity event, Ayida, a stuntperson, will jump out of a helicopter with a jetpack 
on her back. The jetpack allows her to achieve a net upward acceleration of 4.4 m/s° for a 
single interval of maximum length 10 s. Ayida wants to time the use of the jetpack so that 
she lands with zero velocity. 

a) If the helicopter is 100m high, when should Ayida turn on her jetpack? When will she land? 
b) If the helicopter is 200 m high, when should Ayida turn on her jetpack? When will she land? 
c) What is the maximum height from which Ayida can jump to land with zero velocity? 
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Problem Solving Strategy 


Solve a Simpler Problem 


Capablanca’s chess is played on a variation of the standard chessboard, with 80 small squares. If the 
side length of each small square is 1 unit, then the dimensions of the board are 8 units by 10 units, 
and the area is 80 square units. The numbers 8 and 10 are factors of 80. Other rectangular boards 
could be made with the same area, using dimensions 5 by 16, 4 by 20, and so on. Finding the 
dimensions of all the possible rectangles gives all the factors of 80. 


The factors of 360 have a sum of 1170, What is the sum of the reciprocals of the factors? 


Understand 4. What information are you given? 
the Problem 2. What are you asked to find? 
=> 3. Do you need an exact or an approximate answer? 
Think Start by calculating the sum of the factors, and the sum of the reciprocals of the 
ofaPlan [| factors, of small numbers. 
> 
1 
iis 3 
2 al 3 5 5 
1 4 
ce ii 
3 a 4 5 3 
Carry Out 4 1,24 7 ity ee Z 
the Plan |} A 2’4 4 
a Sea ee ie PEL 
1 cpt Rl J oe le 
12 > 2, 3, 4,6, 12 28 23°46’ TD 273 
When finding the sum of the reciprocals of the factors of a number, the common 
denominator of the reciprocals is the number itself. The numerator of the 
resulting sum of the fractions is the sum of the divisors. Since the factors of 360 
add to 1170, the sum of the reciprocals of the factors of 360 is 1170 _ B . 
eer k Does the answer seem reasonable? 
- ck | How could you check that the answer is correct? 


L 


Solve a Simpler 1. Break the problem into smaller parts. 
Problem 2. Solve the problem. 
3. Check that your answer is reasonable. 
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Apply, Solve, Communicate 


1. Find the sum of the reciprocals of the factors 
of 180. 


2. Marisa lives on a farm and is training for a 
marathon. She takes her dog, on a leash, and 
jogs at a speed of 10 km/h on a quiet country 
road. When they are 15 km from home, Marisa 
turns to go home. She lets her dog off the leash. 
The dog runs toward home at a speed of 

16 km/h. Once he gets there, he turns around 
and runs back to Marisa. Once he reaches her, 
he turns and runs back to the house. The dog 
repeats this until Marisa arrives home. If Marisa 
maintains her speed of 10 km/h, and the dog 
keeps running at 16 km/h, how far does the dog 
run altogether? 


3. Find the sum of the first 5000 multiples of 2. 


4. What is the value of the following product? 
(99 — 9)(99 — 19)(99 — 29)...(99 — 189) 
(99 — 199) 


5. A total of 3001 digits are used to print the 
numbers on a roll of cloakroom tickets. The roll 
starts with number 1. How many tickets are in 
the roll? 


6. Thirty-two posts are placed equal distances 
apart in a fence that is 400 m long. How far 
apart are the posts? 


7. A welder has 203 metal chains of 100 links 
each. His task is to combine them into one long 
chain. How many links must be cut open and 
then welded shut to complete the task? 


8. How many whole numbers less than 1000 
do not contain the digit 5? 
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9. Four hundred regular hexagonal prisms 
are packed in a pattern with adjacent edges 
touching as shown. 


The length of each side of each hexagon is 4.cm. 
There are twenty prisms in each of twenty 
rows. 

a) What is the perimeter of the shape formed? 
b) What is the volume of the smallest box 
needed to pack the prisms, if each is 15 cm tall? 


10. A heavy carton is placed on a conveyor belt. 
Each of the wheels under the conveyor belt has 
a circumference of 10cm. 


If the wheels all begin turning clockwise at the 
same speed, how many turns does each wheel 
have to make to move the carton a distance of 
30cm along the conveyor belt? 


Problem Solving: Using the Strategies 


14. Imagine that a rope is wrapped around Earth, 
along the Equator. The rope is removed and cut 
somewhere, and a 1-m piece of rope is added. 
This longer rope is then wrapped around Earth 
at the Equator. Since the rope is longer, there will 
be a gap between the rope and Earth. How large 
is the gap, to the nearest tenth of a centimetre? 


2. Determine the least number of moves needed 
to make the white knights and the black knights 
change places. A knight can move diagonally to 
the opposite corner of a 3 x 2 rectangle of 
which it is in the corner. For example, the black 
knight on square 7 can move either to square 

2 or to square 6. 


3. The vertices of a cube lie on a sphere of 
radius 5 cm. Find the volume of the cube, to the 
nearest tenth of a cubic centimetre. 


4. Two concentric circles have centre O. PQ is 
tangent to the smaller circle at P. The point Q 
lies on the larger circle. The length of PQ is 
4cm and ZOPQ = 90°. What is the area of 
the shaded region? 


P Q 


5. When an integer is divided by 15, the remain- 
der is 7. What is the sum of the remainders when 
the same integer is divided by 3 and by 5? 


6. A statistician knocks at a house door. 

The statistician asks, “How many children do 
you have?” 

The man at the door answers, “Three.” 

The statistician asks, “What are their ages?” 
The man answers, “The product of their ages 
is 36.” 


The statistician, unable to determine their ages, 
asks for another hint. 

The man says, “The sum of their ages is the 
number on the house next door.” 

The statistician goes next door to determine the 
number. He returns and asks for another hint. 
The man says, “The oldest plays the guitar.” 
The statistician now knows the ages. What are 
the ages? 


7. The horizontal blue line through the red 
curve divides the curve into a maximum of 

6 parts. Two horizontal lines divide the line into 
a maximum of 11 parts. 


4 


a) How many parts will 7 horizontal lines 
produce? 

b) How many parts will 150 horizontal lines 
produce? 

c) How many horizontal lines are needed to 
produce 116 parts? 


8. Five siblings, Andrew, Barb, Carys, Dianne, 
and Erik, are all at a cottage on a lake. The 
following facts are observed one afternoon. 


e If Andrew is swimming, so is Barb. 

e Either Dianne or Erik, or both of them, are 
swimming. 
Either Barb or Carys, but not both, are 
swimming. 
Dianne and Carys are either both swimming 
or both not swimming. 
If Erik is swimming, then so are Andrew and 
Dianne. 

Who is swimming and who is not? 


Problem Solving: Using the Strategies MHR 181 


Chapter 4 


Derivatives 


Specific Expectations | Section | 


Demonstrate an understanding that the derivative of a function at a 
point is the instantaneous rate of change or the slope of the tangent to 4.1, 4.5, 4.6, 4.7 
the graph of the function at that point. 


Determine the derivatives of polynomial and simple rational functions 
from first principles, using the definitions of the derivative function, 


f(x) = lim fix +h)—fe) and f(a) = lim fx) fe) 44 
Sketch, by hand, the graph of the derivative of a given graph. 44 
Sketch the graph of a function, given the graph of its derivative function. 44 
Identify examples of functions that are not differentiable. 44 
Justify the constant, power, sum-and-difference, product, and quotient 42,43, 4.4 


rules for determining derivatives. 


Determine the derivatives of polynomial and rational functions, using the 
constant, power, sum-and-difference, product, and quotient rules for 4.2, 4.3, 4.4 
determining derivatives. 


Determine second derivatives. 4.5 


Sketch the graphs of the first and second derivative functions, given the 45 
graph of the original function. 9 
\dentify the nature of the rate of change of a given function, and the rate 
of change of the rate of change, as they relate to the key features of the 4.5, 4.6 
graph of that function. 


Solve problems of rates of change drawn from a variety of applications 
(including distance, velocity, and acceleration) involving polynomial or 4.6, 4.7 
rational functions. 


Pose problems and formulate hypotheses regarding rates of change 


within applications drawn from the natural and social sciences. 4.6, 4.7 


The slope of the tangent to the graph of a function can be interpreted 
as the rate of change of the quantity modelled by the function, as was 
discussed in Chapter 3. Because of this interpretation, and the great 
practical value of rates of change, methods for determining the slope 
of a tangent to a curve are extremely important. 


In this chapter, we build on the methods for determining slopes of 
tangents to curves that were introduced in Chapter 3. The concept of 
the derivative of a function is introduced, and rules for determining 
derivatives are discussed. These rules provide streamlined and powerful 
means for calculating slopes of tangents, and therefore, rates of change. 
With the new, powerfut techniques of this chapter, we can continue to 
apply calculus to practical problems, but now much more efficiently. 
Some of the applications we discuss are the way the velocities of sky- 
divers change as they fall, the response of human eyes to light, and the 
growth rate of sunflowers. 


1. Limits (Section 3.2) Find each limit. 
a) lim(2h*+ 5h+7) 


. 3h+5 
D) nas 
3) lim Hatta 

2 2 

d) lim 20°+4) =ae tise —3x+4) 

. V9+h-V9 
a 

tl 

1) fim 2452 


2. Equation of a line given the slope and a 
point Find an equation of the line through the 
given point with slope 4. 

a) (2, 3) b) (-1, 0) ce) (-S,-S) 


3. Graphing functions (Section 1.1) Sketch the 
graph of each function. State the domain. 


a) y=x b) y=-2x+1 
0) y= vx a y=|x| 

1 
@) yar O. 9=S 


4. Graphing functions (Section 1.1) 

i) Sketch the graph of each function. 

ii) Determine the maximum or minimum point 
for each function. 

a) y=x?+2x41 

b) y=3x?-x+2 

c) y=-2(x-1)P +1 

5. Graphing functions (Section 1.1) 


i) Determine the domain of each function. 
ii) Sketch the graph of each function. 


a) joe b) y=vx+4 


Rie ge 


c) y=x 


6. Graphing functions (Section 1.1) The share 
value y, in dollars, of a stock is modelled by the 
equationy = (t — 2)’ — 3(t —2)+ 3, where ¢ is time 
in years, and t €[0, 4]. 

a) Sketch the graph of share value versus time. 
b) When is the price of the stock increasing? 

c) When is the price of the stock decreasing? 
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d) If you were interested in maximizing profit, 
when would you buy the stock and when would 
you sell it? 


7. Exponent laws Rewrite using positive 


exponents. 
a) (2x)! 
b) Vx -6(Vx)! 


c) at+bx'- cx? 


d) (Sx) —(vx)' 
8. Simplifying expressions Expand and simplify. 


a) x 2(2x?-5y 

b) (3x* — 5x)(4x + 9) 

c) (2m? — 6m + 3)(Sm> + 4m — 1) 
d) 3y(y" - 8)(y" + 8) 

e) Vk? +2Vk+6 


2 1 
0 (ee | eer) 
9. Slopes of secants (Section 3.1) For each 
function, 
i) determine the slope of the line that intersects 
the graph of f at x = 1 and x = 4. 
ii) determine the slope of the line that intersects 
the graph of f at x = 1 and x = 2. 
iii) determine an expression for the slope of the 
line that intersects the graph of f at x = 1 and 
x=1+h, where h +0. 
iv) determine the slope of the line that is 
tangent to the graph of f at x = 1. 
a) f(x)=x(x+1) 
b) f(x) =(x+1) 
ce) f(x)=xi+x 


10. Slopes of tangents (Section 3.1) 

a) Sketch the graph of f(x) = x’ - 2x. 

b) Using the graph in part a), sketch the 
tangents to the curve at x = —1, 0, 1, 2, and 3. 
c) Using measurements from the sketch in 

part b) and the definition of slope as rise over 
run, estimate the slopes of the tangents in part b). 


11. Limits of functions (Section 3.3) Consider 
the absolute value function f(x) = |x|. 

a) Sketch the graph of f. 

b) Determine each limit. 


i) lim |x| ii) lim |x| iii) lim || 
x30 x0" x30 


12. Limits of functions (Section 3.3) 
a) Sketch the graph of f(x) = ca 


b) Determine each limit. 
5 tae i 
0 I h 


wim 
13. Limits of functions (Section 3.3) Determine 
each limit. 


i) lim 
how 


a lim+ » tim+ @ tim 

xo0 Xx x30 X x90X 
im Ve 9 tim Ve 9 Sim Ve 
14. Average velocity (Section 3.4) A particle has 
position function s(t) = 2 + 4t + 8, where s is 
measured in metres and ¢ in seconds. Determine 
the average velocity over the first 
a) 2s b) 10s 


15. Analysing motion (Section 3.4) 

a) Ifacar is travelling at 50 km/h and 
accelerating, describe what is happening to the 
speed of the car. 

b) Ifa man is running at 10 km/h and 
decelerating, describe what is happening to his 
speed, 

c) Ifa woman is walking at a steady pace, 
describe her acceleration. 

d) Ifa stone is falling downward, describe what 


is happening to its height, acceleration, and speed. 


16. Analysing motion (Section 3.4) A car travel- 
ling at a speed of 50 km/h accelerates so that its 


speed increases at a rate of 5 km/h every second. 


How fast is the car moving after 4 s? 


17. Rates (Section 3.4) Ravi can spray paint the 
interior of a warehouse in 3 h. Phyllis can spray 
paint the same warehouse in 2 h, using a differ- 
ent sprayer. 

a) Determine the rate at which each person can 
work (in m’/min) if the area to be sprayed is 
550 m*. 

b) How long will it take them to spray paint 
the warehouse if they work together? 


18. Finite differences The following table shows 
the position s, in metres, of an object moving in 
a straight line, at time t, in seconds. 


1 5 
O20 

SF 8S 
an 

5 125 


a) Construct a difference table for the data, 
including the first and second differences. 

b) Divide the first differences by the 
corresponding time intervals. What are the units 
for the resulting quantities? Interpret the 
quantities. 

c) Divide the second differences by the 
corresponding time intervals. What are the units 
for the resulting quantities? Interpret the 
quantities. 

d) Determine a formula for the position 
function s(t). 
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The Derivative 


We have developed the concept of finding the slope of the tangent to a curve and have 
applied it to various problems involving rates of change, such as velocity, marginal cost, and 
temperature change. This concept has such important and widespread applications that, in 
this chapter, we will develop a variety of practical techniques for calculating rates of 
change. 


Investigate & Inquire: Exploring Slopes of Tangents With 
a Graphing Calculator 


4. Enter the function y = x° - 2x” — 5x + 5 into the Y= editor on your calculator and graph 
it in the standard viewing window, using the /Standard instruction. The Tangent operation 
allows you to specify an x-coordinate by entering a number. The calculator will draw a 
tangent to the function at the x-value that you have specified, and display the equation of 
the tangent at the bottom of the screen. Repeat this for several values of x to complete the 
table below. 


_x-coordinate Value of slope renner Trae 
2 
-1 
0 
1 -6 
2 . ; 
3 Window variables: 


x € [-10, 10], ye {-10, 10} 


2. Use the S1AT EDIT menu to enter the values from the table into lists L1 and L2. From 
these lists, create a scatter plot. What kind of pattern do you see in the points of the scatter 
plot? Perform an appropriate regression on the data in Lt and L2, using the $1) 4) CALC 
menu, and record the equation in your notebook. What is the relationship between the 
original equation and the regression equation? 


3. Another way to show this relationship on the calculator is to TTT 

use the nDeriy function from the MATH menu. In the home ; ee 
screen, the nDeriy function will display an approximate value for ‘ 

the slope of a line. Used in the Y= editor, it will plot a set of Bp clale Tea 2K 
points, where the y-coordinate of each point is the slope of the 
function at the corresponding x-coordinate. Use a heavier Graph 
style for the second function. 


4. Graph the two functions in the standard viewing window, using the “Standard 
instruction. What is the relationship between the function and this graph of the »eriy 
function? Is it the same as the relationship that you observed in the first activity? In this 
section, we will look at an algebraic method of determining this relationship. 
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y 


In Chapter 3, we considered the slope of the tangent to the graph of a function f at a fixed 
number a to be 


m= lim fla+h)- fla) : = fia) 


hoo 


But if we let a vary over the domain of f, we can change our point of view and regard this 
expression for the slope as a new function. 


Given a function f(x), the derivative of f with respect to x is the function f(x) defined by 

Us f(x) f(x)-fla) 

f'(x)= are 
x-a 


slope of a tangent to f at a, as before. 


dig the limit exists. The value f'(a) = lim 


xa 


gives the 


Finding the derivative of a function is also known as differentiating the function. 
Determining a derivative directly from this definition is regarded as the method of first 
principles. Throughout this book, we will develop further methods of finding derivatives. 


The domain of this new function f’ is the set of all numbers x for which the above limit 
exists. Since f(x) occurs in the expression for f'(x), the domain of f’ will always be a subset 
of the domain of f. 


Example 1 Using the Definition of the Derivative 


a) If f(x) =x", find the derivative of f with respect to x using first principles. State the 
domain of the function and the domain of the derivative. 

b) Find /'(3). Interpret the result. 

c) Illustrate by comparing the graphs of f and /’. 


Solution 


a) The domain of the function f(x) = x° is R. 
In computing the limit that defines f'(x), we must remember that the variable is h, and 
regard x temporarily as a constant during the calculation of the limit. 


F's) =|im ne fix) 
ee - (x) 


x ae -x? 
i ee ee ee 


ay ae 5 
mA 2x +h) 
=e h 
= lim (2x +h), h+0 
=2x 
The derivative is the function f’ given by f'(x) = 2x. The domain of the derivative is R, 
because the limit exists for any value of x. 
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b) f'(3) = 2(3) 

=6 
The slope of the tangent to the graph of f(x) =x at x = 3 is 6. 
c) Comparing the graphs of f(x) = x* and f'(x) = 2x, we notice that the slopes of the 
tangents to f(x) = x° are negative when x < 0, and f(x) = 2x is negative when x < 0. When 
x = 0, both f'(x) and the slope of the graph of f(x) are equal to 0. Finally, for x > 0, the 
slopes of the tangents to f(x) are greater than zero and f(x) > 0. Therefore, it seems 
reasonable that the values of the derivative function 2x represent the slopes of tangents 
to the graph of the original function x’. 


Ploti Plot2 Plot? 
Me 


Window variables: 
x € [-4, 4], ye [-8, 16] 


Note that f’(x) = 2x is not a tangent to f(x) = x° at a particular point. It is the derivative 
function and therefore represents a formula for finding the slope of the tangent to f(x) at all 
points on the graph of f(x). 

Example 2 Estimating a Derivative From a Graph 


Use the given graph of f to sketch the graph of f’. 


Web Connection 
To see animated versions of these 
concepts, go to 

www.mcgrawhill.ca/links/CAF12 
and follow the links. 


Solution 


We can estimate the slopes of the tangents at any values of x by drawing the tangent line at 
the point (x, f(x)) and estimating its slope. This method gives values of f’ that we plot 
directly beneath the graph of f. For example, when x = 7.5, we draw the tangent and 
estimate that the slope is about —2. So f"(7.5) = -2. We now plot the point (7.5, -2) on the 
graph of f’ directly beneath the same point on the graph of f. 


We get the x-intercepts of f’ from the fact that the horizontal tangents have slope 0. 
Notice that, for x € (20, -3), the tangents have positive slope, and so f'(x) is positive. For 

x €(-3, 1.5), the tangents have negative slope, and so f'(x) is negative. For x € (1.5, 6), the 
tangents have positive slope, and so f'(x) is positive, and for x € (6, 0), the tangents have 
negative slope, and so f(x) is negative. 
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Example 3 Sketching the Graph of a Function From the Graph of the 
First Derivative 


The derivative f’ of a function f has the graph shown. 


Sketch the graph of f, given that (0) = 0. 


Solution 


We sketch the curve of f by reversing the procedure of Example 2. As in Example 2, the 
x-intercepts of f’ correspond to the points on the graph of f where the tangent is horizontal. 
Thus, f'(2.1) = 0, so the tangent drawn at the point (2.1, f(2.1)) must have slope m = 0, 
therefore being horizontal. Likewise, f'(6.3) = 0, so the tangent to the graph of f at 

(6.3, f(6.3)) is horizontal. Between x = 2.1 and x = 6.3, the values of f'(x) are positive, so 
the graph of f has tangents with positive slope on the interval (2.1, 6.3), with a maximum 
tangent slope of m = 1.6 at x = 4.3. Therefore, the graph of f from x = 2.1 to x = 6.3 must 
be a rising curve, almost horizontal near the points (2.1, f(2.1)) and (6.3, f(6.3)). 
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Similarly, the values f'(0) = -2.5 and f'(9) = -6 give 
tangents to the graph of f with slope m = —2.5 at 

(0, f(0)) and mm = —6 at (9, f(9)), respectively. We can 
complete the sketch of f as follows: 

Starting from the given point (0, 0), we draw down at 
an initial slope of m = —2.5, levelling out at x = 2.1 to 
join the upward-curving segment between x = 2.1 and 
x = 6.3. For x > 6.3, the tangent slopes become nega- 
tive again, so the graph curves downward to finish at 
a steep slope of m =-6. 


Example 4 Using the Definition - the Derivative 


Differentiate the function f(x) = 7 from first principles. State the domain of the 


function and the domain of the Seale 


Solution 
The domain of the function f(x) = ++ is all real values of x except x = 1. 
f'(x) = lim ee 
= x+2 
=ilini (x+h)-1 x-1 
ho h 
(x+h)+2 x+2 To clear fractions, multiply the 
= jim EHA)H=1 x-1, (x +h-M(x-1) numerator and the denominator by the 
hes h (x +h —1)(x—1) sae eaieaiile 
m (2 tht 2)x- 1)—(x +2)(x+h-1) 
= lim h(x +h—1)(x -1) 
fm (24 21) + h(x =I) — (x + 2)(x—1)= (x + 2)h 
“Se h(x + h—1)(x —1) 
= lim ~3h 
Pet A(x +h-1)( 1)(x—1) 
-3 
eases "= 
-—3_ 
© (x-1P 


The domain of the derivative f'(x) is all real values of x except x = 1. (This is the same as 
the domain of f(x).) 
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Other Notations 


The German mathematician Gottfried Leibniz introduced another notation for the derivative: 


Given y = f(x), the derivative f(x), in Leibniz notation, is 2 


In this notation, the results of the previous examples can be expressed as follows. 
dy 


If y=2°, then de =2~.. 
x+2 dy__-3 
If y= xe? then an ean 
Leibniz used this notation as a reminder of the procedure for finding a derivative: 
Ay 


dx - kee Ax 
For now, the symbol a should not be regarded as a ratio, but rather as a symbol for 


f (x). The Leibniz notation has the advantage that both the independent variable x and the 
dependent variable y are indicated. For instance, if the displacement s of a particle is given 
as a function of time t, then the velocity, which is the rate of change of s with respect to ¢, is 
expressed as 


A variation of the Leibniz notation occurs when we think of the process of finding the 
derivative of a function as an operation, called differentiation, which is performed on f 
to produce a new function f’. Then, we write 

dy_d 


and think of @ as a differential operator. Thus, we could write 
dx 


A (et)=2x and 4 {x+2)__-3_ 
dx\ x—1 }~ (x—1) 


Sometimes the symbols D and D, are also used as notations for the differential 
operator. These symbols, as well as 4, are called differential operators because 
Ix 


they indicate the operation of differentiation, the process of calculating the derivative. 
Thus, we have + following equivalent notations for the derivative of y = f(x): 


Fer, 4 7s f(x), Df(x), and D.y. 


The notation y’ is often used to indicate the derivative of a function when there can be no 
misunderstanding of what the independent WN 
variable is. If we want to indicate the value Web Connection 


ie at dy. Py . their ti ther 
of a derivative “ in Leibniz notation at a Wy Heir time, (there Wan a controversy’ over who 
dx invented calculus first, Leibniz or Sir Isaac 


specific value x = a, we use the notation Newton. Go to www.mcgrawhill.ca/links/CAF12 
dy" ag dy to learn more. 
dX \oos dx, 


which means the same as — 
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Differentiable Functions 
A function f is said to be differentiable at a if f'(a) exists. It is called differentiable on an 
interval if it is differentiable at every number in the interval. In Example 1, we saw that 


f(x) =x’ is differentiable on R, and in Example 2, we found that y= att is differentiable 
for x # 1, or on the intervals x € (-0, 1) and x € (1, »). % 


Example 5 Determining Whether a Function is Differentiable 
Show that the function f(x) =|x| is not differentiable at 0. 


Solution 


We must show that f'(0) does not exist. We investigate this limit: 
vay —y;-. f0+h)—f(0) 
F'(0) = lim 


b> 


To show that this limit does not exist, we compute the right- and left-hand limits separately. 
Remember that the right- and left-hand limits must exist, and be equal, for the limit to exist 
(see Section 3.2). 

Since |h| = h if h € [0, ©), we have 


tim Yl tin 2 
nao hh paoh 

a 
Since |h| = -h if h € (-2, 0), we have 
lim lal _ lim sid 
noo hh” ioo h 

= lim (-1) 

hoo 
2-1 


Since these one-sided limits are different, f'(0) does not exist. Therefore, f is not 
differentiable at 0. 


The geometric significance of Example 5 can be seen from the graph of f(x) = |x| in the 
screen. The graph does not have a tangent at (0, 0). 


Window variables: 
xe[-4, 4], ye [0, 4] 
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In general, functions whose graphs have “corners” or cusps are not differentiable there. 
In the figure, y = f(x) is differentiable everywhere except at points B and D. 


Example 6 Using the Derivative to Determine Rates of Change 


The height of a Frisbee™ tossed into the air is given by H(t) = — 5 v +2t+2, where t is 
measured in seconds and H is measured in metres. 

a) Find the rate of change of the height of the Frisbee™ at time t. 

b) Find the rate of change of the height of the Frisbee™ after 2s. 

c) Interpret the result of part b). 


Solution 
a) The rate of change of the height can be found by calculating the derivative H(t). 
H'(t)= lim Hits) He) 
[- psn +ae+m2]-- } Pe +2042] 
=m Th 
th +2h 
=n ——2.—___. 
hoo h 


= Jim (1-5 h+2}, he0 


hod 
=2-t 
b) H'(2) =2-2 
=0 
After 2s, the instantaneous rate of change of the height of the Frisbee™ is 0 m/s. 


c) This means the Frisbee™ has momentarily stopped rising before it begins to fall to the 
ground. 
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Key Concepts 


¢ The derivative of a function f with respect to x is the function f’ defined by 
1 ; h)- 
f(x) = jim fest) fie) 
if the limit exists. 
¢ The domain of f’ is equal to or smaller than the domain of f. 
¢ If y= f(x), some notations for the derivative are 
x), y, yd 
f(x), 9’, de? dx (*)» Df(*), and Dy. 
¢ A function fis said to be differentiable at a if f'(a) exists. A function f is 
called differentiable on an interval if it is differentiable at every number in 
the interval. 


Communicate Your Understanding 


4. a) Explain why f’, the derivative of f, is a function. 

b) Why is the domain of f’ equal to or smaller than the domain of f? 

2. Explain an advantage of the Leibniz notation. 

3. A function g is not differentiable at a. Describe ways of determining this from 


a) the graph of g b) the definition of the derivative 
4. When sketching a graph of a function f(x), how would you interpret 
a) f'(x)>0? b) f(x) <0? co) f'(x) = 0? 


5. Explain what is done in each step of the solution to Example 4 (Page 190). 


Practise 


1. Sketch each graph for x € [-3, 3] and 

| estimate the value of each derivative by finding 
the slopes of the tangents. Use this information 
to sketch the graph of f". 


a) y=x" b) y=x? 
c) y=x'-3x 

i) f"(-2) ii) f(-1) 
ili) f"(0) iv) #1) 
vy) f'(2) 


2. Communication Each of the graphs a) to d) 
represents a function. The graphs i) to iv) 
(page 195) represent the derivatives of these 
functions. Match the graph of each function 
with the graph of the derivative. Explain your 
reasoning. 
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iii) 


COPE TT 
3. a) Copy 
the graph of 


—i_|_ 1 


each graph of f, and use it to draw 
f below it. 


+ 


T 


deeb 
i it 


b) Predict the degree of the derivative function, 
assuming that it is a polynomial. Explain. 


4. At which values of x is each function not 
differentiable? Explain. 
a) 


b) 


t t 


5. Find the derivative of each function from 
first principles. 


a) f(x) =2x +3 b) g(x) =x -4 

co) h(x)=+3t-1 d) N(b)=b'-b 

e) y=x" f) G(x) =3x?-2x+1 
g) T(n)=n-n' h) f(x) =4x 

ij) y=5S-2x ) y=2x-x* 

6. Find the derivative of each function from 


first principles. Compare the domain of each 
function and the domain of the derivative. 


a) flx)= +5 b) y=Vx-3 
0) f(x) =Vx-x d) g(x) = —2— 
x-4 

& fix) == ) Cm) =< 
1 eee, 

g) Paes h) P= ot 


7. If f(x)=~Vx+1, find f’ and state the 
domains of f and f’. 

8. Each of the following limits represents the 
derivative of some function f at some number a. 
State f and a in each case. 


2 2 
a) lim Grit b) lim = 
3 / 
c) lim (3+ hy’ -27 d) lim V9+h-3 
hoo h h-»0 h 
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Apply, Solve, Communicate 


9. Application, Communication The derivative f’ of 
a function f has the graph shown. 


a) Sketch the graph of f, given that f(0) = 

b) Suppose a function g has the properties that 
g'(x) = f'(x) for all values of x, and g(0) = 
Sketch the graph of g. 


10. Application The height of a ball thrown 

into the air is modelled by the function 

H(t) = -4.9¢° + St + 2, where t is measured in 
seconds and H in metres. 

a) Find the function, H'(t), that represents the 
rate of change of the height of the ball. 

b) At what time is the rate of change of the 
height —9 m/s? 

c) When is the ball at rest? 


11. Iniquiry/Problem Solving A cake has been baking 
in the oven. It is taken out and placed on a 
counter, where it is allowed to cool to room 
temperature. The temperature of the cake, T, 
depends on how long it has been out of the oven. 


c Newton discovered a general method for estimating solutions to equations of the 
Newton's method, which uses the derivative of f(x), can be applied to any equation, 


a) Sketch a possible graph of the temperature, 
T, as a function of the time, t, that the cake has 
been out of the oven. 

b) Describe how the rate of change of the 
temperature, T, with respect to ¢ changes as t 
increases. 

c) Sketch a graph of the derivative of T. 


12. nye Using a graphing calculator, 
graph f(x 
tangents to the function to the sign of the 
derivative over all significant intervals. 


13. a) Show that the function k(x) = 
not differentiable at x = 3. 
b) Sketch the graph of k. 
c) Find a formula for k’ and sketch the graph. 


= 242 , and relate the slopes of the 


|x —3| is 


14. a) Sketch the graph of the cube root 
function M(2)= Vn. 

b) Show that M is not differentiable at 0. 
15. a) Show that the function f(x) = 


differentiable at 0. , 
b) Sketch the curve y=x’. 


x’ is not 


16. Communication a) Sketch the graph of the 
function f(x) = x|x|. 

b) State the domain of f’. 

c) Use the definition of the derivative to find a 
formula for f’. 

d) Show that f is differentiable for x = 0. 


17. Inquiry/Problem Solving A function f is defined 
by the following conditions: 

f(x) =|x| if x e[-1, 1] 

f(x + 2) = f(x) for all values of x 

a) Sketch the graph of f. 

b) For what values of x is f not differentiable? 


unlike methods such as the quadratic formula, which applies only to quadratic equations. 
Successive iterations of the method can provide estimates of very high accuracy. 


‘Newton’ 
computer software to estimate numerical solutions to eels: 
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| is the basis for the algorithms used today by graphing calculators and 


Basic Differentiation Rules 


When a skydiver jumps from an airplane, her 
velocity increases gradually. If she jumps from 

high enough, however, eventually her velocity 
approaches a constant value, called the terminal 
velocity, which is due to air resistance acting on the 
skydiver. Once the parachute opens, the skydiver 
slows down rapidly until a new, much smaller, 
terminal velocity is reached. 


People taking skydiving lessons are first trained 
how to land safely by jumping from a height of 
about 3.3 m. From this height a freely falling 
person hits the ground at the same velocity as a 
skydiver, who falls at a terminal velocity of about 
8 m/s once the parachute is opened. If we ignore 
air resistance, the distance fallen, in metres, after 
t seconds is s = 4.91. We might like to know the 
velocity of a jumper at any time during the jump. 
This is given by the derivative of the position 
function. 


We could use the first principles definition of the derivative to compute the velocity. But if 
we had to do this every time, it would be very time-consuming. Fortunately, mathematicians 
have come up with several rules to simplify the process of differentiation. In this section, we 
begin to study these rules. 


Investigate & Inquire: Derivatives of Polynomial 
Functions 


Many functions that model situations in the sciences or social sciences contain power terms 
such as 4x°. We need to develop an efficient way of differentiating powers in order to find 
rates of change of those functions. In this investigation, you will look more generally at the 
derivatives of polynomial functions. 


1. Using a graphing calculator, enter the functions shown in the screen to the left below. 
Graph the functions using a suitable window to get the screen to the right. 


Poth _Pletz Plots 
Ral eS 
eee ouens vans Ks 


Y3= . 
Nie Window variables: 


AEE x <[-4.7, 4.71, ye [-3.1, 3.1] 
meres or use the Z Decimal instruction. 
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2. The function in Y2 represents the derivative function of Y1. What is the 

relationship between the original function and the derivative function? Test your 
hypothesis by entering a different linear function in Y1. Does your hypothesis hold for any 
linear function? 


3. Determine the equation of the derivative function. 

4. In the next set of screens, the original function is a quadratic function, What is the 
relationship between the original function and the derivative function? Test your hypothesis 
by entering a different quadratic function in Y1. Does your hypothesis hold for any 
quadratic function? 


Prieta plotz riot 
AV1 BR? 4X43 
pyzeinDerivcya Ks 


SW3= 
Window variables: 
x € [-4.7, 4.7], ye [-3.1, 3.1] 


5. Determine the equation of the derivative function in step 4 and repeat for the other 
quadratic equations that you have entered. 


6. Repeat this process using cubic functions, and then quartic functions. What is the 
relationship between the original function and the derivative function? Test your hypothesis 
by entering different cubic and quartic functions in Y1. Does your hypothesis hold? 


Priots plotz pots 
SV 1 BRASH 2-SK-4 
py aenben ius es 7h 


Window variables: 
x € [-4.7, 4.7], y € [-9.3, 9.3] 


7. Look back on the equation of each function you explored and the equation of its 
derivative. Is there a relationship between the equations? Explain. 


; = ; as od 
Power rule: If f(x) = x", where 1 is a positive integer, then f'(x) = nx" ' Ot 4— x" = nx" 
P dx 


You will have the opportunity to derive the power rule from first principles in question 25 
on page 206. 


Example 1 Using the Power Rule 


Differentiate using the power rule. 


=,’ — 20 _ 44 id 8 
a) f(x)=x b) f(x) =x c) y=t d a") 
Solution F 
a) f'(x)=7x° ~—b) f'(x)=20x" co) y= 42° d) dn (= 8” 
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Note that it is customary to state the derivative in the same notation as the original function. 


We have stated the power rule when 7 is a positive integer, but the rule still applies for any 
real number 7. 


Example 2 Using the Power Rule When n Is not a Positive Integer 


Use the power rule to find f'(2) for each function, and then check your result using a 
graphing calculator or graphing software. 


a) fle) =< b) f(x)= Ve 


Solution 

a) We use a negative exponent to rewrite the function as 
1 

fix) = 55 


3 
=x 


Then, the power rule gives 
f'(x) = (-3)x*" 
=(-3)x* 


Use the Tangent operation with 
Window variables: 
xe[1, 3], ye [0, 0.2]. 


ax 
At x =2, dy 1 Window variables: 
dx 242 xe[0, 9], ye [0, 3] 
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Constant rule: If f is a constant function, f(x) = c, then f'(x) = 0 or 4 (c)=0. 


The screen illustrates the constant rule geometrically. 

The graph of a constant function f(x) = 3 is the horizontal 

line y = 3. The tangent at any point on this line is the line itself. 
Since the horizontal line has slope 0, the slope of the 

tangent is zero. 


Constant multiple rule: If g(x) = f(x), then g'(x) = cf'(x) or Fy 4 tefl a= Cas 4 fix). 


Sum rule: If both f and g are differentiable, then so is f + g, and (f+ g)'=f' +" 
or © (f(x) + g(x) = 4 flay+# g(x) 
dx 8 dx doc 8\*?- 


Difference rule: If both f and g are differentiable, then so is f— g, and (f— g)' =f’ — g' 
d d d 
or ae (F(xe)— g(x)) = ae f(x)- 7 &(x). 


Example 3 The Constant Rule and the Constant Multiple Rule 


For a parachutist in training from a height of 3.3 m, the distance fallen, s, in metres, after t 
seconds is s = 4.92°. 

a) State the position function. 

b) Find the velocity function. 

c) Determine the velocity of the parachutist when she hits the ground. 

d) Determine the velocity of the parachutist after 1s. 


Solution 
a) The position formula, s = 4.9’, is valid only until the parachutist lands. To find the time 
to land, let 4.97 = 3.3. Then, 
t= 0.82 s 
Thus, 
eiag t <[0, 0.82] 
s(t)= 
3.3,  te(0.82, ~) 
b) The velocity function is 
9.8t, t e{0,0.82] 
W(t) = s(t) = 
la {o t (0.82, &) 
c) v(0.82) = 9.8(0.82) 


= 8.036 
The velocity of the parachutist when she hits the ground is 8.036 m/s. 


d) v(1)=0 
The velocity after 1s is 0 m/s; after the parachutist hits the ground, her speed is 0. 
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Example 4 Using Derivative Rules 


Find the derivative of each function. 


a) y=3 »b) fx) =8x2 ©) f(x)=2x°-3x4+4 9d) g(x)=5x?-Vx 


Solution 
a) We use the constant rule. b) Using the constant multiple rule, we get 
3 
If y =3, then 2% <9. flx) = 8x2 
dx gra 
f'(x)=8 ie (= } 
=3f 342 
(2) 
i 
= 12x? 
c) Combining the sum and difference d) We use the difference rule, the constant 
rules with the power rule and the multiple rule, and the power rule: 
constant multiple rule, we obtain g(x) = de (5x3 —Vz) 
' d 2 dx 
f'(x) = =— (2x? -3x +4) 
dx -5 d (x3 d (=*) 
ae Deer erie Sas ae 
= 2-5 (x*)- 3-5 (x) + (4) yt 
= 2(2x) - 3(1) +0 = 5(3x")-(5 94 } 
=4x-3 1 
=15x* - z mie 
1 
= 15x? -—— 
Ne 


Example 5 Equation of a Tangent 
Find the equation of the tangent to the curve y = + at x = —2. Check your result using 


a graphing calculator or graphing software. 


Solution 
The curve is the graph of the function f(x) =x". 


Plott Lis Plot? 


Window variables: 
x € [-4.7, 4.7], y € [-3.1, 3.1] 


We know that the slope of the tangent at x = —2 is the derivative evaluated at —2, that 


is, f'(-2). 
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From the power rule, 
f'(x) =-x? 
Thus, f'(-2) = ~(-2)* 


Also, 

me! 
f(-2)= =) 
i 


2 


To find the equation of the tangent at x = —2, use the point-slope form 
yy, = m(x - x,) 


1 1 
y-(-5}=-ge--2n 


The equation of the tangent line at x = -2 is y = — ge -1. 


Use the Tangent operation to check this equation. 


Example 6 Equations of Tangents 


Find the equations of the tangents to the parabola y = x(x + 2) that pass through the point 
(1, -6). Sketch the curve and the tangents. 


Solution 


Initially, we expand the brackets so that the equation is written y = x* + 2x. 
(In Section 4.3, we develop a product rule, which will allow us to differentiate without 
first expanding.) 


Let the x-coordinate of the point Q, where the tangent touches the parabola, be a. 
Then, the coordinates of the point Q are (a, a’ + 2a). To determine the values of a, 
we express the slope of the tangent PQ in two ways. Using the formula for slope, 


we have 
=9; 
Ma = = a 
(a* +. 2a) -(-6) 


Also, we know that the slope of the tangent at Q is f'(a), where f(x) = x° + 2x. Thus 
f'(x) = 2x +2 
so the equation My = f'(a) becomes 
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Now we solve for a to obtain 
a’ + 2a+6 =(a-1)(2a +2) 
a +2a+6=2a-2 


a’ —2a-8=0 
(a -4)(a+2)=0 
a=4or-2 


By substitution, 
F(4) = (4) + 2(4) 
=24 
f(-2) = el +2(-2) 
The points of contact are (4, 24) and (-2, 0). The slopes of the tangents at 
these points are 
f'(4) = 2(4) +2 
= 10 
and 
f'(-2) =2(-2) +2 


The equations of the tangents at (4, 24) 

and (-2, 0) are 

y-24=10(x-4) and y-0=-2(x - (-2)) 
y = 10x - 16 y =-2x-4 


Window variables: 
x € [-9.4, 4.7], | 
y € [-6.2, 24.8] 


Key Concepts 


The basic derivative rules: 


Power If f(x) = x", then f'(x) = nx"'. 


meen If g(x) = cf(x), then g'(x) = cf (x). $ [cf(x)J=c 4. f(x) 
z If both f and g are differentiable, d : d a 
Difference “then sois f—g, and (f— gl =f-e. ag CO) - SN) = ge fle)— ae ale) 


Communicate Your Understanding 


1. Give a geometric explanation for each of the following. 
a) The derivative of a constant function is zero. 
b) The derivative of a linear function is a constant. 
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y= cx" atx =a. 


functions. 


2. Describe how you would find an equation of the tangent to a function of the form 


3. Problems involving tangents come in three forms: finding the tangent equation 
given a point on the curve; finding the tangent equation, given the slope; or finding the 
equation of a tangent that passes through a point not on the curve. 

a) Describe how to identify which type of problem is being posed. 

b) Explain how to solve each type of problem. 

4. Describe how to find the derivative of the sum or difference of two differentiable 


5, Describe the steps you would use to find the derivative of y = (ax +b)’. 


Practise 
Al 1. State the derivative of each function. 
a) f(x)=21 b) g(x) =x° 
c) h(x) =x" d) y= x" 
e) y=5.31 f) M(x)=x 
g) h(t) = h) A(h) = 9° 
d 
i) g(x)=x" ) f(x)=x 
' 
Kk) gix)=x? ) f(x) 


2. Differentiate. 


a) f(x) =4x° b) k(x) =—3x° 
c) w(x) = 4x4 d) s(t)=9t 
ail 2 
e) dames fy f(x) = 34 
4 
9) g(x) = (2x) h) Niwi=($)] 
i) y=Vx ) x= 
x 
W y=(x}' ) P(x) = ¥2x" 


3. Find the slope of the tangent to the graph 
of the given function at the point whose 
x-coordinate is given. 


a) f(x)=3x",x=-1 b) f(x)=x',x=2 


ce) g(x)= x*yx=1 d) g(x) =8Vx,x=1 
e) y= 38, w= 5 f) yeve',x=4 
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4. Find an equation of the tangent to the curve 
at the given point. 


a y= 5x4 (2,2) bd) y= 5 (3, 1) 


5. Use first principles to verify the power 

rule for the case n = -1, that is, if f(x) = ‘, then 
ot 1 

f(x) =~ <5. 

6. Use first principles to verify the power rule 


for the case n = ;, that is, if f(x) = Vx, then 


Peis NE 

7. Differentiate. 

a) f(x) =x" +3x 

b) f(x) = 4x" -— 3x 

c) f(x) = Sx° - 6x? + 2x 

d) g(x) = 14x° + 23x’ — 65x 


€) g(x)= 73x" 
f) h(x) = (x + 2)(e - 3) 
g) h(x) =(x - 1) 
h) f(x) =(2+x) 


i) flx)=a424§ 


8. Find f"(x) and state the domains of f and f’. 
In which cases are the domains for f and f” 


different? 

a) f(x)= -—e +5x4+2 
b) f(x)= 3% 3 Jy 

oc) fixe ae 2x* 

d) f(x) =(~-1) 


9. Find an equation of the tangent to the curve 
at the given point. 

a) y=x?-3x74+x +43 at (-1, -2) 

b) ya=x?-4Vx at (4, 8) 


_ x4 ~6x? 

0) y= = O%- at (3, 3) 
d) y=—44 4% ae (2, -4) 
x x? 

e) y= (x*- 3) at (-2, 1) 


f) y= (x41) at (1, 4) 


Apply, Solve, Communicate 


40. At what point on the parabola y = 4x* is 
the slope of the tangent equal to 24? 


11. Find the points on the curve y = 2 -! 


where the tangent is perpendicular to the line 
y=1>4x. 


12. a) Use a graphing calculator or graphing 
software to graph y = x° and two tangents, the 
first at x =-2 and the other at x = 2. Where do 
the two tangents intersect? 

b) There are two tangents to y = x* that pass 
through the point (0, —5). Find the coordinates 
of the points where these tangents meet the 
parabola. 


13. Inquiry/Problem Solving The projection for the 
gain in net worth, in dollars, of a new 
technology company is given by the equation, 


N(¢) = 5000083, where ¢ is in years. 

a) According to this projection, at what rate 
will the net worth of the company be increasing 
with respect to time after 7 years? 

b) Draw the graph of the function using a 
graphing calculator or graphing software. If you 
could invest money in this company only for a 
short period of time, when would be the best 
time to invest? Explain. 


14. If a bail is thrown upward with a velocity of 
30 m/s, its height, h, in metres, after t seconds is 
given by h = 1 + 30t ~ 4.92’. Find the velocity of 
the ball after 1s, 3s, and 5s. 


15. Communication Many materials, such as 
metals, form an oxide coating (rust) on their 


surfaces that increases in thickness, x, in 
centimetres, over time, t, in years, according to 
1 


the equation x = kt? . 


a) Find the growth rate, G= dx as a function 


‘ dt 
of time. 
b) If k = 0.02, find the growth rate after 
4 years. 


c) Using a graphing calculator or graphing 
software, graph both x and G for k = 0.02. 
What happens to the thickness and the growth 
rate as t increases? 

d) Why is it very important to protect the new 
metal on cars from rusting (oxidizing) as soon 
as possible? 


16. The position, s, in metres, of an accelerating 
car on a highway is given by s = 20 + 5t+0.5¢, 
where ¢ is measured in seconds. Find the velocity 
of the car at 4s, 6s, and 10s. 


17. Inquiry/Problem Solving A car whose position 
is given by the equation d = 25t + f° passes 

a police car that is travelling at 20 m/s. 

The police officer turns on the siren and 
begins to accelerate at 1.5 m/s’ to chase the 
speeding car. 

a) At what time is the speeding car moving at 
31 m/s? 

b) How fast is the police car moving at that 
time? 

c) How far apart are the vehicles at that 
time? 

d) Will the police car catch up to the speeder? 
Explain. 


18. Application At what points does the curve 
y = 2x’ + 3x” — 36x + 40 have a horizontal 
tangent? 


49. Show that the curve y = 2x’ + 3x — 4 has no 
tangents with slope 2. 


20. Inquiry/Problem Solving Find the equations of 
both lines that pass through the origin and are 
tangent to the parabola y = x* + 4. 


21. Find the x-coordinates of the points on the 
curve xy = 1 where the tangents from the point 
(1, -1) intersect the curve. 
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22. The cost, C, in dollars, for a company to 
produce x copies of a videotape is given by 

C(x) = 100 000 + 0.1x + 0.01x", x € [0, 1000] 

a) Find C'(x) and C'(101). 

b) Find the cost of producing the 101st copy of 
the video using C(x). 

c) What does C'(x) represent? Compare 
C’'(101) and your result for part b). 


23. Application An oil tanker is leaking oil into the 
ocean on a calm day when there are few waves. 
The oil is spreading out in a circular pattern on 
the surface of the water. The area of the circular 
oil spill is given by the formula A = mr’. 

a) Find the area in terms of the diameter. 

b) Find the area of the circle when the rate of 
change of the area with respect to the diameter 
is 400 square metres per metre. 


24. Communication The cost of manufacturing x 
units of a product is C(x) = 5(Vx) dollars, 
ignoring any fixed costs. 

io. 9 AG. 5 F 
a) Find ae and explain what it represents. 


b) Graph ac using a graphing calculator or 
ss 


graphing software, What happens to the graph as 
x increases? Explain why this might occur 
when a company produces more units of a 
product. 
25. a) Show that, if f(x) is a polynomial 

: , x)-F(a) . 
function, the quotient Q(x) = fel ft ) is 
also a polynomial function. 
b) Let f(x) =x", where 7 is a positive integer. 
Write a formula for O(x). 
c) Use part b) to derive the power rule from 
from first principles. 


26. Communication The volume of a blood vessel 
of length # and radius r can be approximated by 
using the formula for the volume of a cylinder, 
V=arh. 

a) Over time the radius of the inside of the 
blood vessel can decrease due to plaque deposits 
on the inner wall of the blood vessel. Typically, 
the length of the blood vessel does not change in 


these cases. Find av and explain its meaning. 


dr 


206 MHR Chapter 4 


b) In some cases the length of the blood vessel 
may change, especially in young children who 
are growing taller. Typically, the radius does not 
dv 
dh 


change when the person is growing. Find 


and explain what it represents. 


27. a) Prove the sum rule using the definition 
of the derivative. 

b) Prove the difference rule. 

c) Prove the constant multiple rule. 

d) Use realistic examples of rates of change to 
explain why the rules of parts a) to c) are 
reasonable. 


28. Give a geometric explanation for each of the 
following. 

a) The derivative of y = cx” is greater than the 
derivative of y =x" ife > 1 and x >0. 

b) The derivative of y = cx” is less than the 
derivative of y =x" if0<c<1andx>0. 


29. Let 
(3-2x if x €(—00, -1) 
f(x)=49°4+4 — ifxe[-1,1] 
2x+3 if xe(1,0) 


a) Sketch the graph of f. 

b) Where is f differentiable? Explain. 

c) Find an expression for f’ and sketch the 
graph of f’. 

30. a) Sketch the graph of f(x) =|x* —9|. 

b) For what values of x is f not 
differentiable? 

c) Finda formula for f’ and sketch the graph. 


31. A man is walking on a bus with 
position function s(t) = St with respect to 
the bus, where s is measured in metres and ¢, 
in seconds. The bus has position function 
r(t) = 0.02 with respect to the ground. 
Find the following with respect to the 
ground. 

a) The velocity of the man if he is walking 
toward the back of the bus. Explain your 
reasoning. 

b) The velocity of the man if he is walking 
toward the front of the bus. Explain your 
reasoning. 


Achievement Check 
The length, L, in millimetres, of a column of liquid inside a 
thermometer, as a function of temperature, T, in degrees Celsius, 
is given by the equation 


L=L,(1 +T +0.002T’) 


For a certain thermometer, let L, = 30. 


a) What is the length of the column of liquid at the following 

temperatures? 

i) 0° ii) 10° iii) 20° iv) 30° 

b) When designers construct the thermometers, they often 

assume the relationship is a linear one (ignoring the last term in 

the equation), and they make the temperature divisions evenly 

spaced. Where will the manufacturer place the divisions to 

indicate the temperatures in part a)? 

c) Calculate the error for each temperature in part a) if the 

approximation in part b) is made. What happens to the error as 

the temperature increases? 

d) Find dL, and sketch its graph. What does aL represent? 
dT dT 

e) Use your result in part d) to explain the error in the 

temperature readings. 
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The Product Rule 


In many cases, the ability to find the derivative of the product of two functions is very 
useful. A typical example involves the projected number of Internet connections oyer a 
year. The function representing the number of connections is the product of the number of 
subscribers and the average number of connections per subscriber. To be able to find the 
derivative of this function, we need to develop a rule for differentiating a product of two 
functions. In the following investigation, you will get a chance to do this. 


Investigate & Inquire: The Product Rule 

To understand the product rule, consider Emile’s collection of sports cards. Let f(x) 
represent the number of cards that he has in week x, and let g(x) represent the average 
value of the cards in week x. 

1. Express the total value A(x) of his collection in week x in terms of f(x) and g(x). 

2. Suppose that the average value of a sports card is increasing at a rate of g'(x). Find an 
expression for the rate of change of the value of the cards Emile already holds in week x. 
3. Suppose that the number of cards Emile owns is also increasing, at a rate of f'(x). Find 
an expression for the rate of change of the value of Emile’s card collection due only to the 
new cards. 

4. Based on your expressions in steps 2 and 3, propose a formula for A'(x), the rate of 
change of the value of Emile’s collection. Justify your conjecture. 

5. a) Evaluate your proposed formula for A’(x), if f(x) = 30x and g(x) = 1 - x + 0.2x°, 
b) Check your formula by expanding A(x) and differentiating it directly. 

6. Make a conclusion about the validity of your conjecture, for general functions f(x) 
and g(x). 


While developing differentiation formulas, the mathematician Leibniz worked with an 
incorrect formula for the derivative of a product at first before he came up with the correct 
formula. Here is an algebraic example. 
Let f(x) = x° and g(x) =x°. 
Then, f'(x) = 3x” and g'(x) = 2x. : 
Leibniz’s original incorrect formula for the derivative of the product fg was simply to 
multiply the two derivatives. In this case, 
f'(x)g'(x) = 6x" 
But (fg)(x) = f(x)g(x) 

= x(x") 

=x 
so (fg)'(x) = 5x*. 
Thus, in general, (fg)'(x) # f'(x)g’(x). 
The correct formula is called the product rule and was discovered by Leibniz soon after his 
false start, and was also discovered independently by Newton. 
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Product rule: If both f and g are differentiable, then so is fg, and 
(a= ef +h or Life l= ae) 2 feer+ fed & etx) 


In words, the product rule says that “the derivative of the product of two functions is the 
second function times the derivative of the first function plus the first function times 
the derivative of the second function.” 


Example 1 Verifying the Product Rule 
Verify the product rule for y = (3x* + 2)(1 — 2x”). 


Solution 


Using the product rule, we get 
dy = 2 d 2 2 de 2 
= (12x?) (3x? +2)+ (3x? +2) (1-22?) 

= (1—2x*)(6x) + (3x? + 2)(-4x) 

= -24x> -2x 
Notice that we do not actually need the product rule to differentiate the given function. We 
could have multiplied the factors and differentiated using earlier methods. In fact, this is 
often easier, as shown. 
y = (3x? + 2)(1 — 2x’) 

= 3x? - 6x" +2-4x7 


=~6x'— x +2 
Differentiating gives 
dy _ 3 ‘ 
ee 24x -2x 


Both methods result in the same simplified derivative, which verifies the product rule 
for y = (3x° + 2)(1 — 2x’). 


Later, we will come across functions, such as y = 3x°2*, that cannot be expanded. In such 
cases, the product rule must be used. The reasoning you applied in the investigation on 
page 208 can be visualized using a diagram. Using the diagram, we can develop an 
algebraic argument that justifies 

the product rule. Let A(x) be the 

area of the unshaded rectangle at | atx +h)—g(x) 
time x. Suppose that the rectangle 

is expanding. The increase in the 8+) 


area of the rectangle after a further atx) Alt) =Aia) at) 

time h is shown by the shaded part 

of the diagram. The rate at which a 

the area changes at time x is ‘ f(x+h)-f(x) 
= > (x+h) - 

Al(x) = lim Ae +h)- A) 
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Note that the numerator of the quotient is the area of the shaded part of the diagram, 
which is the area of the vertical strip, g(x + )[f(x + h) — f(x)], added to the area of the 
remaining horizontal strip, f(x)[g(x + 4) — g(x)]. Thus, 
A(x) = lim g(x +h)if\ xe A) falls fe g(x +h)— g(x)] 
m Sixt a +h)= A) yp, Fd g(x +h) = g(x) 
= li ) hoo h 
ny feeb f(x) 1 8x +h) ~ g(x) 
+ f(x) lim _— 


=2 
= g(x) li 2) hoe 


= g(x)" revefeltel 


Example 2 Using the Product Rule 
Differentiate y = Vx(2x* +4x —6) and simplify. 


Solution 


First, we rewrite Vx as x 


1 1 
FY = oy? 44x f(x?) + (x2) (2x + 4x 6) 


2 


d 
=(2x" +4x-6)( 5x? Jet ax +4) 


Example 3 Using the Product Rule to Find an Equation of a Tangent 


Find the equation of the tangent to the graph of the function y = (Sx? — 2)(x — 4x") at the 
point (1, —9). 


Solution 
Using the = rule, we obtain 
ay =(x-4x" A (sx? —2)+ (Sx? -2)¢ (x - 4x?) 
= (x—4x")(10x) + (5x” — 2)(1—8x) inienisstapaag Aitelsicsbaku 
substituting x= 1, because only the 
m = (1 —4)(10) + (5 - 2)(1 — 8) numerical value is required. 


=-51 
The slope of the tangent at (1, —9) is -S1. 
To find the equation of the tangent, we use the point-slope form of the equation of a line. 
y-y, = m(x - x,) 
y— (9) = -S1(e—1) 
y=-Six +42 
The equation of the tangent at the point (1, —9) is y= —S1x + 42. 
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Example 4 Applying the Product Rule 


An Internet service provider has modelled its projected number of business subscribers | 
as B(t) = 50t + 2500 and the projected average number of Internet connections per 

business subscriber as C(t) = 0.0042? + 3.2, where t is the time, in weeks, over the 

next year. The projected total number of business Internet connections is then 

N(t) = B(t) x C(t). 

a) Determine the growth rate of the number of business connections after t weeks. | 
b) Determine the growth rate of the number of business connections after 12 weeks. | 


Solution 
a) N(t) = B(t) x C(t) 
N(t) = (S0t + 2500)(0.0042° + 3.2) 


N'(t) = (0.004t? + 3.2) 4 (SOt + 2500) +(S0t +2500) 4 (0.00427 + 3.2) 
¢ 
= (0.0042? + 3.2)(50) + (SOt + 2500)(0.008¢) 
2 { 
=0.6t° +20t+160 | 


b) N’(12) = 0.6(12)°+ 20(12) + 160 
= 486.4 
The growth rate after 12 weeks is 486.4 Internet connections per week. 


Key Concepts 


¢ Product rule 
If both f and g are differentiable, then so is fg, and (fg)’ = gf’ + fg’ 
or 


 Tftaeley i= gtx) fled Fe) Lala) 


Communicate Your Understanding 


14. Describe how you would find the derivative of the product of two differentiable 
functions, H(t) and M(t). 

2. Explain why the derivative of the product of two functions is not equal to the 
product of the derivatives of the two functions. (That is, explain why (fg)' # f'g.) 

3. A student claims that the product rule is not really necessary since any problem 
where the product rule is applicable can also be solved using other rules. Discuss the 
validity of this statement. 

4. A student determines f'(1) in Example 3 as follows: f(1) = —9, and therefore 

f'(1) =0, since f(1) is equal to a constant value of 9. Assess the validity of this reasoning. 
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~~ 


Practise 


1. Use the product rule to differentiate each 
function. 

a) f(x) =x(x* — 2x? ) 

b) A(x) = (3x +2)x* 

c) N(x) = (x° — 2x + 1)(x? - x) 

d) g(x) =(x° — 3)(4x + 1) 

e) y= ae -x°) 

f) Ay aioe ihe 

g) h(t) =(6t*-r'y(st+t') 

h) p=(m?+m)(m'-m') 


i) roa (09-4 +2) 


i ew=0-v(x+ 
k) y= Voe( 3x -5Sx*) 

) clk) =k°(k’ + 3k - k’) 
m) y= (x7 + 1)(x°— 1) 

n) y= Vx (x - 5x) 

0) y=(2Vvx —5)(x* — 7x) 

p) a(t) =(6Vt —2¢*)(t* 0") 
a) g(u) = (au — bu')(bu + au) 
) Atv) =(v-u" (vv +0) 


2. Find the slope of the tangent to the given 


curve at the point whose x-coordinate is given. 


Is it advantageous to simplify the expression 
for the derivative before substituting the 
given x-coordinate? Explain. 

a) y = x(x? - 2x), x= 1 

b) naa 

©) y= (x — 3x)(4x +3), x=-1 


d) ett har Ne -12),x=1 
e) y= a \(3x° - 8x + 2), x =2 

f) y=x a oto 

Q) y=vVx(2x-x"), x=4 


h) ie eae +4Vx),x=9 


3. Communication For each of the following, 
find f'(2) using two methods: 

i) Use the product rule. 

i) Expand f(x) first. 
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ii) Which method is more efficient in each case? 
eo 
: f(x) =x°(2x — 3) 
) f(x) = (x — 4)(x* + 4x) 
d f(x) = (x — 3x*)(2 — 3x + 5x’) 


d) fix)=(Wx-m)(Vewt) 


4. Find an equation of the tangent to each 
curve at the given point. 

a) y= (x) ~ 1)(2—x), (1, 0) 

b) y= Vx(x? —Sx-+2), (4, -4) 


°) y= (x57 ](3x + Se), (1,4) 


d) y= (2Vx -—x)(1+ Vx —x?), (1, 1) 


Apply, Solve, Communicate 


5. Inquiry/Problem Solving Use the product rule to 
find the unknown in each case. 
a) f(2)=4, g(2) = 3, f'(2)=-1, (2) = 
Find (fg)'(2). 
b) (3) =-2, (3) =4, f'(3) = 5, (fg)'(3) = 30 
une g'(3). 
) f(-2) = 5, f'(-2) =-3, g"(-2) = 6, 
(el )'(-2) = 15. Find g(-2). 


6. Application If fis a differentiable function, 
find expressions for the derivatives of the 
following functions. 
a) g(x) = xf (x) 
b) glx) = Vf (x) 
~ 1 F(t) 
d) A(wz) = f (m) 
®) lx)= + fix) 


f) Nx) = (x + 2)°f(x) 


7. Communication The predicted population 

of a town t years from now is given by 
P(t) = 12(2t7 + 100)(t + 20). 

a) What is the current population of the 

town? What will the population be in 

6 years? 

b) Find #. What does * represent? 


c) Use a graphing calculator or graphing 
dP 
dt” 
d) The town council wants to build a new 
school and community centre. Some people 
think the town is too small for these 
developments. What do you think? Explain your 
reasoning. 
e) What factors could contribute to such strong 
growth in a town? 


8. Inquiry/Problem Solving In an electric circuit, 
the current through a resistor, in amperes, is given 
by I = 4.85 - 0.01f° and the resistance, in ohms, 
is given by R = 15.00 + 0.11t, where ¢ is the 
time, in seconds, The voltage, V, in volts, across 
the resistor is the product of the current and 
the resistance. Find the rate of change of 

the voltage 

a) after t seconds 

b) after 0s 

c) after 35 


software to draw the graphs of P and 


9. Application Given a function 

f(x) = (x* — 10)(x + 3), for which values 
of x is the tangent to the graph of f 
horizontal? 


a) Find the rate of change of revenue with 
respect to number of calculators sold 

i) after x calculators are sold 

ii) after 1000 calculators are sold 

iii) after 10 000 calculators are sold 

b) Explain the meaning of the sign of the result 
in part iii). 

11. Inquiry/Problem Solving a) Use the product 
rule twice to show that if f, g, and h are 
differentiable, then (fgh)' = ghf’ + fhg' + fgh' 
b) Use part a) to differentiate 

y = Vx (2x —1)(x7 + 3x -2) 

12. a) Use the product rule with g = f to 
show that if f is differentiable, 


then 4 (f(x)f = 2/txIf'x). 


b) Use part a) to differentiate the following. 
i) y=(x+3x41) 

i) y=(2-x')? 

ii) y=(1—x)(x? +x)? 

13. a) Taking f= g =h in question 11, show 


that ffx) = SIfNP Fe) 


b) Use part a) to differentiate each of the 


_ following. 


10. The wholesale demand function of a 
calculator is p(x) = fo0'e 5, where x is the 

x 
number of calculators sold and p is the 
wholesale price, in dollars. The revenue function 
is R(x) = xp(x). 


) y=(x- 1)’ 
il) y=(x" + 3x- 1) 


| iti), y = (Vx -2?)) 


14. Use the product rule to derive the constant 
multiple rule. 


The modern world increasingly seems to revolve around the economy and its effects on 
individuals and organizations. Mathematics in general and calculus in particular provide a 


foundation for almost all useful inquiry in this area. A solid training in mathematics is a prerequisite 
for many interesting careers. 

Financial analysts are interested in the rate of change in the value of equities and other financial 
instruments. Their challenge is to predict the future value of an instrument with as much accuracy 
as possible. The tools used range from simple bar and circle graphs to the most sophisticated 
modelling techniques. For example, one type of tool is a financial derivative, which is a complex 
instrument whose value depends on the rate of change in value of simpler commodities such as 
stocks, bonds, or market indices. Since they are based on rates of change, financial derivatives 
share many properties with the derivative of a function in calculus. 
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The Quotient Rule 


The pupil in a person’s eye becomes smaller 
in bright light and larger in dim light. Very 
accurate experiments have been performed to 
study the reaction of the eye to the brightness 
of a source of light. The typical reaction is 
that, when the brightness of the light source is 
increased, the pupil shrinks (decreasing 

the area A of the pupil) according to 

the model 


4 fo4 
Az 40+ 24b 


1+ 4b" 


where A is measured in square millimetres 

and the brightness, b, of the light source is 
measured in units of brightness. The sensitivity of 
the eye to a light source is defined as the rate of 
change of the area of the pupil with respect to the 
brightness. In other words, to find the sensitivity, 
we must calculate the derivative of A with 

respect to b. However, this requires us to 
calculate the derivative of a quotient of two 
functions. 


Using the product rule, we can develop a formula that allows us to differentiate 
quotients such as the one above. Consider the functions f(x) and g(x) and their 


quotient 
Hx) = £) 
g(x) 


This equation can be rewritten as 


f(x) = H(x)g(x) 


So, by the product rule, 
f(x) = H(x)g"(x) + g(x)H"(x) 


Solving for H'(x), 
g(x)H'(x) = f(x) — H(x)g'(x) 


_ (x) f(x) — f(x)g'(x) 
Iglx)}" 
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Quotient rule: If both f and g are differentiable, then so is the quotient H(x) = fx) " 
The derivative of the quotient is s(x) 
| Hx) = SOx) flag's) \ 
[g(x)F 


which is equivalent to 


se ( fix) ) _ 8x) 4 f(x)—f (x) 4 g(x) 


dx \ g(x) {g(x)T 
or 
(f i Wepsstes 

g g 


We must be careful to remember the order of the terms in this formula because of the minus 
sign in the numerator. In words, the quotient rule says that “the derivative of a quotient is 
the denominator times the derivative of the numerator minus the numerator times the 

derivative of the denominator, all divided by the square of the denominator”. 


Example 1 Differentiating a Quotient 


a “_. Verify that all three methods give 


Use three methods to differentiate F(x) =~ 


the same results. 


Solution 1 Quotient Rule 
Using the quotient rule, we get 


a - (x* —3x* +2x*)-(x* — 3x) +2x7) a (x*) 
F(x)= —& <a 4x 
(ee) F 
_ x?(4x° — 9x? + 4x) —(x4 —3x* +2x7)(2x) 
x 
_ 2x" - 3x7 
a” 


. =2x-3, x#0 


Solution 2 Product Rule 


Using the product rule, where f(x) = x" — 3x° + 2x" and g(x) =x > we get 


F' = gf'+fg' 


igh D825, Bg Hoek cstnd ae Ready Ag nd 
=e a 3x? +2x°)+(x"-3x°+2x Vay ) 
= x7 (4x? —9x? + 4x) +(x —3x? +2x?)(-2x7) 
=2x-3, x#0 
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Solution 3 Factoring 
Factoring first, then differentiating, we get 


x* 3x) +2x7 
2 


F(x) = 


_ x°(x? -3x +2) 
=; =o 
=x?-3x+2, x #0 
F'(x)=2x-3, x#0 
All three methods give the same result. 


Example 2 Using the Quotient Rule 
Differentiate H(x) = cope 
x 
Solution 
By the quotient rule, we have 
2 d j.2 2 d 2 
(x* —1) =— (x* —2x+4)—(x* —2x +4) (x* -1) 
H'(x) = dx a dx 
(e —iy 
. (x? —1)(2x -2)-—2x(x* —-2x +4) 
('=1/ 
_ 2x? —2x? -2%+2-2x° +4x7 —Bx 
(x? -1) 
_ (x? -5x+1) 
(x* -1)° 


After using the quotient rule, it is usually worthwhile, but not always necessary, to simplify 
the resulting expression. 


Example 3 Using the Quotient Rule 


Multiply the numerator and denominator 
1 
by 2x? to eliminate the fractional and 


_ (x? +1)=2x(2x) negative exponents. 


1 
2x? (x? +1) 
4 1-3x? . 
2Ve(x? +1) 
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Y 


Example 4 Sensitivity of the Eye 


Recall that the reaction of the eye to a light source of brightness b is modelled by the 
equation 

_ 40+24b%" 

~ 1446 ? 


where A is the area, in square millimetres, of the pupil. The sensitivity, S, is defined as the 
derivative of A with respect to b. 

a) Find the sensitivity. 

b) Use a graphing calculator or graphing software to graph both A and S. 

c) Comment on the significance of the values of A and S$ for small and large values of 


b (b> 0). 


Solution 
a) $= A‘(b) 
(1446) 4 (404246) —(40-+ 240") 4 (14 4b") 
_ ° ! db 2 doe 
(1446)? 
_ (14+4b")(9.6b-) - (40+ 246") (1.6b°°*) 
a rn a 
_ 9.66 +38.4b-° — 646 — 38.46 
cm (14+4b™) 
_ =54.4b-°* 
~ (1+ 4b™") 
_ -54.4 
~ b(144b™ YP 


The fact that the derivative is negative means that, as the brightness increases, the area of 
the pupil decreases. 
b) 


Plota Plotz Plots 


Window variables: 
x €[0, 9.4], ye [0, 24.8] 


Window variables: 
x €[0, 4.7], y < [-6.2, 0] 


c) When b approaches 0, A approaches 40. This means that at low brightness, the area 
of the pupil approaches 40 mm’. When b is large, A approaches 6. So, at high brightness, 
the pupil shrinks, approaching a minimum area of 6 mm’. 
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When b is small, S is negative and has a large absolute value. This means that, at low 
brightness, small increases in brightness produce large decreases in the area of a pupil. 
You can test this by sitting in a dark room for a while, and then turning on the lights and 
watching how the area of the pupil changes. (You could look in a mirror, or look at 
someone else’s eyes.) When b is large, S approaches 0. This means that, at high brightness, 
increases in brightness produce only very small decreases in the area of the pupil. 


Key Concepts 


¢ Quotient rule: If both f and g are differentiable, then so is the quotient 
H(x)= oe . The derivative of the quotient is 
Hix) = SFU) — Fa)g'(x) 
(g(x) 


which is equivalent to 


d d 
¥ (#2)- B(x) Ge F(x) — F(x) Fe glx) 
dx 


g(x) (g(x)P 
or 
(6) gta ie 
g g 


Communicate Your Understanding 


1. Describe how you would find the derivative of the quotient of two differentiable 
functions. 

2. Is the derivative of the quotient of two functions equal to the quotient of the 
derivatives of the two functions? If so, provide a convincing argument to explain why. 
If not, give a counterexample (an example of two functions for which the statement is 


not true). 
Practise 6) Mix)= x42 
1. Differentiate. Evaluate the derivative at i x1 
x = 2. Compare the domain of f with the domain —f) A(x) = CRT 


of the derivative. 


F 
a) flx)=*— I er 
a h 
») Ni)= sa 
o) H(x)= 253% ) 
< 2x 
D BS aeme , 
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p) u(x)=—* 


2. Find an equation of the tangent to the curve 
at the given point. Which functions are easier to 
differentiate using the quotient rule? Why? 


Apply, Solve, Communicate 


3. Communication a) Show that there are no 
2x+1, , 

tangents to the curve ¥ = 443 with negative 

slope. What can be concluded about the graph? 

What does it mean if a graph has only tangents 

with negative slope? 

b) Show that there are no tangents to the curve 

2 


x Fy 


y = —— with positive slope. What can be 
1 


concluded about the graph? What does it mean 
if a graph has only tangents with positive slope? 
4. Communication At which points on the curve 


Hs a is the tangent horizontal? What can 
2x+ 

be concluded about the graph at those points? 

What does it mean if a graph has only 


horizontal tangents? 


: : x 
5. Find the points on the curve y= aa where 


the tangent is parallel to x — y = 2. 


6. If fis a differentiable function, find 
expressions for the derivatives of the following 
functions. 


a) Y= Fey b) y= he) 
__x* 
9 Fig 


7. Inquiry/Problem Solving The average 
productivity, A(z), of the work force of a 
company depends on the total value p(v), in 
dollars, of the product produced, and the 
number of workers, 7, employed by the 
company according to the equation 


A(n) = Pn) 


a) Find A'(m). Does productivity get better or 
worse if the number of workers increases but 
the total value produced stays the same? 
Explain. 

b) A company hires more workers at a time 
when A'() > 0. Why would the company do 
this? 

c) What might the company do if A’(7) < 0? 
Explain. 

d) Show that A’(n) > 0 if p'() > A(n). 

e) Under what conditions will the company 
neither hire nor fire any workers? 

f) An automobile parts manufacturer models 
the average productivity on one of its assembly 
300n-0.12n* 
—— 
this function fits into the analysis of parts 
a) toe). 


lines as A(z) = . Discuss where 


8. Application A person driving a boat turns off 
the engine and allows the boat to coast into the 
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dock. The distance, x, in metres, from the boat 
to the dock as a function of time f, in seconds, is 
_6(8=1) : 
x(t) = Ani for0<t<8. 
a) When does the boat hit the dock? 
ag AX 
b) Find “. 
) Bin dt 
c) At what velocity does the boat strike the 
dock? 
d) What was the velocity of the boat when the 
engine was turned off? 


e) Do you think the boat was damaged when it 
hit the dock? Explain. 


What does a represent? 


9. Communication Tests on a new pair of 
sunglass lenses shows that when people wear the 
sunglasses, the reaction, A, of their eyes to a 
light source of brightness b can be modelled by 
the equation 


_ 32+19.6b"* 

~ 143.80" * 
Recall that the sensitivity $ is defined as the 
derivative of A with respect to b. 
a) Find the sensitivity. 
b) Using a graphing calculator, graph both 
Sand A. 
c) Compare your results to Example 4 
(page 217). What effect does wearing sunglasses 
have on the reaction and sensitivity of the eye? 


Achievement Check 


1 1 


Given the values in the table, find h(x) and h'(x) for the following. 


a) h(x) = 2g(x), x=0 d) h(x) ie —g(x),x=1 
fx) 8 

b) h(x) = atx)? x='0 e) h(x) = is Fig? *= l 

c) h(x) = f(x) x g(x),x=0 — f) A(x) =f'(x) + g°(x),x=1 


7 SAGE BGO a ER 
Cap 1 


10. During a chemical reaction, the mass, in 
grams, of a compound being formed is modelled 
5.8t 
£41.97 

time after the start of the reaction, in 
seconds, What is the rate of change of the 
mass after 5 s? 


by the function M(t) = where ¢ is the 


iC] 11. Inquiry/Problem Solving Use three methods to 


differentiate y = (3x? + 1x +1) 
x +2x+1 


three methods give the same results. 


. Verify that all 


12. In Section 4.2, we developed the power 
rule for positive integer exponents. Use the 
quotient rule to deduce the power rule for 
the case of negative integer exponents, that is, 


nl 


d)- - ' 
show that ——(x-")=—nx-""' when 7 is a 


dx 


positive integer. 


13. Application The power, in watts, produced by 


a certain generator is given by P = aids! 
‘ (R+0.6).” 


where R is the resistance, in ohms. 


a) For which value(s) of R will the rate of 
change of the power be 0? 

b) What is the significance of the values you 
found in part a)? 
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Derivatives of Derivatives 


Consider a hybrid sunflower plant with height, 
h, in metres, modelled by the equation 
3° 


h=——., where t is the time, in months, 
440 


after the seed is planted. The growth rate, g, 
of a plant is defined by the rate of change of 
height with respect to time. Therefore, the 
growth rate is equal to the first derivative of h, 
g(t) =h'(t). However, g(t) is a function, so we 
can also differentiate it to find the rate of 
change of the growth rate, which produces a 
function k(t). The function k(t) is called the 
second derivative of h(t), since, starting with h(t), we have to differentiate twice to arrive at 
k(t). We will discuss what is meant by the rate of change of the growth rate in Example 4 
(page 222). 


Given a function y = f(x), with derivative a = f'(x), the second derivative of the 
Q 


function f is the derivative of the function f’, and is written f" (x). 


Alternatively, f" (x) = ze ( ws } and we abbreviate this as oy. 
FE I? 


If we use D-notation, the symbol D* (or D2) indicates that the operation of 
differentiation is performed twice (with respect to x). Thus, we have the following 
equivalent notations for the second derivative of a function y = f(x): 


yy", F(R), dy , D’f (x), and D?f (x) 


ax” 


Example 1 Determining a Second Derivative 
Find d’y ify=x’. 
dx* 
Solution 
dy 4 
= = 5) 
dx 
at-£(@) 
dx? dx\dx 
= d 4 
dx O*) 
= 20x? 
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Example 2 Determining a Second Derivative 
Find the second derivative of f(x) = 4Vx —3x?. 


Solution 
f(x) = 4Vx -3x? 
1 
= 4x? — 3x? 


fixy=4( 5x ')-6x 


—6x 


Example 3 Determining the Value of a Second Derivative 
Find f"(2) if f(x) = x" - 2x° +5. 
Solution 
f'(x) = 4x3 —4x 
f'"(x) =12x? -4 
f"(2)=12(2" -4 
=44 


The value of the derivative (also called the first derivative) at a point can be interpreted as 
the slope of the tangent at that point. So, the second derivative can be interpreted as the 
rate of change of the slope of the tangent. This interpretation will be pursued in Chapter 6, 
where we use derivatives to sketch accurate graphs of functions. Other interpretations of a 
second derivative are explored in Example 4. 


Example 4 Interpreting a Second Derivative 
Recall from the beginning of this section that the height, h, in metres, of a certain sunflower 


ri 3r 5 P ; Y 
plant is modelled by h = at y> Where ¢ is the time, in months, after the seed is planted. 
1s Zi 


a) Find g(t) =h'(t), the growth rate of the sunflower. 

b) Find g’(t) =h"(t). What does the second derivative represent physically? 
c) How is g’(t) =h"(t) related to g(t) = h'(t) geometrically? 

d) Explain why g'(¢) is a useful function for plant breeders. 


Solution 
3¢* 


a) Since h= =, 
44+ 


then 
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g(t) =h'(t) 
_(4+0*)6t~3t" (22) 
(44°) 
__ 24 
(440) 
b) To differentiate g(t) using the quotient rule, let u(t) = 24t and v(t) =4 +f, so that 
u(t) 
(v(t) 
Differentiating, 
Zia a Fay)? 
otis (we)? wie) 0 ae [(v(e)? J 
(v(t) 
_ (v(t)? u'(t) = u(t) [u(t)u'(t) + v(tyu'(t)) 
- (v(t))" 
_ (u(t) u(t) u(t)20(t)v"(t) 
(v(t))* 
(44e)) (24) —(240)2(4 + ¢7)2¢ 
(440) 
_ 24440 )440)-407 | 
(440) 
_ 24(4-327) 
~ (44e) 


g(t) = 


The second derivative of h represents the rate of change of the growth rate with respect to 
time. 

c) The y-values of g'(t) = h"(t) represent the slopes of the tangents to the graph of 

g(t) =h'(t). Also, the second derivative of h represents the rate of change of the slopes of 
the tangents to the graph of h. 

d) Using a graphing calculator to graph g(t) and g'(t) can help us see how the two 
functions are related. 


Window variables; 
x €[0, 7], ye [-1, 2] 


Notice that, when the growth rate is increasing, the second derivative is positive; at the 
maximum value of the growth rate, the second derivative is zero; and when the growth rate 
is decreasing, the second derivative is negative. Therefore, g'(t) = h'(t) provides some very 
important information about how the sunflower will grow. These observations could very 
well promote further research into the factors that affect growth rate. 
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Example 5 Sketching First and Second Derivatives From a Graph 


Use the given graph of f to sketch the graphs of f’ and f”. 


Solution 


We can extend a technique from Section 4.1, 
Example 2 (page 188) to produce estimated or 
sketched graphs of the first and second derivatives of 
a function f, given the graph of f. The slope of the 
tangent at the point (x, f(x)) gives an estimate of 

the value of f'(x). In particular, the points where the 
tangent is horizontal give the x-intercepts of f’. Using 
these and other points, we develop a sketch of f’. We 
can then repeat the procedure with f’ in place of f, to 
develop a sketch of f”. 


For the function f graphed above, estimates of the 
tangent slopes at x = 0, 1, 2.5, 3.4, 5.5, 8.2, and 9 
are shown. These estimates are then plotted directly 
beneath, as the values of f(x) at the same x-values. 
The sketch of f’ is completed as a smooth line 
connecting these points. Thus, on the interval 

(1, 3.4), the tangents to the graph of f have negative 
slopes, so f’ is negative on this interval. Similarly, f’ 
is positive on the intervals (0, 1) and (3.4, 8.2), and 
negative on the interval (8.2, 9). 

Looking at the graph of f’, the tangents appear to be 
negative for x < 2.1, positive for 2.1 <x < 6.3, and 
negative again for x > 6.3. Using this information 
and estimated slope values, we can sketch the graph 
of f” in the same way that we sketched f’. 
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Key Concepts 


e The second derivative of f is also a function, denoted by f". 46 

e If y=f(x), then some notations for the second derivative are y", f"(x), oe D’f(x), 
and Df (x). dx 

¢ The second derivative of a function can be interpreted as the rate of change of the 
slopes of the tangents to the graph of the function. 


Communicate Your Understanding 


14. Describe how to find the second derivative of a differentiable function. 

2. What does the second derivative represent relative to the first derivative? Explain. 
3. The first derivative of a function of time represents the rate of change, or the 
growth rate, of the function. What is represented by the second derivative? Explain. 


Practise 4. For each graph below, sketch the 
corresponding graphs of f’ and f". 

1. Find the first and second derivatives of each : ; 

function. 

a) f(x) =x'- 2x 

b) f(x) = 1 42 St 4 x4 


d) m(t)= ae —5t 


x 


e) ya(x+1)(x-2) ff) yas45 


g) w= (2u— (342) hy h(x) = =} 


i) u(uy= r ij) M(x)=x' + 4 


2. Find f"(2) for each function. 


a) f(x)=x'-2x>+x° — b) f= 


0) fix)=veie+2) f= * 9 


3. Find the slope of the tangent and the 
rate of change of the slope of the tangent to 


Seek Pidccer race Apply, Solve, Communicate 


a) f(x)=x" b) g(x) =2-4x4+x°-x' BI 5. Application Find a quadratic function f such 
1 2 that f(3) = 33, f'(3) = 22, and f"(3) = 8. 
ress | 3 vx 6. When the temperature is warm and there are 
e) g(x) = (x — 1)(2x + 3) pollutants in a lake, an algal bloom may occur. 
af This means that while most of the other living 
f) f(x)= eo organisms in the lake are dying, the amount of 
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algae in the lake is drastically increasing. For a b) Find h"(t). What does it represent? 


certain lake, the amount of living algae in the c) Use h"(t) to find the time when the maximum 
lake, A, in kilograms, as a function of time, ¢, in growth rate occurs. What is the maximum growth 
days, is given by the equation rate? (Hint: Describe h'(t) when h"(t) > 0 and 


Alt) = 12 45 when h"(t) <0. What happens when h"(?) = 0?) 
2 d) The average daytime temperature for each 

for the next two weeks. of the first seven months is listed in the table, 

a) Find the growth rate, A’(¢), and also find 

A"). GA 2s 7 

b) What does A"(t) represent? What does A'(t) “Temperature (°C). 15 25 26 22 20 17 14 

indicate about the amount of algae in the lake 


over the next two weeks? How are the growth rate and h” related to 

c) Sketch the graphs of A(t), A'(t), and A"(¢). average daytime temperature? What other 

d) After two weeks, the environment can no factors might affect these quantities? 

longer support the large amount of algae and it a : 

begins to die. Complete possible graphs of A(t), 9. Application Derivatives higher than the 
A‘(t), and A"(t) for an additional week given second can also be defined. For example, the 
that all the algae will die by the end of that week. third derivative is the derivative of the second 


derivative: f" = (f")’. Other equivalent 
it “2 itt ll ica 3 
7. Communication It takes 2 g of chemical A and siotations are’/"; ay, D'f(x}, and D* fix). 


I g of chemical B to produce 3 g of the product 


dx 
chemical C. Twenty grams of A is mixed with a) Find the first six derivatives of 
c. 4 7H . 3 2 
water to form a solution. Eight grams of B is y=x'—x? + Sx? + 2x - 3. 
mixed with water to form another solution. The b) What is the value of y"”’, the mth derivative, 
two solutions are gradually mixed together and for n > 5? Explain. 
the chemical reaction forms C according to the 


10. Find the first six derivatives of the function 
4 fix)axi txt txt exe. 

+1 

where C(t) is in grams and t is time, in seconds. 


a) Find the rate at which chemical C is formed. Cc hea Inquiry/Problem Solving Suppose that 
Also, determine C(t). f(x) = g(x)h(x). 

b) What can be learned about the rate of a) Express f” in terms of g, g’, g",h, h’, and h". 
production by examining C"(t)? 

c) Sketch the graphs of C(t), C’(t), and C"(t). 


equation 
2 
C(t) =24-—— 
6t 1 . " 
11. If gix) = 3x4? find g"” (3). 


b) Find a similar expression for f”". 


d) Sketch two separate graphs of A(t) and B(t), 13. a) if F(x) = |x’ —1j, find f’ and f” and state 
the amounts of each reactant as a function of time. their domains. , 3 

e) Describe the first two derivatives of each of b) Sketch the graphs of Bf and fF. . 

the reactants, and sketch their graphs on the same ©) Compare the domains of f, f’, and f". 

axes used in part d). Explain your reasoning. 14. a) If f(x) =x", find f"(x) and f"(x). 

8. Inquiry/Problem Solving The height, h, in b) Find a formula for /”'(x). 

metres, of a tomato plant after it is planted is 45. Communication a) When taking higher-order 


modelled by the equation ion: 5 3 P 
: y ave derivatives of a polynomial function, how 


h(t) = a many can you take before the derivative 

840° starts repeating? 
where ¢ is time, in months, b) What is the value of the derivative when this 
a) Find an equation for the growth rate. occurs? 
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Velocity and Acceleration 


To understand the world around us, we must understand as much about motion as 
possible. The study of motion is fundamental to the principles of physics, and it is applied 
to a wide range of topics, such as automotive engineering (crash tests, racing, performance 
tests), satellite and rocket launches, and improvement of athletic performance (kinesiology). 


We have already defined and computed velocities in Section 3.4. Now we can compute 
them more easily with the aid of the differentiation formulas developed in this chapter. 


Suppose an object moves along a straight line. (Think of a ball being thrown vertically 
upward or a car being driven along a road or a stone being dropped from a cliff.) Suppose 
the position function of the object is s(t). Another way to say this is that s(t) is the 
displacement (directed distance) of the object from the origin at time ¢. Recall that the 
instantaneous velocity of the object at time ¢ is defined as the limit of the average velocities 
over shorter and shorter time intervals. 
weditns s(t + h)— s(t) 

ho h 
The velocity function is the derivative of the position function, v = s‘(t) = &. f 


Example 1 TV Advertisement for a New Football Helmet 


To dramatically advertise the effectiveness of a new football helmet, a melon is taped inside 
it and the helmet is dropped from a tower 78.4 m high. The height of the helmet, h, in 
metres, after ¢ seconds is given by h = 78.4 — 4.9¢°, until it hits the ground. 

a) Find the velocity of the helmet after 1s and 2s. 

b) When will the helmet hit the ground? 

c) The manufacturer’s demonstration will be effective if the melon is undamaged after 
impact. The melon will remain intact if the impact speed is less than 30 m/s. Is the 
demonstration effective? 


Solution 


a) The position function is h = 78.4 — 4.9t’, so the velocity at time t is 


dh 
a —9.8t 


The velocity after 1s is given by 


=-9.8 
The velocity after 1s is —9.8 m/s. 
The velocity after 2s is given by 
dh 
— =- 2 
dt 7 9.8(2) 


=-19.6 m/s 
Y The velocity after 2s is —19.6 m/s. 
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’ 


The negative signs for the velocities indicate that the helmet is moving in the negative 
direction (down). 


b) The helmet will hit the ground when the height is 0. 
h=78.4-4.9¢ 
=0 
t = 78.4/4.9 
=16 
Since t > 0, t = 4. So, the helmet hits the ground after 4s. 


c) Substitute ¢ = 4 into the velocity function. 
v(4) = h'(4) 
= -9.8(4) 
= -39.2 
Since the speed (that is, the absolute value of the velocity) of 39.2 m/s is greater than 
30 m/s, the melon is damaged on impact. Thus, the demonstration fails. 


Example 2 Analysis of a Cheetah’s Motion 


The position function of a cheetah moving 
across level ground in a straight line 

chasing after prey is given by the equation 
s(t) =¢)- 150 + 63t 

where f is measured in seconds and s in 
metres. 

a) What is the cheetah’s velocity after 1 s? 
4s? 8s? 

b) When is the cheetah momentarily stopped? 
c) What are the positions of the cheetah in 
part b)? 

d) When is the cheetah moving in the positive direction? When is it moving in the negative 
direction? 

e) Find the position of the cheetah after 10s. 

f) Find the total distance travelled by the cheetah during the first 10s. 

g) Compare the results of parts e) and f). 


Solution 
a) The velocity after t seconds is 
v=s'(t) 
= 30 - 30t+ 63 
After 1s, 
s'(1) = 3(1)° - 30(1) + 63 
= 36 
The velocity after 1s is 36 m/s. 
After 4s, 
s'(4) = 3(4)° — 30(4) + 63 
=-9 


Y The velocity after 4s is —9 m/s. 
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After 8s, 
s'(8) = 3(8)" — 30(8) + 63 
=A5 
The velocity after 8s is 15 m/s. 
b) The cheetah stops momentarily when v(t) = 0. 
3t° - 30r + 63 =0 
t-10t+21=0 


(¢-—3)(t- 7) =0 
t=3.ort=7 
Thus, the cheetah is momentarily stopped after 3s and 7s. 
ec) Att=3, 
s(3) = (3)' = 15(3)* + 63(3) 
=81 
Att=7, 
s(7) = (7) - 15(7)° + 63(7) 
=49 
The cheetah momentarily stops when it is 81m and 49 m from its starting 
position. 


d) The cheetah moves in the positive direction when v(t) > 0, that is, 
t— 10t +21 = (t- 3)(t-7)>0 


This inequality is satisfied when both factors are positive, that is, t € (7, ©), or when 
both factors are negative, that is, t < [0, 3). Thus, the cheetah moves in the positive 
direction in the time intervals ¢ € [0, 3) and t € (7, ). It moves in the negative direction 
when t € (3, 7). We can demonstrate this using a number line with the factors listed 
underneath. The +, 0, and — symbols show where the quantities are positive, zero, and 
negative. 


(t-3) 
(t-7) 


(t-3)(t-7) 


Window variables: 
x €[0, 10], ye [0, 10] 


e) Att=10s, 
s(10) = (10)* — 15(10) + 63(10) 
= 130 


The cheetah is 130 m from where it started after 10s. 
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f) The path of the cheetah is modelled in the figure. (Remember that the cheetah goes back 
and forth along a straight line) 


t=0,s=0 
t=3s,s=81m 


t=7s, 
s=49m 
t=10s,s=130m 


To find the total distance travelled, first determine the change in position over 
each interval for which the cheetah does not change direction. The total distance 
travelled is the sum of these quantities. From part d), the cheetah changes direction 
at t= 3 and t=7. 
The distance travelled in the time interval [0, 3] is 
|s(3) — s(0)| = |81 — 0| 

= 81 
The distance travelled in the time interval [3, 7] is 
|s(7) — s(3)| = |49 — 81 

=32 
The distance travelled in the time interval [7, 10] is 
|s(10) — s(7)| = [130 — 49} 

= 81 


The total distance travelled by the cheetah is (81 + 32 + 81) m or 194m. 


g) The difference between the total distance travelled by the cheetah and its final 
position is (194 — 130) m or 64m. 
The cheetah’s displacement from its starting point is 64 m less than its total distance run. 


Acceleration 


The acceleration of an object is the rate of change of its velocity with respect to time. 
Therefore, the acceleration function a(t) at time ¢ is the derivative of the velocity function: 
_dv 

dt 


Since the velocity is the derivative of the position function s(t), it follows that: 


a(t) =v'(t) 


The acceleration is the second derivative of the position function, Thus, 
a(t) = u'(t) = s"(t) 
or 

dt dt* 


If s is measured in metres and ¢ in seconds, the units for acceleration are metres 
2 
per second squared, or m/s’. 
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Investigate & Inquire: Motion With Variable Acceleration 


1. Use a motion detector (CBR) connected to a graphing calculator to record the motion of 
a lab cart acted on by a non-constant force, such as a stretched spring or a long chain 
hanging over the edge of a table. 


The mass of the chain hanging over the 
edge causes both cart and chain to 
accelerate. The mass hanging over the 
edge is not constant. 


2. Compare the slopes of the tangents to the velocity-time (v-t) graph to the acceleration 
from the acceleration-time (a-t) graph at the same time. Record your observations in a table 
similar to the one shown below. 


3. How is the slope of the v-t graph related to the acceleration? 


4. Given the velocity of an object as a function of time, how would you find the 
acceleration? 


5. What is the geometrical interpretation of acceleration? 


Example 3 Motion With Non-Constant Acceleration 


The position function of a person on a bicycle pedalling down a steep hill with steadily 
1 


increasing effort in pedalling is s(t) = : et 3 t? +t, where s is measured in metres and ¢ in 


seconds, t € |0, 4]. 
a) Find the velocity and acceleration as functions of time. 
b) Find the acceleration at 2s. 


Solution 
a) The velocity is 
pads 

~ dt 

1 32),1 

= & (3t )+5 (2t)+1 


at Part 
“2 
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and the acceleration is 


a= 
dt 
=tt+1 
b) We substitute ¢ = 2 in the acceleration equation. 
a=2+1 
=3 


After 2 s, the acceleration is 3 m/s*. 


Example 4 Analysis of a Position-Time Graph 


The graph shows the position function of a bicycle. Determine the sign of the velocity and 
acceleration in each interval, and relate them to the slope of the graph and whether the 
slope is increasing or decreasing (that is, how the graph bends). 


DtoE Negative slope, slope decreasing negative negative 
FtwoG 0 0 


Slope = 0, horizontal segment 


Note that the table in Example 4 reflects our understanding that the velocity of the bicycle 
is the slope of the position-time graph. Furthermore, the acceleration is the rate of change of 
velocity, which corresponds to the rate of change of the slope of the position-time graph. 


Example 5 Motion Along a Vertical Line 


In a circus stunt, a person is projected straight up into the air, and then falls straight back 
down into a safety net. The position function is s(t) = 30t— 5¢ for the upward part of the 
motion and s(t) = —4.8(t — 3)’ + 45 for the downward part of the motion, where s is in 
metres and ¢ is in seconds. 

a) Determine the acceleration for the upward part of the motion, 

b) Determine the acceleration for the downward part of the motion. 

c) Compare the results of parts a) and b) and explain the difference. 
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Solution 
a) s(t)=30t-5¢ 
ds_, 


aE 30—10t 


a= 


—-10 


The acceleration for the upward part of the motion 
is 10 m/s, directed downward. 


b) s(t) =—4.8(t — 3)? +45 


ds 6 - 
= -9.6(t -: 
a 6(t — 3) 
_ d’s 
a= ? 
dt 
=-9.6 


The acceleration for the downward part of the motion is 9.6 m/s’, directed downward. 

c) The acceleration due to gravity near Earth’s surface is about —9.8 m/s’. When the person 
is moving upward, gravity acts to slow the person. Since air resistance opposes the motion, 
it also acts to slow the person down. The effect of gravity and air resistance together 
produce the acceleration of 10 m/s’. 

When the person is moving downward, gravity acts to make the person go faster. In this 
case, air resistance still opposes the motion, which means it acts to slow the person down. 
Thus, air resistance opposes gravity, so that the absolute value of the total acceleration 

is a little less than what gravity by itself would produce—only 9.6 m/s* instead of 9.8 m/s”. 


Negative acceleration, 


dv 
a= a <0 


indicates that velocity is decreasing (as at point A in the figure). 
This follows from the fact that the acceleration is the slope 
of the tangent to the graph of the velocity function. 
Likewise, positive acceleration, 
du 


a s0 
ode 


means that velocity is increasing (as at B). 


This can be a little confusing, since there is a distinction between velocity and speed. 
Velocity has both magnitude and direction, whereas speed is simply the magnitude of the 
velocity, with no direction indicated. If the velocity is negative and the acceleration is 
negative, then the velocity is decreasing but the speed is increasing (because speed is the 
absolute value of the velocity). A summary of the effect of acceleration on speed (how fast 
the object is moving without regard for the direction) is as follow 


If a(t)v(t) > 0, then the object is speeding up at time tf. 
If a(t)u(t) < 0, then the object is slowing down at time t. 
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In words, we can say that, if the acceleration and yi d, 
the velocity have the same sign at a particular 
time (they are in the same direction), then the | 
object is speeding up at that time. This occurs 
because the object is being pushed in the direction __ zx 
of motion. If the acceleration and the velocity 6 
have opposite signs at a particular time (they are Li 
in opposite directions), then the object is slowing = -— + + 
down at that time, since the object is being fits =D 
pushed in a direction opposite to its motion. 


Cr} De 


We can use similar reasoning to determine if an 
object is moving away from the origin or toward A: slows down C: slows down 
the origin. The origin is defined as the position B: speeds up: speeds up 
equal to 0. If an object has a positive position and 
positive velocity, it is moving away from the origin. Similarly, if an object has 

a negative position and a negative velocity, it is moving away from the origin. In both 
cases, the product of the position and the velocity is positive. 


Obj Object, 
<< fp 
s<0,v<0,0>0 ° 2 s>0,v>0,sv>0 
Object is moving away from origin. Object is moving away from origin. 


If an object has a positive position and negative velc it is moving toward the origin. 
Similarly, if an object has a negative position and a positive velocity, it is moving toward the 
origin. In both cases, the product of the position and the velocity is negative, indicating that 
the object is moving toward the origin. 


Object y py Object 
—_~@-____——> 
0 
s<0,v>0,sv<0 9 s>0,v<0,sv<0 
Object is moving toward the origin. Object is moving toward the origin. 


To summarize: 


If s(t)v(t) > 0, then the object is moving away from the origin at time t. 
If s(t)v(t) < 0, then the object is moving toward the origin at time ¢. 


Example 6 Speeding Up or Slowing Down? 


In a science-fiction movie, a computer-generated robot appears to be moving about the 
scene. The actors and the robot are not on the set at the same time. The robot is added to 
the shot later. For the movie to look realistic, the actors must be given exact instructions 
about the robot’s motion so they can respond at exactly the right time. The position of 
the robot is defined by the function s(t) = t — 12 + 36t, where t is measured in seconds, 
t e[0, 10], and s in metres. 

a) Find the velocity and the acceleration at time f. 

b) Find the velocity and the acceleration after 3s and Ss. Is the robot speeding up or 
slowing down at these times? 

c) Graph the position, velocity, and acceleration functions for the first 10s. 

d) When is the robot speeding up? When is it slowing down? 
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Solution 
a) s(t)=2¢ — 120° + 36t 


ds 
u(t) = rn 
= 3¢° —24t+36 
dv 
a(t) = dt 
=6t—-24 
b) Att=3, 
v = 3(3)° — 24(3) + 36 
=-9 
and 
a = 6(3) — 24 
=-6 


After 3s, the velocity is -9 m/s and the acceleration is —6 m/s*. 
Since a(3)v(3) = 54 > 0, the robot is speeding up at this time. 


Att=5, 

v = 3(5)° — 24(5) + 36 
=-9 

and 

a= 6(5) — 24 
=6 


After 5s, the velocity is —9 m/s and the acceleration is 6 m/s”. 
Since a(5)u(5) = —54 < 0, the robot is slowing down at this time. 


c) The three graphs are shown below on the same set of axes. 


P riots rote. Plots 
AW1ER*S-12K2 436) 


SW2BSHt=24%4+36 
Bex-24 


Window variables: 
x €[0, 10], ye [-25, 160] 


d) Factoring the velocity function gives 
v = 3t — 24t + 36 
= 3(t — 2)(t - 6) 
and so the velocity is positive for ¢ € [0, 2) and t € (6, 10] and negative for t € (2, 6) 
(see the graph). 
For the acceleration function, we have 
a=6t-24 
= 6(t -— 4) 
and so the acceleration is negative for ¢ € [0, 4) and positive for t € (4, 10] 
(see the graph). 
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We can summarize this information in the following number line diagrams. 


Velocity 


The table and the graph below show when the robot is slowing down and when it is speed- 


ing up. 


v>0,a<0 v<0,a>0 u<0,a<0 v>0,a>0 


Key Concepts 
¢ Ifa particle has position function s(t), then its velocity function is 
u(t) = e =s\(2) 


and its acceleration function is 


ads _ wy _ gn 
alt) = = Ge v= s"lo) 
Tf a(t)v(t) > 0, then the object is speeding up. 
If a(t)v(t) < 0, then the object is slowing down. 
If s(t)v(t) > 0, then the object is moving away from the origin. 
If s(t)v(t) < 0, then the object is moving toward the origin. 


eeee 
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Communicate Your Understanding 


1. Explain how to find the velocity and acceleration of a particle given its position 
function. 

2. Given the position function of a particle, explain how to determine when 

a) the velocity is zero 

b) the acceleration is zero 

3. a) Under what conditions on the acceleration is the velocity of a particle 
increasing? Under what conditions is the velocity of a particle decreasing? 

b) Under what conditions on the acceleration is a particle speeding up? Under what 
conditions is a particle slowing down? 

c) Why are the results of parts a) and b) different? 

4. Discuss the validity of each statement. Provide examples to illustrate your answer. 
a) “If the acceleration is positive, the object is speeding up. If the acceleration is 
negative, the object is slowing down.” 

b) “If the velocity is positive, the object is moving away from the origin. If the velocity 
is negative, the object is moving toward the origin.” 


Apply, Solve, Communicate 


1. Communication The graph shows the position 
function of a car. 


a) For the part of the graph from 0 to A, use 
slopes of tangents to decide whether the velocity 


a) What is the initial velocity of the car? is increasing or decreasing. Is the acceleration 


positive or negative? 


b) Is the car going faster at A or at B? a ha 
b) State whether the acceleration is positive, 


c) Is the car slowing down or speeding up 


at A, B, and C? zero, or negative 
d) What happens between C and D? i) from AtoB i) from BtoC 
e) What happens at F? ii) from C to D iv) from D to E 


4. Communication On the graph are shown 

the position function, velocity function, and 
acceleration function of an object. Identify each 
curve and explain your reasoning. 


2. The graph of a velocity function is shown. 


State whether the acceleration is positive, zero, 
or negative 

a) from 0 to A b) from A toB 

c) from B to C d) from CtoD 

e) from Dto E 
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5. The figure shows the graphs of the position 
function, the velocity function, and the 
acceleration function of a car that is undergoing 
a test to determine its performance level. 
Determine when the car is speeding up and 
when it is slowing down. 


6. Each position function gives s, in metres, as 
a function of t, in seconds. Find the velocity and 
acceleration as functions of time. 

a) s=9+4t 


e) s=(t—2Vt)(2r? -t+ Ve) 


6t 
f) s=— 
) 1+¢t 
7. Each position function gives s, in metres, as 
a function of f, in seconds. Find the velocity and 
acceleration for any t and for t= 4s. 
a) s=6+43t b) s=4t°-7t+14 


ay?'_ Ee 7 __3t 
c) s=t'-6t +12t  s=TG 
9) 2 5 

e) s=Vt(t? —2t) f) s= +3 


8. If a stone is thrown downward with a speed 
of 10 m/s, from a cliff that is 90 m high, its 
height, 4, in metres, after t seconds is 

h = 90 — 10¢ — 4.92°. Find the velocity after 1s 
and after 2s. 


9. \nquiry/Problem Solving If a ball is thrown 
directly upward with an initial velocity of 
29.4 m/s, then the height, 4, in metres, after 
t seconds, is given by h = 29.4t — 4.9r. 
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a) Find the velocity of the ball after 1s, 2s, 4s, 
and 5s. 

b) When does the ball reach its maximum height? 
c) What is its maximum height? 

d) When does it hit the ground? 

e) With what velocity does it hit the ground? 


10. The position of a motorcycle moving down 
' ’ F 1 . 

a straight highway is s = at + 1St, where t is 

measured in seconds and s, in metres. 

a) When does the motorcycle reach 


i) 15 m/s? ii) 25 m/s? 
b) What is the acceleration of the motorcycle? 


11. The position of a person on a skateboard is 
given by s = — 8t + 12, where s is measured in 
metres and tf, in seconds. 

a) Find the velocity after 2s and 6s. 

b) When is the person at rest? 

c) When is the person moving in the positive 
direction? 

d) Draw a diagram to illustrate the motion of 
the person. 


12. Inquiry/Problem Solving A new motion detector 
is used to graph the position of a sports car. 

If the motion detector is not calibrated properly, 
it might give unrealistic graphs and data. The 
position of the car is described by the function 
s=2r'-21f + 602, t € [0, 6], where s is 
measured in metres and f, in seconds. It is 
known that the largest possible acceleration of 
the car is 12 m/s’, Investigate if the detector is 
working properly. 

a) i) What is the initial velocity of the car? 

ii) When is the car at rest? 

ii) When is the car moving in the forward 
direction? 

b) Draw a diagram to illustrate the motion of 
the car. 

c) Find the total distance travelled by the car in 
the first 6s. 

d) Find the maximum acceleration of the car. 
e) List all the evidence that you can to show 
the company that the equation of motion is not 
realistic for a sports car. 


13. Application If a weighted and coiled rescue 
rope is thrown upward with a velocity of 2 m/s 


from the top of a 23 m cliff, then the height, in 
metres, of the rope above the base of the cliff, 
after t seconds, is s = 23 + 2t — 4.92". 

a) When does the rope reach its maximum 
height? 

b) Use the quadratic formula to find how long 
it takes for the rope to reach the ground. 

c) Find the approximate velocity with which 
the rope strikes the ground. 


14. A position function is given by 


yy and g are 


S=S,+Ujt+ ats where s,, v, 
constants. Find 

a) the initial position 

b) the initial velocity 

c) the acceleration 


15. Application A stunt car driver is practising for 
a movie. The position function of the car is 


1 ‘ P 
s= 3t —25t, t>0, where s is measured in 


metres and ¢, in seconds. Find the acceleration 
at the instant the velocity is zero. 


16. An unoccupied test rocket meant for orbit is 
fired straight up from a launch pad. Something 
goes wrong and the rocket comes back down. 
The height of the rocket above the ground is 
modelled by h = St’ 2 t,t > 0, where h is 
measured in metres and ¢, in seconds. 

a) When is the acceleration positive and when 
is it negative? 

b) When is the velocity zero? 

c) Find the maximum height of the rocket. 

d) At what velocity does the rocket hit the 
ground? 


e) When is the rocket speeding up? When is the 
rocket slowing down? 


17. The position of a cougar chasing its 

prey is given by the function s = t’ — 6f° + 9t, 
where ¢ is measured in seconds and s, in metres. 
a) Find the velocity and acceleration at time t. 
b) When is the cougar moving toward the 
origin? When is it moving away? 

c) When is the cougar speeding up? When is it 
slowing down? 

d) Graph the position, velocity, and 
acceleration for the first 4s. 


18. The shaft of a well is 15 m deep. A stone is 
dropped into the well and a splash occurs after 
1.6 s. How far down the well is the surface of 
the water? 


19. Application A hawk is flying at 20 km/h 
horizontally and drops its prey from a height 

of 30 m. 

a) State equations representing the horizontal 
displacement, velocity, and acceleration of the 
falling prey. 

b) If the prey falls at an acceleration due to 
gravity of —9.8 m/s’, state equations representing 
the vertical displacement, velocity, and 
acceleration. 

c) When is the vertical speed greater than the 
horizontal speed? 

d) Develop an equation representing the overall 
velocity of the prey. 

e) What is the equation representing the overall 
acceleration of the prey? 

f) What is the acceleration of the prey after 2 s? 
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Extension: Antiderivatives 


Scientific descriptions of the natural world usually begin by relating the rates of natural 
changes to their causes. For example, Newton’s second law of motion can be written as 


F A : 2 7 ; x 
at where a is the acceleration of an object, 7 is the mass of the object, and F is the 


total force acting on the object. Since acceleration is the derivative of velocity, Newton’s 


second law can be written as 
dv _F 

dt =m 

Forces can cause objects to move. However, Newton’s second law specifies, not the velocity 
of a moving object, but the rate of change of velocity. To determine the velocity of the 
moving object, we need to reverse the process of differentiation, so that we can obtain the 


velocity function from its derivative. 


Investigate & Inquire: Reversing the Process of 
Differentiation 


a) Given the following position functions, determine functions representing the velocity 
and the acceleration. 
i) s(t)= St? +12t+3 ii) s(t) =5t? +12¢-6 iii) s(t) = St? +12t+6 
b) What is the initial displacement for each function? 
c) What is the initial velocity for each function? 
d) What is the acceleration for each function? 
e) Describe the similarities and differences between the different cases. 


2. Using a graphing calculator and a motion detector (CBR), set the time to 15 s and set 
the display to VEL (for velocity). Begin walking at a steady pace, without accelerating 

(If you do not have access to a CBR, go on to step 5.) 

a) What is your acceleration? 

b) Describe your velocity. 

c) What should the velocity-time graph look like? Check the graph in your graphing calculator. 
d) Predict the shape of your position-time graph. 

e) Describe the possible y-intercepts of the position graph. 

3. Using a graphing calculator and a motion detector (CBR), set the time to 15 s and the 
display to ACCEL (for acceleration). Begin walking with constant acceleration. 

a) What should the acceleration-time graph look like? Check the graph in your graphing 
calculator. 

b) Predict the shape of your velocity-time graph. 

c) Predict the shape of your position-time graph. 

d) Describe the possible y-intercepts of the position graph. 

4. Consider the results of steps 1, 2, and 3. If you are given a constant acceleration of a 
units, what is the form of the equation that represents the velocity? What is the form of the 
equation that represents the position? 

5. An object is moving with a constant acceleration of 2 m/s. 

a) State a general equation representing the velocity. 

b) If the initial velocity is 8 m/s, state the equation representing the velocity. 
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c) If the initial velocity is 8 m/s, state a general equation representing the position. 

d) If the initial velocity is 8 m/s and the initial position is 5 m, state the equation 
representing the position. 

6. There are situations where a moving object has an acceleration that is not constant. 
Given a function representing the acceleration, explain how to find equations representing 
the velocity and position. 


Example 1 Non-Constant Acceleration 


An object’s acceleration function is a(t) = 2t, where t is measured in seconds and a is 
measured in metres per second squared. Determine the object’s position after 10s if it starts 
at a position of 0 m and has an initial velocity of 20 m/s. 


Solution 
a(t) =2t 
So, 
dv _ 
a 
Now, we have to conjecture a function (actually a family of functions) whose derivative is 
2t. Based on the investigation, a good conjecture is 

(t)=" +C, 

where C, is a constant. You can verify this by differentiating v(t) to see that the result is 
indeed a(t). 

When t = 0, v = 20. Substituting, we obtain 


2t 


20 = (0) + C, 

C,=20 

Since v(t) = as it follows that 

ds_ 

ant 20 

Once again, we must conjecture a family of functions whose derivative is ¢ + 20. The result is 
s(t) = ie + 20t+C, 


When t = 0, we have s(t) = 0, so 
0 = 4(0)' + 20(0) +¢, 

C,=0 

Thus, 

s(t) = ie + 20t 

To find s(10), we substitute. 
s(10) = 5 (10) + 20(10) 


_ 1600 
~ 8 
The particle’s position is approximately 533 m after 10 s. 
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The process of going from an acceleration function to a velocity function to a position 
function can be extended to general functions and is called antidifferentiation. Given a 
function f(x), the antiderivatives are the family of functions f(x) + C, where C is a 
constant. In other words, the family of functions f(x) + C all have the same derivative. 
When finding the derivative of a power, we multiply the coefficient by the exponent and 
reduce the exponent by 1. When finding an antiderivative, we reverse this process. 


BM Sc tat i hy 1 : : 

Thus, the antiderivative of a power, ax", is —~ x"*! + C, that is, we increase the exponent 
P n+ as P 

by 1, and then divide the coefficient by the new exponent. Notice that this formula is not 


valid when 7 = —1, since it would involve dividing by 0, The antiderivative of f(x) = i isa 
special function, which will be introduced in Chapter 7. = 


Example 2 Determining an Antiderivative 


Find the general antiderivative of f'(x) = 3x7 — 8x + 5. 


Solution 
f (x) = 3x* - 8x +5 
flx)=3 2% —8 at +x"! “Ee 


=x) —4x?+5x+C 


This family of functions represents the family of curves with tangents that have slopes 
specified by f(x) = 3x7 — 8x + 5. 


4 4 3 
Practise gd) f(x)= x s = 
1. Find the velocity function for the given 1 
acceleration and initial velocity. e) C(x)=5 
a) a(t) = 5 mis’, v(0) = 10 m/s ms 
b) a(t) =—9.8 mis’, v(0) = 2.3 m/s f) ¢ Plx) = Vx 
c) a(t) = St, v(0)=3 km/h 9) f(x)= x 
2. Find the displacement function for h) g(x) =4Vx + a2 
the given velocity and initial ‘ = 
displacement. ) f(x)=—t+—5 
a) v(t) = 6t, (0) =5m i 
b) v(t) =2t+1, s(0)=25m 4. Find the curve y = F(x) that passes 
c) u(t) = 3f — 8t, (0) =10km through the given point and satisfies 
d: 
3. Find the general antiderivative of each = =4x—-5. 
function. 


a) y=0whenx=0 
a) f(x) =2x+3 b) y=—2 when x =0 


b) g(x) =3x°-4 c) y=3 whenx=1 
c) h(x) = 12x’ - 6x* + 4x d) y=0whenx=4 
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SS 


———— 


5. Find the function F if the point (1, 3) is on 
the graph of y = F(x). 


a) F"(x)=2x-1 b) F'(x) = = ~ 8x 
&) F(x)=12 d) F(xj= 43x" 
x 
e) F(x)=3vx f) Pusat -4x +2 


6. The slope of the tangent to the graph 
of a function at each point is given. Find an 
equation of such a function whose graph 
passes through the origin. 


dy _ 43 dy — 344 _ 
a) dx * ) dx aN 
c) a =x-4x? 


7. The line x + y =0 is tangent to the graph of 
y = F(x). Find F(x) if 

a) F'(x)=x b) 
e) F(x) =- 


F'(x) = 
d) F'(x)=- 


Apply, Solve, Communicate 


8. Inquiry/Problem Solving A runner slows down 
and then reverses her direction to go back to 
where she started with velocity function 

v(t) = 6t — 3t’, where v is measured in metres 
per second. 

a) How far does she move in the 

first second? 

b) How far does she move in the first two 
seconds? 

c) She is back where she started when ¢ = 3. 
How far did she travel to get there? 


9. Application A canister is dropped from a 
helicopter hovering 500 m above the ground. 
Unfortunately, the canister’s parachute does not 
open. The canister has been designed to 
withstand an impact speed of 100 m/s. Will it 
burst? (Use a = —9.8 m/s.) 


10. Application A stone is thrown down, with a 
speed of 10 m/s, from the edge of a cliff 
74.1 m high. How long does it take the 
stone to hit the ground at the foot of the cliff? 


11. Inquiry/Problem Solving A stunt person for a 
movie is launched up into the air at 10 m/s from 
the top of a building 38.4 m high, and lands 
safely in an airbag below. If an onlooker takes 
2 pictures every second, how many are taken 
during the stunt? 


12. A test pilot is demonstrating a new jet 
moving at 120 m/s when she begins to accelerate 
according to a = t. Determine 

a) the acceleration after 12s 

b) the velocity after 12s 

c) the distance travelled in the 12s after the 
pilot started accelerating 


13. a) Inquiry/Problem Solving A cyclist has found 
that, by a proper choice of gears, he can 
increase his speed at a constant acceleration. 
One day he sets out and, increasing his speed 
steadily, achieves his cruising speed of 12 m/s 
after 48 s. How far did he travel in that 48 s? 
b) Communication Sketch the cyclist’s 
acceleration, velocity, and position with respect 
to time. 

14. Since raindrops grow steadily as they fall, 
their surface area increases, and, therefore, the 
air resistance to their downward motion 
increases. A raindrop has an initial downward 
speed of 10 m/s and its downward acceleration 


is given by 

9-0.9t, Os<t<10 
a(t) = 

0, t>10 


a) What is the velocity of the raindrop after 1s? 
b) How far does the raindrop fall in the first 
10s? 

c) If the raindrop is initially 600 m above the 
ground, how long does it take to reach the 
ground? 


15. The lines x + y = 0 and xty=4 are 
tangent to the graph of y = F(x), where F is an 
antiderivative of —x’. Find F, 


16. A cliff is h, metres high. A stone is tossed 
from the cliff with an upward velocity of v, 
metres per second. How long does it take the 
stone to reach the ground? 
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Technology Extension ©) 


Using TI InterActive!™ for Derivatives 


Power rule: 
Sf Gx? -4x45) dx x - 2x7 45x 


The symbol used for antidifferentiation here is 
called an integral sign. TI InterActive!™ finds 
only the antiderivative that has a constant equal 
to zero. 


Begin each of the following derivative 
expressions by creating a Math Box. On the 
palette, click on the Math Menu, the Calculus 
sub-menu and the Derivative option. 


] The software can find any of the derivatives 
that we have done and convert them to simplest 


form. 

Power rule: 

i (42°) 12." 
dx 

Product rule: 


= ((2x+5)°(5x-7)') 


2.(2x + 5)7.(5.x -7)°.35.x +29) 
Quotient rule: 

a Gx=3) 
ax (4x + 2° 


-(5x - 14)-(5.x - 3) 
4(2x+1)* 


The software can also perform the types 
of antiderivatives that we have covered. 


Practise 


1. Differentiate. 
a) y=x° b) y= 3x" 
c) f(x) = (2x? — 1)(x' + 3x + 12) 


4 gave yo? 
alee: x 5S 
f flx)= 
2. Determine f(x) if f(0) = 0. 
a) f'(x)=x° b) f'(x)=3x41 
Nae) ox 2% Maange 
o f(x) ax) d) f'(x) ct 


Web Connection S| 7 
A trial version of TI InterActive!™ 

is provided by the manufacturer. Go to 
www.mcegrawhill.ca/links/CAF12 and 
follow the instructions there. 
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Rates of Change in the Social Sciences 


Rates of change can be readily applied to business, economics, and other social sciences. 
For example, the rate of change of the cost to produce a product, and the rate of change of 
both revenue and profit, allow companies to determine the best prices at which to sell their 
products. Population growth rates allow demographers and urban planners to study and 
plan future growth. Yield rates from plantings help farmers reduce the cost of seed. In this 
section, we use derivatives to investigate rates of change in the social sciences. 


In business, the cost to produce x units of a commodity or service is called the 

cost function. The cost function is often represented by a polynomial such as 

C(x) = a+ bx + cx’ + dx’ +..., where a represents the fixed cost, and the x terms represent 
variable costs associated with producing x units. 


Economists call the instantaneous rate of change of cost, with respect to the number of items 
produced, the marginal cost. Thus, the marginal cost is the derivative of the cost function, 


: dC 
marginal cost = —— 


dx 


Example 1 Marginal Cost 


A rubber manufacturer produces rubber tires for many kinds of bicycles. The owner of the 
company uses regression to estimate that the cost, in dollars, of producing a certain tire for 
their top-selling mountain bicycle is C(x) = 4930 + 8.4x — 0.0006x", x € [0, 2000}. 

a) Find the marginal cost at a production level of 500 tires. 

b) Find the actual cost of producing the 50 1st tire. 


Solution 


a) The marginal cost function is represented by C’(x). 
C(x) = 4930 + 8.4x — 0.00062". 
C'(x) = 8.4 — 0.0012x 


When x = 500, 
C'(S00) = 8.4 — 0.0012(500) 
=7.8 


The marginal cost when x = 500 is $7.80/tire. 
b) For the 501st tire, 
C(501) — C(500) = [4930 + 8.4(501) — 0.0006(501)"] — [4930 + 8.4(500) — 0.0006(500)"} 
= 8987.7994 — 8980 
= 7.7994 
The actual cost of producing the 50 1st tire is $7.7994. | 


Notice the similarity between the marginal cost of the 500th tire and the cost of producing 
the 501st tire. For m very large, the marginal cost of producing 7 units is approximately 
equal to the cost of producing one more unit, the (7 + 1)st unit. 


Not only do businesses need to analyse costs, they must also account for revenue and 
profits. The price per unit, p(x), that the marketplace is willing to pay for a given product 
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or service at a production level of x units is known as the demand function (also called the 
price function). With this function, x often depends on the price, p. However, economists 
always define p in terms of x and, when graphing, place p on the vertical axis. These 
functions are often modelled using a scatter plot and regression analysis. 


If x units are sold and the price per unit is p(x), then the total revenue is R(x) = xp(x), 
which is known as the revenue function. 


The derivative of the revenue function, R’(x), is called the marginal revenue function and is 
the rate of change of revenue with respect to the number of units sold. 


In general, if x units of a product are sold, the total profit is obtained by subtracting the 
cost from the revenue. P(x) is defined to be the profit function at x units, and thus 

P(x) = R(x) — C(x). 

The marginal profit function is then P'(x), the derivative of the profit function. 

The supply function, p(x), is the price per unit at which a company is willing to sell its 
product or service at a production level of x units. As with the demand function, x often 


depends on the price, p, but economists always define p in terms of x. The marginal supply 
function is the derivative, p'(x). 


Example 2 Economic Analysis 


Glacé Fabrice, a popular ice-cream parlour, has performed a market survey that shows that 


the yearly demand for milkshakes is modelled by p(x) = sou nue= a where p is the price 


in dollars and x is the number of milkshakes produced per year. 

a) Graph the demand function. 

b) Use the graph to determine the quantity of milkshakes demanded corresponding to the 
following prices: $0.00, $1.00, $2.00, $3.00, $4.00, $5.00 

c) Find the marginal revenue at a production level of 200000 milkshakes per year. Explain 
its significance. 

d) Glacé Fabrice estimates that the cost, in dollars, of making x milkshakes per year is 
C(x) = 220000 + 0.63x. Calculate the profit and the marginal profit when 300000 
milkshakes are sold per year. Explain the meaning of the marginal profit. 


Solution 


} Fiots 
| +f i} 
Ba 

oe 


Window variables: 
x €|[0, 500000}, y € [0, 5] 


b) The negative slope of the graph indicates that the lower the price of the milkshake, the 
greater the quantity demanded. This trend is shown in the table. 


x 500000 400000 300000 200000 100000 0 
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c) The revenue function is 


R(x) = xp(x) 
: “toe 
=*(" 700000 
= 50000 (500 000x —x") 
The maar revenue function is the derivative of R(x). 
igi 2 
R(x)= Taga (500 000 -2x) 
When x = 200 mM 
R200 000) = 755 90: ‘nino [500 000—2(200 000)| 
=1 


The marginal revenue is $1.00/milkshake when x = 200000. 

The marginal revenue of $1.00 is the rate at which revenue is increasing with respect to an 
increase in sales. It represents the approximate additional income to the company per 
additional item sold. Thus, when the production level is 200000 milkshakes per year, an 
additional milkshake produced will result in an increase in revenue of $1.00. 

d) The profit function is 

P(x) = R(x as 


(500 000x ~ x”) — (220 000 + 0.63x) 


~ 100 0 “a0 
x 
ii Oe 8 ~0. 
5x 100000 20000 -0.63x 
Z 
-a9a000** 37x — 220000 
At x = 300 000, 
_ 300 000 
a? 
P(300 000) = 100000 + 4.37(300 000) — 220000 
= 191000 
The marginal profit function is the derivative of P(x), which is 
Pitas -s000t* oe 
At x = 300000, 
i 300000 
P*(300 000) = - 50000 +4.37 
=-1.63 


At a production level of 300 000 milkshakes, the profit is $191 000 and the marginal profit 
is —$1.63/milkshake. 


The negative marginal profit shows that, when 300000 milkshakes have been sold, an 
additional milkshake sold will decrease profit by $1.63. This is because the cost of 
producing each extra milkshake is now more than the revenue from that milkshake, 
perhaps due to such factors as higher equipment, maintenance, and labour costs. 
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Example 3 Analysis of Population Data 


The predicted population of a small town is modelled using the formula 

P(t) = 950 + 20¢ — 100¢', where ¢ is measured in years, 

a) What is the rate of change in the population after 5 years? 

b) What is the rate of change of the population after 30 years? 

c) Graph both P(t) and P'(é). 

d) Analyse the changes in population using the results of parts a), b), and c). 


Solution 


a) To determine the rate of change, find the derivative of P(t). 
P(t) = 950 + 20¢ — 1002"! 
P'(t) = 20 + 100¢* 
P'(S) = 20 + 100(5)? 

=24 
The predicted population increase is 24 people/year after 5 years. 
b) P'(30) = 20 + 100(30)* 

= 20.1 

The predicted population increase is about 20 people/year after 30 years. 


c) 


Window variables: 
x €[0, 30], y e[0, 2000} 


[rots riotz_ riots 
syis2eeiaex*-2 


Window variables: 
x €{-0, 30], ye [0, 100] 


- d) The graph of P increases, and the rate of increase approaches a constant as time passes. 
The rate of change of the population is always positive, even though it decreases as time 
passes. Therefore, the population increases over time, but at a slower rate as time passes. 
In the long run, there is a nearly steady increase of about 20 people per year. 


Key Concepts 


e The price per unit, p(x), that the marketplace is willing to pay for a given product 
or service at a production level of x units is known as the demand function (also 
called the price function). 
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R(x) = xp(x). 


function. 


the marginal supply function is p'(x). 


a) C(x) and C'(x) 
b) R(x) and R'(x) 
c) P(x) and P'(x) 


3. Explain the significance of 
a) a positive marginal profit 
b) a negative marginal profit 


Apply, Solve, Communicate 


1. A company estimates that the cost, in 
dollars, of manufacturing x garden sheds is 
given by C(x) = 2500x - 1.05x", x € [0, 1000]. 
a) Find the marginal cost function. 

b) Explain what the marginal cost function 
represents. 

c) Find the marginal cost at a production level 
of 300 units. Explain what this means to the 
manufacturer. 

d) Find the cost of producing the 301st unit. 
e) Compare and comment on the results from 
parts c) and d), 


2. The cost, in dollars, for the production of x 
units of a 52-inch TV is given by C(x) = 13 800 
+ 950x — 0.003x", x € [0, 1000]. 

a) Find the marginal cost function. 

b) Find the marginal cost at a production level 
of 5500 TVs. 

c) Find the cost of producing the 5501st TV. 


e The supply function, p(x), is the price per unit at which a company is willing to sell 
its product or service at a production level of x units. 

e If x units are sold and the price per unit is p(x), then the revenue function is 

¢ P(x) is defined to be the profit function, P(x) = R(x) — C(x), where C(x) is the cost 


¢ Economists use the term marginal to represent instantaneous rates of change. For 
example, the marginal cost function is C'(x); the marginal profit function is P’(x); 


Communicate Your Understanding 


1. Define each of the following pairs of functions. Explain the relationship between 
each pair of functions from a manufacturer’s point of view. 


2. Describe how a city government could use information on population growth rates. 


icine a oma ice cemeaaeicmecaib acing ama 


d) Compare and comment on the results of 
parts b) and c). 


3. Communication Korchnoi’s Classic Cars 
company determined that the revenue earned 
from selling units of a certain type of car is 
R(n) = 5000n — 0.087”. 

a) Find the marginal revenue function. 

b) Explain what the marginal revenue function 
represents to the owner, Korchnoi. 

c) Find the marginal revenue when 850 units 
are sold. Explain what this means to the 
manufacturer. 

d) Compare this to the actual increase when the 
851st unit is sold. 


4. David’s Culinary Supply company estimates 

that the cost of manufacturing x measuring cups 
is C(x) = 11x + 2x’, and the revenue function is 

R(x) = 19x + 42°, 

a) Find the profit function. 

b) Find the marginal profit function. 
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c) Find the marginal profit when 700 
measuring cups are sold. 

d) Compare this to the actual increase when the 
701st measuring cup is sold. 


5. Hassan’s Hamburgers has determined that 

the yearly demand for their hamburgers is given 

oo where p is in dollars, and 
the cost of making x hamburgers is 
C(x) = 110 000 + 0.95x. 

Sa) Use graphing technology to graph the 
demand function. 

b) Use the graph to copy and complete the 
table to illustrate the demand for Hassan’s 
product at each price. 


by p(x) = 


c) Find the revenue function. 

d) Find the marginal revenue function. 

e) Find the marginal revenue when x = 200 000. 
f) Find the profit function. 


|g) Find the marginal profit function. 


h) Find the marginal profit when x = 300000. 


6. Communication The number of births in 
Saskatchewan each year from 1972 to 2000 
can be modelled using the equation 

N(y) = 0.2y' — 11.5y° + 195.85y" - 964.325y + 
16 434.625, where y is the number of years 
after 1972. 

a) Determine the function representing the rate of 
change of the number of births in Saskatchewan. 
b) What was N'(y) in 1995? 

c) Compare N'(y) in 1995 to the actual change 
in births based on the model. 


7. Inquiry/Problem Solving The quantity of coffee 
beans, in kilograms, consumed in a certain 
salesperson’s region during month x of the year 
is modelled by the equation Q(x) = -0.1749x° 
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+ 9.2682x" — 53.3763x° + 203.679x" — 233.2x 
+ 600. 

a) Determine the rate of change function for 
the quantity of coffee consumed. 

b) Use graphing technology to graph both O(x) 
and O'(x). 

c) Compare the quantities of coffee consumed 
in the months of January and October. 

d) Compare the rates of change of the quantity 
of coffee consumed in the months of January 
and October. 

e) Analyse the fluctuations in coffee sales with 
respect to quantity and rate of change. 


8. Eva manufactures and sells flower pots. She 
has determined that the monthly demand for her 
60 000—-x 
~ 10000 — 
p is in dollars, and the cost of making x flower 
pots is C(x) = 8000 + 1.2x. 

a) Use graphing technology to graph the 
demand function. 

b) Use the graph to copy and complete the 
table illustrating the demand for Eva’s product 
at each price. 


0 


$2.00 


$3.50 0 
$4.00 


$6.00 


c) Find the revenue function. 

d) Find the marginal revenue function. 

e) Find the marginal revenue for 5000 flower 
pots. 

f) Find the profit function, 

g) Find the marginal profit function. 

h) Find the marginal profit function for 20000 
flower pots. 


product is given by p(x) = , where 


9. The Let’s Play Games Co. estimates that its 
production costs, in dollars, for x games are 
C(x) = 5000x = 2.8x”, x € [0, 500], and 

the demand function for this product is 

p(x) = 80 — 0.018x. 


a) Find the marginal cost function. 

b) Find the marginal revenue function. 

c) Find the marginal profit function. 

d) Find the marginal profit at a production 
level of 75 games. 


10. Inquiry/Problem Solving Sudbury Carpet Mills 
estimates that its production costs, in 

dollars, for x rolls of carpeting, are given by 
C(x) = 5000 + 2200x + 0.06x', x € [0, 300], and 
the demand function for this product is given by 
p(x) = 10000 — 0.05x°. 

a) Find the marginal cost function. 

b) Find the marginal revenue function. 

c) Find the marginal profit function. 

d) Find the marginal profit at a production 
level of 130 rolls of carpet. 

e) At what production level would the marginal 
cost and marginal revenue be the same? 


11. The supply function for a certain high-end 


stereo component is p(x) = 1000+ 2Vx, where 
p is in dollars and x is the number of units 
sold. What is the rate of change in price at a 
production level of 500 units? 


12. The number of bacteria in a culture after 

t hours can be approximated using the function 
N(t) = 120000 + 1000¢°. 

a) What is the rate of change of the number of 
bacteria after 

i) 1h? i) 8h? iii) 24h? 

b) Describe what is happening to the growth 
rate. 


13. The annual quantity of black and 

white inkjet cartridges demanded by the 
marketplace can be modelled using the 

equation O(/) = -P — 1001 + 2505, I< [0, 70], 
where / is the annual income, in thousands of 
dollars, of a given household. What is the rate 
of change of the number of cartridges demanded 
at an income level of $60000? 


14. Application The Consumer Price Index (CPI) 
represents the price of a representative “basket” 
of food. A model for this index between 

1984 and 2000 is given by the equation 

C(t) = 0.000 0522 — 0.0005¢* — 0.0153¢° 

+ 0.05¢° + 4.404t + 69.5, where ¢ is measured 


in years since 1984 and C(t) is measured in 1992 
dollars. 

a) Determine the function representing the rate 
of change of the CPI in year t. 

b) What was the rate of change of the CPI in 
1984? 1999? 

c) Compare the rates of change in part b) with 
the actual changes based on the model. 


15. Application The number of people who use 
public transit more than once a week to get to 
the downtown area of a certain city is modelled 
using the equation N = 21000 + 420d — Sd’, 
where d is the distance, in kilometres, of their 
residence from downtown, and d € [0, 20]. 

a) Determine the function representing the rate 
of change of transit ridership. 

b) Compare the rates of change of ridership for 
people who live 2 km and 20 km from 
downtown. 


16. The projected commercial output, in 
millions of dollars, for the city of 

Torville has been modelled by the function 

C(t) = 97.42Vt + 295.01. The projected 
commercial output, in millions of dollars, for 
the city of Thunderton has been modelled by the 
function C(t) = 102.58t + 403.75, where t is the 
time in years and t € [0, 5]. After how many 
years will the two cities’ marginal outputs be the 
same? What is the marginal output at that time? 


17. The yield, Y, in kilograms, of wheat from 

1 ha of farmland when x kilograms of a 
particular brand of seed is planted, is modelled 
using the formula Y(x) = ~0.08x* + 35x + 3575, 
x € [40, 180]. What is the marginal yield with 
respect to the mass of seed used, when 75 kg of 
seed is planted? 

18. The population of a bee colony is modelled 
by the equation P(t) = 100V¢ + 2 where t is 
measured in days after the colonization of the 
beehive, and t € [0, 300]. 

a) Determine the growth rate of the bee 
population after 

i) 1 day 

i) 10 days 

iii) 60 days 
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| b) Explain the change in the growth rate of the 20. A pizza chain estimates its marginal cost per 


| population over time. pizza to be given by the function 
19. The demand function for a commodity is C"(x) = 0.000 25 — 10 where ig the numberof 
given as p(x) = ax’ + bx +c. The cost function is 7 
given as C(x) = dx’ + ex’ + fx + g. Determine pizzas made in a day. Determine a family of 
functions representing the profit and marginal equations that could represent the cost per 
profit. pizza. 


In the early development of calculus, women’s names are rare, because they were generally not 
allowed to go on to higher education. However, several women played a large part, in some cases 
by deception. Sophie Germain (1776-1831) was not allowed to attend the Ecole Polytechnique in 
Paris in 1794 because she was a woman. To get around this, male friends obtained lecture notes 
for her, and she submitted assignments and questions under the false name Monsieur Le Blanc. 
One hundred years later, Sonja Kovalevsky (1850-1891) was not allowed to study at a foreign 
university unless she was married. She and her sister found a man willing to marry her so she 
could go to university. Both Germain and Kovalevsky went on to make important discoveries in 
calculus. 
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We know that the graph of a tangent lies close to the 
graph of the function near the point of tangency. 
Suppose that we choose a function y = f(x), two specific 
x-values, x = a and x = b and a tangent drawn to the 
function at (a, f(a)). 

We could conjecture that the greater the distance 
between a and b, the greater the vertical distance at x = b 
between the graph of the function and the graph of the 
tangent. 


Investigate this conjecture for the function f(x) = = 


The following suggestions may aid your inquiry: 
e Leta=1 and b =2. That is, find the value of f(2). Find the equation of 
the tangent to the curve at x = 1, and use it to approximate the value of fat x = 2. 
e Find the equation of the tangent to the curve at x = 100, and use it to 
approximate the value of f at x = 2. 
e Which tangent lies closer to the curve at x = 2? Explain. 
© Does your result support the original conjecture? Explain. 
e If the conjecture is valid in this case, do you think it is valid in general? Is it 
valid under certain conditions? Explain. 
If the conjecture is not valid in this case, are there conditions for which the 
conjecture is valid? Explain. 


Write a summary of your results. 
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Review of Key Concepts 


4.1 The Derivative 6. Use the graph of f to sketch the graph of f’. 


tT 


Refer to the Key Concepts on page 194. 
1. Each limit represents the derivative of a 
function f at a number a. State f and a in each 


case. 
_ (3+h)-9 
a) fim 
. [+h +4]-5 
) 
. V4+h-2 
ce) lim ———— 
hoo h 
. x1 
d) lim oa | 
vx -2 
e) lin 4.2 Basic Differentiation Rules 
f) lim (x? +20)+7 Refer to the Key Concepts on page 203. ; 
ra-3 PES 7. Differentiate each function. 
| 2. Determine f'(4) for each function from first a) y=x" b) y= 12x 
principles. : : 6 wea d 8a 
a) f(x)=x+5 db) fix) =2x* + 3x cer 1 Hs 
oc) f(x)=Ve4x °) fix)=— 3h xf) fle) =x"! 
3. If f(x) =x° +x, find f'(a) using first . : , 
principles, and use it to find the slopes of the 8. Differentiate each function. 
tangents to the parabola y = x° + x at the points a) f(x) =x 4 4x P 
(-2, 2), (-1, 0), (0, 0), (1, 2), and (2, 6). Illustrate b) f(x) = Sx = 2x , 
by sketching the curve and the tangents. c) f(x) =x - 7x" + 3x 
; 1 1 
4, Find f'(-2) for each function using first dq) g(x)= 2 Sis ma 
principles. _ _ 42 
a) fix) =4x°-3 ®) atx) a ; a : 
b) f(x) =x - 8x + 16 f) g(x)= gx — Ex 
ce) f(x)=Vx+3 9) ya 5 ve- 
d) fix)=x'+2 i i 16 
h) y=6Vx -3Vx += 
e) f(x)= as 7 Vx 
1 i) y= (x*- 2x)’ 
f —— 
) fle) vx+4 9. Find an equation of the tangent to the curve 
5. The position of a train moving along atthe ie ee 
a straight part of a track is given by a) y= 3 —2x*, (3, -9) 
s(t) = ; t +10t, where f is measured in seconds b) y= x? — 2x + 5, (-1, 8) 
and s, in metres. Find s‘(¢) using first principles, ce) y= vx pts (4, 4) 
and use it to find the velocity of the train after Vx 
2s, 4s, and 6s. d) y= 2ax* + ax, (2, 10a) 
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10. The value of a stock, V, in dollars, is 
modelled by the equation V(t) = 2Vt +1, where 
¢ is measured in months. 

a) Find V‘(t) and explain what it represents. 

b) Would you recommend this stock to 
investors as a long-term investment? 

c) If you had to invest in this stock as a 
short-term investment (buy and sell a short time 
later), when would you inyest? Explain. 


41. If a ball is dropped from the top of a cliff 
200 m high, then its height, h, in metres, after 
t seconds is given by h = 200 ~ 4.9f°. Find the 
velocity of the ball after 1s, 2s, and 5s. 


12. Find the point on the parabola 
y = 3x° — 7x + 4 where the tangent is 
parallel to the line 5x + y = 3. 


13. Find the equations of both lines that pass 
through the point (2, —3) and are tangent to the 
parabola y =x" +x. 


4.3 The Product Rule 


Refer to the Key Concepts on page 211. 
14. Differentiate each function. 

a) fix) = (x + 1)(x* + 2x) 

b) g(x) = Vx(3x? — 8x") 

c) s(t)=t7(3t + 20°) 

d) m= (k’— 4k)(3k — 4k + k’) 

e) y=(6Vx —4)(3+2Vx) 

f) y= (ax + b)(ax* — bx) 

15. Find the equation of the tangent to the curve 
at the given point. 

a) y= (x +3)(x° 1), (1, 0) 

b) y= (x? +x)(x' + 5), (-2, -6) 


9 
¢) y= Vx (x4 2}, (9, 30) 


@) y= (4430), (4, 1) 


16. Suppose f(5) = 2, f'(5) = 4, (5) =-3, and 
g'(5) = 3. Determine each derivative when x = 5. 


a) (fay) 
b) 2 (eel) 


9) 4 (x"/(x)g(x)) 


17. If g is a differentiable function, find 
expressions for f' in terms of g and g’. 

a) f(x) =(x°+2)g(x) b) f(x) =x “g(x) 
c) fix) =ax*g(x) 


4.4 The Quotient Rule 


Refer to the Key Concepts on page 218. 
18. Differentiate each function. 

2 
a) flx)=—~ 

ae | 

20+] 
c) h(x)=- 

Vx 


) Niy=tah 


19. Find the equation of the tangent to the curve 
at the given point. 


. If g is a differentiable function, find 
expressions for f’ in terms of g and g’. 


b) f(x) = 8) 


x 


21. Through government funding, a town 
develops its parks and some new tourist 
attractions. Many new short-term jobs are 
created. The population, P, in hundreds, of the 
town, is given by the equation 

500t? 
(+t) 
where ¢ is in years. 

a) Find P'(t), What does it represent? 

b) At what time is P(t) = 0? What does this 
indicate? 

c) Graph P(t) and P'(t) using a graphing 
calculator. Describe how the population of the 
town changes with time and explain how it is 
related to P'(z). 

d) What might be the cause in the fluctuations 
in the graph of P(t) and P'(t)? 


P(t)= +100 
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4.5 Derivatives of Derivatives 


Refer to the Key Concepts on page 225. 
22. Find 4, 
dx* 
a) y=x’-3x4+2 
b) y=4x' -2Vx 


ce) y=Vx(x? +1) 
d) y= (x —2)(x* + 3x) 


23. Find the slope of the tangent to the 
curve f'(x) at x = 2 given the function 
f(x) =x? — 2x* + 3x. 


24, In a science experiment, a student suspends 
a weighted string in a saturated solution. Over 
time, the substance dissolved in the water will 
collect on the string, forming crystals according 
ran where s is the mass, 
in grams, of dissolved substance collecting on 
the string, ¢ is the time, in weeks, and M and C 
are positive constants. 


to the equation s(t) = 


a) Show that after a very long time the mass 
that collects on the string approaches M but 
does not exceed M. 

b) Find the initial growth rate of the mass of 
dissolved substance on the string. 

c) Find s"(t). What does it represent? What 
does it indicate about the growth rate? 

d) How long will it take to reach half the 
largest possible mass? Find s"(t) at that time. 


4.6 Velocity and Acceleration 


Refer to the Key Concepts on page 236. 

25. The position function of a particle is given 
by s = 2t + 4° — t, where s is measured in 
metres and ¢ in seconds. 

a) Find the velocity and acceleration as a 
function of t. 

b) Find the velocity and acceleration after 4s. 


26. The motion of a particle is described by the 
den ett 2 

position function s = t— 1207+ 45t+3,t20, 

where ¢ is measured in seconds and s, in metres. 
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a) When is the particle at rest? 

b) When is the velocity positive and when is it 
negative? 

c) When is the acceleration positive and when 
is it negative? 

d) Find the velocity when the acceleration is 
zero. 

e) Draw a diagram to illustrate the motion of 
the particle. 

f) Find the total distance travelled in the first 8 s. 


27. If a colony is ever established on the moon, 
the inhabitants must become accustomed to a 
different (lower) acceleration due to gravity. If a 
tool is sent accidentally upward on the 

moon with a velocity of 6.5 m/s, its height, s, 
in metres after t seconds is given by 

s = 6.5t — 0.830". 

a) Find the velocity of the tool after 1s. 

b) Find the acceleration of the tool after 1s. 
c) When will the tool hit the moon? 

d) With what velocity will it hit the moon? 

e) How do the results of parts c) and d) 
compare for the same event on Earth. 

(The tool is sent straight up at 6.5 m/s with 
s=6.5t- 4.90.) 


4.7 Rates of Change in the Social 
Sciences 


Refer to the Key Concepts on pages 248-249. 
28. A company determines that the cost, in 
dollars, of producing x items is given by 

C(x) = 15x + 0.07". 

a) Find the marginal cost function. 

b) Find the marginal cost at a production level 
of 250 items. 

c) Find the cost of producing the 251st item. 
d) Compare and comment on the results in 
parts b) and c). 


29. The population of a town after t years is 
modelled by the function 2 = 1200 — 170t + 182°. 
a) Find the growth rate after 

i) 4 years 

ii) 5 years 

iii) 10 years 

b) Describe the change in growth over the first 
10 years. 


30. A company that produces sunscreen 
estimates that the cost of manufacturing 
x bottles of the product is given by 
C(x) = 480 — 0.32x + 0.0005x°, and the 
revenue is given by R(x) = 0.78x + 0.0003x°. 
Find the profit function. 
Find the marginal profit function. 
Find the profit and marginal profit when 
300 bottles of sunscreen are sold 
500 bottles of sunscreen are sold 
700 bottles of sunscreen are sold 


- Recycling boxes are produced at a company 
that estimates that its production costs, 
in dollars, for x items, are given by 
C(x) = 61 000 + 8x + 0.009x*, and the demand 
function for this product is p = 90 — 0.03x. 
a) Find the marginal cost function. 
b) Find the marginal revenue function. 
c) Find the marginal profit function. 
d) Find the marginal profit at a production 
level of 200 items. 


32. The number of people using a toll highway 
depends on their distance travelled on the 
highway and is modelled by the function 

N(d) = 58.6Vd, where d is measured in 
kilometres. 

a) Determine the function representing the rate 
of change of highway usage. 

b) What is the rate of change of the number of 
users at a driving distance of 

i) SOkm? ii) 100 km? 


Extension: Antiderivatives 


Refer to page 240. 

33. Find the antiderivative of f. 
a) f(x) = 3x7 

b) f(x) = Sx* + 8x? 

©) f(x) = 12x* — 6x + iat 


34, Find the antiderivative of f on the interval 
(0, 2%). 


a) fx=5'5 fx) = F- 


c) f(x) =6x*- 12x44 5x? 


35. Find the function F given that the point 
(-1, 4) is on the graph of y = F(x) and that 
F'(x) = 2x” — 3x, 


36. A raindrop has an initial downward speed of 
13 m/s and its acceleration a downward is 
given by 


a 8.4-0.7t, O<t<12 
or 10: t>12 


a) How far does the raindrop fall in the first 
12s? 

b) What is the velocity of the raindrop after 
12s? 

c) If the raindrop is initially 1 km above the 
ground, how long does it take to fall? 


37. In most of the motion problems we have 
considered so far, we have ignored air resistance. 
Air resistance acts on moving objects in the 
direction opposite to their motion. For an object 
moving upward, air resistance and gravity both 
act downward. For an object moving 
downward, gravity acts downward but air 
resistance acts upward. Thus, the acceleration » 
for an object moving upward has a greater 
magnitude than the acceleration for an object 
moving downward. A simple model for the 
motion of an object thrown straight up with an 
initial speed of 40 m/s is 


he as the object is moving up 
a= 


—9.6 as the object is moving down 


a) Find the time required for the’ object to 
reach its maximum height. 

b) Find the maximum height of the object. 

c) Find a continuous velocity function for the 
motion of the object. 

d) At what velocity will the object strike the 
ground? . 

e) Find a continuous position function for the 
motion of the object. 
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Chapter Test 


Achievement Chart 


10, 12, 13, 14 12, 13,14 9,11, 14 


1. i) State the first principles definition of the 
derivative f'(x) 

ij) Use your definition in part a) to find the 
derivative of each function. 


a) f(x)=x°-3x+2  »b) fix= 


2. Use the derivative rules to find the derivative 
of each function. 
a) f(x) =x? —2x7- 4x" 


b) g(x)= Vx" 
c) s(t) = (2t + 1)(* — 32) 
d) A(x) = Vx(2x* — Vx) 


&) fix= FG 
bane 


3. Determine an equation for the tangent to 
each curve at the indicated point. 


a) y=(x'—3)(5—2x) at (2, 5) 
b) yn tess a (-3-3] 


xr +x 2 
c) go ER ay BH 
4. Fin 12; 
a) y = 6x" - 5x +8x-1 
b) y=Vx(x* -2) 
1 
9 tar 


5. a) Find the point on the parabola 

y =x — 4x +3 where the tangent is parallel 

to the line 3x + y = 2. 

b) Determine an equation of the tangent at that 
point. 
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6. Two functions f and g are such that /(4) = 
f'(4) = -2, g(4) = 7, and g'(4) = 5. Determine 
each value. 


a) (fg)'(4) 


» (Ly 

& 
o) (g')(4) 

1 J 
d) | =] (4) 

» (FJ 

7. The power P, in watts, delivered to a small 
light bulb is P = PR, where J is the current, in 
amperes, flowing through the bulb, and R is its 
resistance, in ohms. The current is given by 
I=5- 0.012, and the resistance is given by 
R = 10 + 0.08t, where ¢ is time measured in 
seconds. Determine the rate of change of power 


a) after t seconds 
b) after 10s 


8. The position function of a particle is given 
bys=t'-6f + 9t + 1,1 > 0, where ¢ is 
measured in seconds and s, in metres. 

a) Find the velocity after 4s. 

b) Find the acceleration after 4s. 

c) When is the particle at rest? 

d) When is the particle moving in the positive 
direction? 

e) Find the velocity when the acceleration is 0. 
f) Find the total distance travelled in the 

first 4s. 


9. The population of a bacteria colony after 
t hours is given by m = 750 + 120¢ + 130° + 28°. 
a) Find the growth rate after 


i) 10min 
i) 3h 
ii) Sh 


b) Describe the changing growth rate and 
how it is affecting the bacteria population. 


40. A toothbrush manufacturer has determined 
that the monthly demand function for x 

F 40 000-x 
toothbrushes is p(x) = 10000 
dollars, and the cost of making them is given by 
C(x) = 2500 + 0.04x. 

a) Graph the demand function, 


, where p is in 


b) Use the graph to copy and complete the table. 


a EE 
0 

$1.00 

$2.00 

$3.50 

$4.00 


What happens to the price as demand increases? 
decreases? 

Find the revenue function. 

Find the marginal revenue function. 

Find the marginal revenue when x = 10000. 

Find the profit function. 

Find the marginal profit function. 

Find the marginal profit when x = 30000. 


. The linear density of a rod is the derivative 
of the mass with respect to length. The mass, in 
kilograms, of a wire, x metres in length, is given 
by the equation M = 0.4Vx. Find the linear 
density of such a wire 3 m in length. 


12. The terminal speed of a falling body occurs 
during free fall when the air resistance force on 
a falling body increases enough so that it equals 
the gravitational force, and so the acceleration 
of the body is zero. Terminal speed depends on 
the shape and size of the falling body. For a 
skydiver with arms and legs fully extended, 
terminal speed is about 56 m/s. 

A skydiver jumps from an airplane flying at a 
height of 500 m. Assuming no air resistance, 

a model for the skydiver’s height, in metres, 
after t seconds, is given by the equation 
h=-4.9¢° + 500. 

a) Using the model appropriate for no air 
resistance, how long will it take to reach a speed 
of 56 m/s? 

b) At what height will this occur? 

c) Determine a velocity function for the falling 
skydiver. 

d) Draw a sketch of the velocity-time graph if 
air resistance is not modelled. 

e) How would the sketch in part d) be 
different if air resistance were modelled? 

How would the results of parts a) and b) 
change if air resistance were modelled? 
Explain. 

13. Why is a person not able to throw a ball 
from the ground to the height of the CN tower 


(550 m)? Support your reasons using 
mathematical calculations. 


14. A pebble is tossed upward at 25 m/s from the edge of a bridge 
46 m above a river. How many seconds elapse between toss and 
splash? How high does the pebble reach? Explain your answers. 
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Challenge Problems 


4. An equation of the tangent to the parabola y = cx’ + d at x = 1 is y = 2x + 3. Find the constants ¢ 
and d. 


2. Sketch the graph of y = x° and show the two tangents to this graph that pass through the 
point (0, -4). Find the equations of both tangents. 


3. Suppose that the tangent at a point P on the curve y = x’ intersects the curve again at a point Q. 
h @ slope of the tangent at Q is four times the slope of the tangent at P. 


4. Use the principle of mathematical induction and the product rule to prove the power rule, 


Sgt ay 


dx 


5. The tangent to the graph of y = Vx at the point P(16, 4) intersects the x-axis at Q. Prove that the 
y-axis bisects PQ. 


, when 7 is a positive integer. 


6. Determine the coordinates of all points on the curve y = 5x” — 4x° where the tangent passes 
through (0, 0). 
1 


7. The tangent to the curve y = x" — 8x'— 2x* + 24x - 14 at a a 33 ) meets the curve again at 
points A and B. Determine the quadratic equation whose roots are the x-coordinates of A and B. 


8. If f(x + y) = 2f(x)f(y) for all x and y, f(x) = ye xg(x), and lim g(x) = 1, use the definition of 
a derivative to prove that f(x) = 2/(x). — 


9. A commercial 37-cup coffee urn (1 cup = 0.24 litre) delivers coffee through a spout. If the spout is 
left open, then the volume of coffee remaining in the urn after ¢ minutes is 
Olt) = 0.09V8 + #7 (t-7)° 


a) What volume of coffee is in the urn 7 min after opening the spout? 
b) Find the average rate of delivery during the first 7 min. 
c) What is the rate of delivery at the second minute? 


10. A normal to a curve at a point is a line that is perpendicular to the curve’s tangent at that point. 
The normal intersects the tangent at the point of tangency. Consider three points A, B, and C on 
the curve y = x° for which the normals to the curve at A, B, and C all intersect at a common point. 
Show that the sum of the x-coordinates of A, B, and C is 0. 


11. A flexible tubing system has supports that must be perpendicular to the tubes. If a section of the 
tube follows the curve y = — 1’ along which lines must the supports be directed if they are located 
x 


atx =-1,x=1, and x= 0? 
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Problem Solving Strategy | 


Work Backward 


Reverse engineering is the process of analysing a product, such as a cellular phone or a computer 
program, by taking the product apart and working backward to see how it was designed. Reverse 
engineering is also an indispensable part of software maintenance and cannot be performed without a 
complete understanding of the system. The ability to work backward is an important problem-solving 
skill required in many professions. 


Consider this problem in population modelling. In 2000, the population of Terrace was twice the 
population of Smithville. From 1995 to 2000, the population of Terrace increased by 11.8%, and the 
population of Smithville decreased by 4.9%. From 1985 to 1995 the population of Terrace increased 
by 4.8%, and the population of Smithville decreased by 8.6%. Find the ratio of the population of 
Terrace to the population of Smithville in 1985, to the nearest hundredth. 


Understand 
the Problem 


Carry Out 
the Plan 
> 


4. What information are you given? 
2. What are you asked to find? 
3. Do you need an exact or an approximate answer? 


For each town, start in 2000 and work backward to find the 1985 population in 
terms of the 2000 population. Begin with Smithville, and repeat the process with 
Terrace. 
| Let p represent the population of Smithville in 2000, and let x represent the 
population of Smithville in 1995. Since the population decreased by 4.9% from 
1995 to 2000, 
p = (100 — 4.9)% of x 

= Sis Ix 
*= 0951 


: eect pe 
The population of Smithville in 1995 was 0.951" 


Let y represent the population of Smithville in 1985. Since the population 
decreased by 8.6% from 1985 to 1995, 


x = 0.914y 
= x 
y* 0.914 


Se eee 
(0.951)(0.914) 


=1.15p 


Now consider Terrace. The population of Terrace in 2000 was 2p. Since the 
population increased by 11.8% from 1995 to 2000, the population of Terrace in 


2 
1995 was ais Since the population of Terrace increased by 4.8% from 1985 


2 
y 1995, the population of Terrace in 1985 was ee =1.71p. 
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= 


Look Back . 
-_ answer is correct? 


The ratio of the population of Terrace to the population of Smithville in 
1985 was 1.71p:1.15p, or 1.49:1, to the nearest hundredth. 


Work Backward 1. Start with the information (results or current data) you are given. 
2. Work backward to get the information you need. 


Does the answer seem reasonable? How could you check that the 


8. Check that your answer is reasonable. 


Apply, Solve, Communicate 


1. Every Friday evening three friends get 
together and play cards. One evening they agree 
that whenever one of them loses a game, that 
person must pay so as to double the money of 
each of the others. After three games, each 
friend has lost once and is left with $24. How 
much did each friend have to start with? 


2. Mario decides to give away his collection of 
comic books. He gives half of the books plus 
one extra to his sister Ella. Then, he gives half 
of the remainder plus one extra to his cousin 
Stephan. Then, he gives half of the comic books 
that are left plus one extra to a neighbour. 
Finally, he gives the remaining 74 to a charity 
shop. How many comic books did Mario have 
in his collection? 
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3. The arithmetic mean of a set of 100 
numbers is 38. Two numbers of the set, 45 and 
55, are discarded. What is the arithmetic mean 
of the remaining set of numbers? 


4. In 1996, the population of Freeport was a 
perfect square. In 1998, the population had 
increased by 100 and was 1 more than a perfect 
square. By 2000, the population had increased 
by a further 100 and was again a perfect 
square. What was the population of Freeport 

in 1996? 


5. If the sum of two numbers is 4 and 

the product of the numbers is —60, find the 
sum of the squares of the reciprocals of 
the numbers. 


Problem Solving: Using the Strategies 


4. Ina very long and narrow school hallway, 
there are 1000 lockers in a row. The lockers are 
numbered from 1 to 1000. All the locker doors 
are open. A student walks down the hall and 
closes every second locker door, starting with 
locker number 2. Then, a second student walks 
down the hall and changes the state of every 
third locker, that is, the student closes the door 
if it is open, and opens the door if it is closed. 
A third student then changes the state of every 
fourth locker. This process continues until the 
999th student changes the state of the 1000th 
locker. Will locker number 757 be open or 
closed? 


2. Apollonius of Perga, an ancient Greek 
mathematician, studied various shapes, 
including the circle and the parabola. One of the 
circle problems that Apollonius posed was as 
follows: Given three fixed non-overlapping 
circles, draw another circle that touches them 
all. There are eight solutions to this problem. In 
the two solutions shown, the red circle touches 
the three fixed non-overlapping blue circles. 
The word “touches” is interpreted to mean 
that the two circles intersect in exactly one 
point. 


Draw the other six solutions. 


3. Find the last digit in the number 3". 


4. You have a 9-L bottle and a 4-L bottle, and 
an unlimited supply of water. Describe how to 
get all the possible whole numbers of litres of 
water between | L and 13 L. 


5. Each letter represents a different digit in the 
addition. 


HALF 
+ HALF 
WHOLE 
Find the possible values of each digit. 


6. a) Copy and complete the 
magic square. 


17 24 1 1S 
7, 14 

13 22 

12 Se 21 Be 
11 18 2 


b) If columns two and four are interchanged, 
will the square still be a magic square? Explain 
your reasoning. 

c) In your completed magic square, find 

pairs of numbers that add to 26. Describe the 
relationship between the positions of the pairs 
of numbers that add to 26. 


7. Out of 100 applicants for a job, 10 had 
never taken a university course in history or 
geography, 70 had taken at least one university 
course in history, and 82 had taken at least one 
university course in geography. How many of 
the applicants had taken at least one university 
course in history and at least one university 
course in geography? 


8. Convert FLOUR to BREAD by changing one 
letter at a time to make a new word each time. 
The best solution has the fewest steps. 
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| Chapter 5 


The Chain Rule and Its Applications 
[seecicemecatons | section 


Identify composition as an operation in which two functions are applied 


in succession. cal 
Demonstrate an understanding that the composition of two functions 

exists only when the range of the first function overlaps the domain of 5.1 
the second. 

Determine the composition of two functions expressed in function 54 
notation. 3 
Decompose a given composite function into its constituent parts. Bai 
Describe the effect of the composition of inverse functions. 5.1 
Justify the chain rule for determining derivatives. 5.2 
Determine the derivatives of polynomial and rational functions, 5.2 
using the chain rule for determining derivatives. ‘ 
Determine derivatives, using implicit differentiation in simple cases. 5.3 
Determine the equation of the tangent to the graph of a polynomial, 53 
a rational function, or a conic. ‘ 
Solve related-rates problems involving polynomial and rational functions. 5.4 


As we have seen in Chapter 3, in most change situations it is the rate of 
change that is most important. In practical applications, there are often 
many related quantities that all change together. In such cases, the rates 
of change of the various quantities are also related. For example, the rate 
at which a car moves (its speed) is related to the rate at which the tires 
(and axles) turn, which is related to the rate at which the drive shaft 
turns, which is related to the rate at which the pistons move up and 
down (their speed), which is related to the rate at which the crank shaft 


turns, and so on, Similarly, the rate at which lava approaches nearby 
towns can be estimated by observing the rate at which lava is pouring out 
of a volcano, since the two rates of change are related. And finally, if the 
sun were to increase in volume, then it would also increase in radius, 
which would, in turn, increase the temperature on Earth. Once again, all 
of these rates of change are related. 


In order to calculate the relation between rates of change, the chain rule 
is an essential tool. In order to use the chain rule, we must understand 
composition of functions, with which we begin the chapter. 


Review of Prerequisite Skills 


1. Functions and relations Define the term 8. Equation of a line given two points Find an 
relation. Give two examples of relations, one in equation of the line passing through each pair of 
the form of an equation, and one in the form points. 

of a graph. a) (8, 1) and (6, 7) 

2. Functions and relations Define the b) (3 5 )ana( 3 -1) 

term function. Give two examples of °2 3” 

relationships that are functions, one in the c) (2, -5) and (-7, -10) 

form of an equation, and one in the form d) (7.6, -3.1) and (2.5, -8.2) ) 
ofaigraph, 9. Distance between two points Determine the 
3. Functions and relations Mohammed says distance between the points in each pair. 

that all functions are relations but not all a) (1, -2) and (3, 5) 

relations are functions. Claire says that all b) (2, 0) and (7, 0) 

relations are functions but not all functions c) (1.5, -3.1) and (-7.2, 5.3) 

are relations. Decide who is correct and 9) 4 

explain why. qd) (3 , 2) and (4 ? -3) 


4. Functions and relations For each equation, 
i) state the domain and range 
ii) graph the relation 


10. Pythagorean theorem Calculate x for each of 
the following: 


iii) state whether the relation is a function and a) 20m O 
explain why 
a) y=-10x-3 b) 6x+2y-14=0 ca 
> m 
c) y=4x° +8 d) y= 5 (x43) -5 
ed xt+y=64 ff) x +y-6x+4y-3=0 5 
= 1 = = 
9) b eae h) y=vx-3 b) 
5. Evaluating functions Given f(x) = 3x — 4, 25 7 
g(x) =x", and h(x) = Vox +6, find 
a) f(3) ¥ 
b) 4h(S) 
e) 5g(-7) o} al 
6. Evaluating functions For f(x)=V3x-S, 
determine 
a) f(a) b) f(x+1) — o) f(x°-1) 
7. Equation of a line given the slope and a 
point Find an equation of the line that 
a) has slope —5 and goes through the point x+2 x43 


(10, -2) 
b) has slope —> and goes through the point 


a 
5 
(3) 
c) has y-intercept 4 and slope an 


2; 
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11. Similar triangles Calculate x for each of the 
following: 
a) B 


3m 2m 


12. Similar triangles Two neighbouring 
buildings, one 40 m tall and the other 32 m tall, 
cast shadows proportional to their height. If 
the taller building’s shadow is 12 m long, how 
long is the shorter building’s shadow at the 
same time? 


13. Derivatives (Chapter 4) Find the derivative 
of each function. 
a) y=x’ 
b) y=15x5 
c) y= x’ + 8x 
d) y=x'+ 6x? - 12x 
e) y= (x + 2)(x? — 3x) 
f) y=x'(9x + 4x7) 
9g) y= (x + 7x)(2x - 5x? +x’) 
4 


. Functions and relations State the domain 
and range of each relation, sketch a graph of 
the relation, and then determine if it is a 
function. 


a) y= b) x+y =25 
co) x'+y'= 125 d) y=v9-x? 
15. Inverses Find the inverse of each function. 
a) f(x) =3x+2 b) f(x)=x4+5 


0) f(x) =x° d) f (x)= 3x-7 
=i _2x+3 

e) f(x)= 5 f) f\x)= 55 

16. Inverses In question 15, which inverses are 

functions? Explain. 


During the development of calculus, in the period 1750 to 1830, the ways of sharing ideas among 
mathematicians were limited. Communication between individuals was restricted to the mail or 
face-to-face meetings. A popular way of sharing new material among many mathematicians was 
through journals published by academic societies. Some mathematicians, such as J.L. Cauchy 
(1789-1857), submitted so much material so quickly that, due to the expense, journals began to 
limit the new submissions from any particular author. This inspired Cauchy to start his own journal, 
which became profitable enough to support itself. Today, on the Internet, mathematicians can 
share new ideas with many people quickly and cheaply. 
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Composite Functions 


In Chapter 4, we learned how to differentiate four 
types of combinations of functions—sums, 
differences, products, and quotients. One type of 
combination was not discussed—composite 
functions. Once we have learned how to 
differentiate composite functions, we will have a 
complete set of tools for differentiation. In this 
section, we will learn what composite functions 
are. In the next section, we will learn how to 
differentiate them. 


Composite functions emerge in practical 
applications when a change in one quantity 
produces a change in another quantity, which, in 
turn, produces a change in a third quantity. 
Thus, a chain of dependency exists. For 
example, an oil tanker runs aground and leaks 
oil into the sea. The spilled oil spreads in a 
roughly circular pattern, As time passes, the 
radius of the circular oil slick increases, and that 
leads to an increase in the area of the oil slick. 


In the following investigation, you will examine the composition of two functions that 
might model a chain of dependency of the staff requirements in the delivery department of 
a newspaper. 


Investigate & Inquire: Composition of Functions 


1. Assume that, for every 50 subscribers to a newspaper, one delivery person is required. Two 
extra delivery persons are needed to fill in for absent workers. Let the number of subscribers be 
x, and the number of delivery persons be p. Determine a function p = f(x) to model the 
number of delivery persons in terms of x. 


2. Assume that each supervisor is responsible for 10 delivery persons. If the number of 
supervisors is s, determine a function s = g(p) to model approximately the number of 
supervisors in terms of p. 


3. a) Construct a table of values using the two functions you determined in steps 1 and 2. 
Use several values of x and determine the corresponding values of p and s. 

b) Using your completed table, describe how to determine the number of supervisors when 
given the number of subscribers. 


4. a) Use substitution to write s in terms of x, and explain what this means. 

b) Add a fourth column to your table from step 3. Complete the column by determining 
the corresponding values of s using the function you determined in part a). Are the numbers 
in the last two columns of the table related? Explain. 


268 MHR Chapter 5 


5. Which do you think is the more efficient way to find the number of supervisors required 
for a given number of subscribers? Explain. 

a) finding p in terms of x, and then s in terms of p 

b) finding s in terms of x 

6. Use the function in the last column of the table to determine how many supervisors 

are needed if the number of subscriptions increases to 8900. 


7. Explain the chain of dependency linking s and x. What other factors might affect the 
number of supervisors required? 


The function determined in step 4 of the investigation is a composite function. The 
function s depends on the function p, which depends on x. In general, we have the 
following definition. 


Given two functions f and g, the composite function f° g, also called 
the composition of f and g, is defined by (f° g)(x) = f(g(x)). 


The written form f(g(x)) is read as “f of g at feg 


x.” Given f° g and a number x, we first apply 
the function g to x, and then apply the 
function f to the result. In other words, 2 


f(g(x)) can be understood as “/ following g.” 
This order is important, as illustrated in 
Example 4. 


Another way to describe the process of com- 
bining functions is to think of each function of es itech , Fle(x)) 


as a machine with an input and an output. input — : ns a ae output 


For the function f, if x is the input, the output is f(x). Similarly, for the function g, 

if x is the input, the output is g(x). For the composition f° g, the function machines 
are placed one after the other. Thus, if x is the input to the first function, g, the output 
is g(x). Then, g(x) becomes the input to the second function, f, so that the final output 


is f(g(x)). 
The notations (f° g)(x) and f(g(x)) are equivalent. 


Example 1 Composition of Functions 
If f(x) =x +2 and g(x) =x’, find the following. 
a) (f° g)(3) b) g(f(-8)) o) (fe f)(4) a) g(f(3x +4)) 


Solution 1 Paper and Pencil Method 
a) (f° g)(3) = f(g(3)) 


= f(3°) We determine g(3) by substituting 3 
= (9) for xin the function g. 

=9+2 

=11 
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b) g(f(-8)) = g(-8 + 2) 
= g(-6) 
=(-6) 
= 36 


d) g(f(3x + 4))= 9(3x +4 +42) 
= g(3x + 6) 
= (3x +6) 


Solution 2 Graphing Calculator Method 


Input f(x) =x +2 as Y1 and g(x) =x 


as Y2 in the Y= editor. 


a) Evaluate Y1(Y2(3)) by pressing 


1200300) 


b) Evaluate Y2(Y1(-8)) by pressing [VAR 


116) 8 0)0). 


c) Evaluate Y1(Y1(4)) by pressing 


114 J. 


DJ 


d) Unless it has a computer algebra feature, a graphing ca 


We determine f(—8) by substituting -8 
for xin the function f. 


Plotd Plot2 Plot? 
+ 


VARS] [>] 1 1 (() VARS] [>] 
$)D) 1 2 (0 (VARS) B) 
VARS) [>] 1 1 (() (VARS) D} 


culator cannot evaluate a 


composite function if the argument contains a variable. So, we cannot evaluate 
g(f(3x + 4)) using a typical graphing calculator. 


Example 2 Domain and Range of Functions in a Composition 


State the domain and range of f and g. Use the graphs of f and g to 
evaluate each expression, if it exists. If it does not exist, explain why. 


a) g(f(-1)) b) (fe g)(0) 


Solution 


The domain of f is x € [—3, 3]. The range of fis y € [9, 9]. 


The domain of g is x € [-3, 1]. The range of g is y € [-2, 6]. 


a) From the graph, f(—1) = 1. Thus, 


a(f(-1)) = (1) 


Again, from the graph, g(1) = 6. 


Thus, g(f(-1)) = 6. 
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b) From the graph, g(0) = 4. Thus, 
(f° g)(0)= f(g(0)) 
= (4) 


But 4 is not in the domain of f. So, (f° g)(0) does not exist. 


Example 3 — of a Composition of Functions 
a) If f(x)= 1 and g(x) = x° — 4, find f(g(2)). 
b) What is the domain of f° g? 


Solution 

a) f(g(2))=f(2’- 4) 
= f(0) 
“0 


which is undefined. Thus, f(g(2)) does not exist. 
b) Since f(g(2)) does not exist, the domain of f © g does not include x = 2. Are there other 
values of x for which f(g(x)) is undefined? Since f(x) = h is undefined for x = 0, 


— is undefined for g(x) = 


g(x) = 
a 0 
x=4 
mais 


Therefore, the domain of f° g includes all real numbers except 2 and ~2. Thus, 
x € (—%, -2) or x € (-2, 2) or x € (2, ~), 


Example 4 Is Composition of Functions Commutative? 


a) If f(x) = 4x — 3 and g(x) = Vx, determine 
i) (fegx) i) (ge fylx) 


b) Compare your results from part a). 


Solution 

a) i) (f° g)(x)=f(g(x)) ii) (go f)(x)= g(f(x)) 
=f (vx) = g(4x— 3) 
= dale = 3 =V4x—-3 


b) The results of part a) show that, in this case, (f° g)(x) # (g ° f)(x). 


The result in Example 4 is true in general—the order in which functions are applied in 
a composition is important. In other words, the composition of functions is not 
commutative. An example of this is putting on your socks and shoes. If you put your 
socks on first, and then your shoes, the result is different than if you try to put your 
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shoes on first, and then your socks. On the other hand, if you put your gloves on first, 
then your hat, the result is the same as if you reversed the order. Similarly, there are 
certain functions for which the order of composition does not matter, as shown in 
Example 5. 


Example 5 Composition of a Function and Its Inverse 

If f(x) =x ~ 4 and g(x) = 3x + 1, determine 

a) f'(x) bd) (fof Yx)and (fo fix) o) glx) d) (gog'){x) and (ge g)(x) 
Solution 

a) f(x)=x-4 or y=x-4 


To find f '(x), we interchange x and y to obtain 


x=y-4 

and then solve for y to obtain 

y=x+4 

So, f '(x) =x +4. 

b) (fe f '\x) =f (fF (x) (f° Aix) =f UF lx)) 
=f(x+4) =f '(x-4) 
=x+4-4 =x-44+4 
=x =x 


©) g(x)=3x4+lory=3x4+1 
To find g'(x), we interchange x and y, and then solve for y. 


x=3y+1 
x-1 
1 y 
So, g"(x)==5+ 
d (gog')(x)=g(g' (x) (ge g)(x) = g¢'(g(x)) 
= (43+) = g'(3x+1) 
“83 _3x+1-1 
sceff, 3 
=3( 51) +1 _ 3x 
=x-1+1 3 
=x 
=x 


The results in parts b) and d) of Example 5 show that the composition of the function f 

and its inverse os and of the function g and its inverse e'. results in x, no matter in which 

order the composition is done. This is true in general, and is also a method of determining | 
whether two functions are inverses of each other. 


For any function f, (f° f ')(x) = (f° f)(x) =x. 
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Examine the diagram to see why this is true. Consider 

(f ‘© f)(x). First, the function f takes an element x in its 
domain A and maps it to an element f(x) in its range B. Then, 
the function f' maps f(x) back to x. The reverse happens with 
(f° f ')(x). The function f' takes an element x in its domain B 
and maps it to an element f '(x) in its range A. Then, the 
function f maps f '(x) back to x. 


When we begin differentiating composite functions in 
Section 5.2, we will need to know how to “decompose” 
a composite function. This is illustrated in Example 6. 


Example 6 “Decomposing” a Composition of Functions 
Given F(x) = Vx +5, find functions f and g such that F = fe g. 


Solution 


One way of composing F is to take x and add 5, and then take the third root of this result. 
We start with the inner function, g(x), and let g(x) =x + 5. 


Then, we define the outer function, f(x), as /(x) = Vx. 
To check, we compose the function F(x) using our functions g(x) and f(x). 


(f° g(x) = f(g(x)) 
= f(x+5) 
=Vx45 
= F(x) 


Two other functions f and g that solve the problem in Example 6 are f(x) = x? and 


g(x) = (x + 5). The solution in the example is simpler, and therefore preferable, but there is 
an infinite number of solutions to any problem such as this. 


Key Concepts 


Given functions f and g, the composite function f° g is formed by taking the inside 
function, g, and substituting it into the formula for the outside function, f. 

The composite function (f° g)(x) = f(g(x)) is only possible when the range of the 
inside function, g(x), overlaps with the domain of the outside function, f(x). That is, 
there must be at least one element in the range of g that is also in the domain of f. 
To determine the domain of f° g, start with the domain of g and eliminate all 
values x from the domain of g for which g(x) is not in the domain of f. That is, 
determine all values of g(x) such that f(g(x)) is not defined. 

For a function, f, and its inverse, f ', (f° f ')(x) = (f-'° f(x) =x. 
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Communicate Your Understanding 


1. Consider the following table of values. 


x 0 1 2 3 4 5 6 
fix) 0 a 4 6 8 1035 
gix) 7 6 5 4 3 y 1 


a) Explain how to determine the result of f(g(2)). Then, evaluate the expression. 

b) Is it possible to evaluate g(f(5))? Justify your answer using references to the range 
of f and the domain of g. 

2. a) In general, given f(x) and g(x), does f(g(x)) equal g(f(x))? Explain your answer 
with words and examples. 

b) Are there any exceptions? Explain. 

3. Consider the function f(x) = 2x - 4. 

a) Determine f '(x) and f(f '(x)). 


b) Use words to describe how to determine f(f ‘(2)). 


Practise i) ao ii) g(f(1)) , it) fg). 
1. Use the table to evaluate each expression, ™ a(f(0)) . W isefh-2) Ww) tg AS) 
if possible. If it is not possible, explain why. . . ee ert 1 and g(x) = x ~ 3, find each 
ME 2) ly 
g(9) 
EN PEON ie SRLUREEeR © c) f(8r—6) d) fig(x)) 
SS A RE 8) elstx), 0 (fe gi-2) 
a) (2) 6) (Feed) 0) flgi3)) Pen iia 
qd) (g°f\(6)  e&) (ge f)(l f) f(g(0)) 
2. a) State the domain and range of f and g. 4. If f(x) = i and g(x) = 2x — 5, find each 
a anena). CLE ain is of the following, if it exists. ry 
NUTT TT of Srey a) g(-10) b 13 
c co a F(s(3}) 8) (fog) 
PRP + ©) (ge f)(2x +6) f) g(g(0)) 
t 9) f(f(x)) h) f(g (x)) 
| ) gifte) d #(s(3)) 


5. Find expressions for f° g and g ° f for each 
pair of functions and state their domain. 


a) f(x)= i g(x) =4x +3 


b) Use the graphs of f and g to evaluate 
each expression, or explain why the b) f(x) =2x - 3, g(x) =x + 6 
expression is undefined or cannot be evaluated. c) f(x)= vx, g(x)=x-5 
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ay 


qd) f(x)=Vx+8, g(x) =4x4+1 
e) f(x) =x, in x+2 

f) f(x) = x g(x) = rie 

g) f(x) =x° =x, g(x) = 


h) f(x)=Vx? +49. Lied 


6. Given f(x) =x — 8 and g(x) = Vx, find each 
of the following functions and state their 


domains. 
(fo f Nix) (f'° f\lx) 
c) (gog ')(x) d) (g'g)(x) 


Apply, Solve, Communicate 


7. Given f(x) = Vx and g(x) =x +4, find 
a) f(g(x)) 

bp the domain of f(g(x)) 

c) the range of f(g(x)) 

d) gif(x)) 

e) the domain of g(f(x)) 

f) the range of g(f(x)) 


8. iat shea Solving The function 
C(F) = 3 (F- 32) relates Celsius temperatures, 


C, and Tateadbude temperatures, F. The function 
K(C) = C + 273.15 relates Celsius temperatures, 
C, and Kelvin temperatures, K. 

a) Use composition of functions to write 

a function to relate Fahrenheit temperatures 

to Kelvin temperatures. 

b) What temperature is 25°F in Kelvins? 


9. An oil tanker in trouble at sea is discharging 
oil at a constant rate. The circular oil slick is 
expanding on the water such that its area is 
increasing at a rate of 500 m/min. 

a) Express the area, A, in square metres, 

of the oil slick as a function of time, ¢, in 
minutes. 

b) Express the radius, r, in metres, of the oil 
slick as a function of its area, A. 

c) Determine a formula for re A and explain 
what it represents. 

d) What is the radius of the oil slick 1h after 
the spill begins? 

10. A certain honeydew melon is approximately 
spherical and grows so that its volume increases 
at a rate of 50cm’/day (on average). 


a) Express the radius of the melon as 
a function of time, ¢, in days. 

b) Determine the radius of the melon 
eight weeks after it begins growing. 


41. Communication In a newspaper delivery 
department, the number of subscribers is x, the 
number of pel personnel is approximately 


p=fixii= aetily and the number of supervisors 
is el ae s=g(p)= b. 


a) Using the investigation at the beginning of 
this section as a guide, explain how the formulas 
for p and s were determined. 

b) Express the number of supervisors needed 

as a function of x, the number of subscribers. 

c) Approximately how many supervisors 

are needed if there are 5000 subscribers? 


12. Application A furniture salesperson earns 5% 
commission on her sales, plus a flat rate of $200 
per week. Let s represent her average sales per 
day and a represent her sales in a 5-day week. 

a) Determine an equation for her sales per week. 
b) Determine an equation for her gross wages, 
w, in dollars, per week, in terms of a. 

c) Substitute the equation from part a) to 
determine her gross wages per week in terms of 
s, her average sales per day. 

d) Determine her gross wages in a week in 
which she sold an average of $2500 in furniture 
per day. 

e) If she works on the weekend, she earns 7% 
commission. Determine her extra wages on a 
weekend in which she sold $3000 on Saturday 
and $1500 on Sunday. 


13. A supernova explosion creates a spherical 
shock wave that travels outward at a speed of 
approximately 3000 km/s. 

a) Express the radius, 7, in kilometres, 

of the supernova as a function of time, t, 

in seconds, if the radius of the supernova 
before it explodes is 1000 000 km. 

b) If V is the volume of the supernova as 

a function of the radius, find V° rand explain 
what it represents. 

c) What is the volume of the supernova 15 s 
after it explodes? 
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14. A forest fire spreads in a roughly a) Express the distance, p, in metres, between 


circular pattern, with the radius of the burned the lock and the cyclist as a function f of c, 
area increasing at a rate of about 600 m per day. the distance the cyclist has travelled since 
Two weeks later, an intense rain storm 1:00 p.m. 

extinguishes the fire. What area of forest has b) Express c as a function g of the time, ¢, 
been burned in this time period? in seconds, since 1:00 p.m. 


c) Find fe g. What does this function 


15. Inquiry/Problem Solving A scenic bicycle path represent? 


i lel t \. Th land path 
ious spare Aaseelis cone is d) How far from the lock will the cyclist be 


15 km/h passes a lock on the canal 10s after 1:00 p.m.? 
at 1:00 p.m. 16. Application For each function F(x), find 
functions f and g such that F = fo g. 
isck a) F(x) =32x°+3 


canal bank b) F(x)= Vox? +7 


c) Ftx)= 


d) F(x) = (3x° — 5x')° 
17. If f(x) = 4x - 3 and h(x) = 4x” - 21, find 
a function g such that f° g=h, 
- 1 ' 
18. If g(x) = 8x + 6 and h(x) = ea” find 
a function f such that fo g=h. 


Achievement Check 


An airplane is flying at a speed of 350 km/h at an altitude of 1 km 
and passes directly over a radar station at time t = 0. 

a) Express the horizontal distance, d, in kilometres, that the plane 
has flown as a function of the time, t, in hours. 

b) Express the distance, s, in kilometres, between the plane and the 
radar station as a function of the distance, d. 

c) Use composition to express s as a function of time and explain 
what this new function means. 
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The Chain Rule 


The foundation piles for a building are made 
of concrete. For each pile, the concrete is 
poured in the shape of a cylinder with a 
radius of 0.9 m. If the concrete is poured at a 
rate of 2 m’/min, at what rate is the height of 
each pile increasing? We will return to this 
problem in Example S. 


In the construction example, the volume 
depends on time, and the height depends on 
the volume, so the height can be thought 

of as the composite function (h © V)(¢). In this 
section, we study how to differentiate composite functions using the chain rule. The chain rule 
completes our set of rules for differentiating all possible combinations of functions. 


In the following investigation, you will get a chance to conjecture a formula for 
differentiating composite functions. 


Investigate & Inquire: Derivatives of Composite 
Functions 

4. Consider the function f(x) = (x* + 4)’. 

a) Expand the formula for f(x) so that it is in the form of a polynomial. 

b) Determine f'(x) using your result from part a). 

c) Factor the expression you obtained in part b) fully. 


2. Repeat step 1 for the function f(x) = (x + 4)*. 
3. Repeat step 1 for the function f(x) = (x° — Sx)’. 


4. Conjecture a formula for the derivative of a function of the form given in 
steps 1, 2, and 3. Test your formula on the functions in steps 1 to 3. 


5. Test your conjecture in step 4 using the function f(x) = (x* — 2x")’ and other suitable | 
functions. 


In the investigation, you made use of the chain rule to differentiate several composite 
functions. | 


Chain rule: If f and g are differentiable, and F = f° g is the composite function 
defined by F(x) = f(g(x)), then F is differentiable, and F’ is given by the product 
F'(x) = f'(g(x))g"(x). 

In Leibniz notation, if y = f(“) and u = g(x) are differentiable functions, then 

| dy _ dy du 


dx du dx’ 


The chain rule gives us an efficient way to differentiate composite functions. In using the 
chain rule, we work from the outside to the inside. We differentiate the outer function, f, 
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evaluated at the inner function, g(x), and then multiply by the derivative of the inner 
function, evaluated at x. 


£E felx)) = flex) g(x) 


* 


derivative 
of inner 
derivative of outer function 
function evaluated 

at inner function 


outer inner 
function function 


To understand the chain rule as expressed in Leibniz notation, suppose that y is the salary 


; ; 8 d 
Beth earns for selling cars, # is the number of cars she sells, and x is time. Then ay 


du 
represents the salary Beth earns per car sold ($/car), “ is the rate at which Beth sells cars 


(cars/month), and their product ay , is the rate at which Beth earns her salary ($/month). 


> dx 
, ‘ cars 
Notice how the units are related: iS. = S. ge 
month — car month 


You can work through a sketch proof of the chain rule in question 14 on page 283. 


Example 1 Using the Chain Rule 


Find the derivative of F(x) = (x* + 1)’. 


Solution 


We use the chain rule with F(x) = (f° g)(x), where g(x) = x° + 1 and f(x) = x*. Thus, 
F'(x) = f'(g(x))g'(x) 

= 2(x° + 1)(2x) 

= 4x(x* + 1) 


As in the investigation, we can check the result of Example 1 by first expanding 


y = (x° + 1)’, and then differentiating each term. 


y= (x +1) 
=x +2x°+1 
= 4x! 4 4x 


= 4x(x° + 1) 
This confirms the result obtained with the chain rule. 
So, the chain rule allows us to determine the derivative of a composite function without 
having to simplify first, and differentiate the terms separately. Expansion is sometimes a 


more efficient method. However, when expansion is not possible, the chain rule is the only 
possible method. Such is the case in Example 2. 
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Example 2 Using the Chain Rule 


Use the chain rule dF = dF du to find F'(x) if F(x) = Vx? + 5x. 
dx du dx 


Solution 


Since expansion is not possible, the chain rule is the only method of differentiation. First, 
rewrite F(x) as a power. Then, differentiate. 


F(x) = (x? +5x}? 


Let u =x" + 5x. 
1 


F(x) = ur 
dF _ dF du 


dx du dx 
du did 


Substitute w= x* + 5x in: =—w 


dx du dx (x 
1 
—~u *(2x+5) 


ee 
“2 
2 i 1 
Substitute w= x° + 5x inu *: =5 


1 
(x? + 5x) 2(2x 45) 


_ 2x45 


2Vx? + 5x 


Example 3 Combining the Chain Rule With the Product and Quotient Rules 


Use the chain rule to determine the slope of the tangent to the graph of each function 
atx =0. 


a) y=(x?+5)4x-3) b) y=, Xt? 


(x? +3x-1) 


Solution 


a) To find the derivative of y, use the product rule and the chain rule. 
y = (x* +5)'(4x —3) 


dy _ 1.2 sd do 3 
de +5) dx (4% ~3)+ (4x3) F(x +5) 


= (x? + 5)'(4)+ (4x —3)[3(x* + 5)° 4 (x? + 5)] 
= A(x? + 5)° + (4x — 3)[3(x* + 5)'(2x)] 


Now, we substitute x = 0 to determine the slope, m, of the tangent: 
m = 4(0° + 5)* + (4(0) — 3)[3(0° + 5)°(2(0))] 

= 4(125) + (-3)(0) 

= 500 
The slope of the tangent at x = 0 is 500. 
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b) To find the derivative of y, we use the quotient rule and the chain rule. 


-_ 2 +2 
(x? +3x-1)° 


dy 2 3x1) A 42) (0 +2) Ea? 43x) 

dx (x? +3x-1) 

(x! + 3x —1)'x") (a +2)[ 3a? 43x Eta? 43-0] 
(x? + 3x—1)° 

_ (x? +3x—1) (3x7) (x? + 2)[3(x? + 3x1) (2x +3)] 


(x? + 3x-1)° 
Now, we substitute x = 0 to determine the m . 
slope, m, of the tangent: Web Connection L& 
‘ : For more chain rule examples, go to 
= (=1)0) = (2)[3(-1 1/°3)I www.mcgrawhill.ca/links/CAF12. 


(-1)° 
=-18 
The slope of the tangent at x = 0 is -18. 


Example 4 Applying the Chain Rule to Graphs of Functions 


Using the graphs of the functions f and g, and the formula 
F(x) = f(g(x)), estimate each derivative. If the derivative 
does not exist, explain why. 


a) g'(-2) b) F(-2) 


Solution 


a) The graph of g is a straight line with slope 1. Thus, the 
derivative of g is 1 for all values of x. Therefore, g'(-2) = 1. 


) First, use the chain rule. 
F'(-2) = f'(g(-2))g'(-2) 
From the graph, g(—2) = 0. Substitute this and g’(-2) = 1 into the above equation. 
F'(-2) = f'(0)(1) 

=f'(0) 
Again, from the graph, since f(0) is not defined, f'(0) is not defined, so F’(-2) is not 
defined. 


Example 5 Applying the Chain Rule to a Rate Problem 


The foundation posts of a building are made of concrete and each is poured in the shape of 
a cylinder with a radius of 0.9 m. If the concrete is poured at a rate of 2 m'/min, at what 
rate is the height of a post increasing? 
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Solution 


The volume of a cylinder is V= ar7h. Solving this relation for h results in h = ve : 
ur 


Since r = 0.9, we have 
ae 
~ 0.817 


Using the chain rule, we have 
dh_ dh dV 
dt dV dt The volume is increasing at 2:m*/min, 
_| 4d ¥ $0 —-=2, 
-| arose) |™ @ 
2 


~ 0.817 
= 0.786 


The height of a post increases at a rate of approximately 0.786 m/min. 


Key Concepts 


e The chain rule can be used to differentiate composite functions. It completes the set 
of basic differentiation formulas for combinations of functions. 

e If fand gare both differentiable and F(x) = f(g(x)), then the derivative of F is given 
by the product F'(x) = f'(g(x))g’(x). That is, differentiate the outer function, f, 
at the inner function, g(x), and then multiply by the derivative of the inner 
function, g. 

e In Leibniz notation, if y = f(u) and u = g(x) are both differentiable functions, then 
dy _dy du 
dx du dx* 


Communicate Your Understanding 


1. If h(x) = f(g(x)), explain how to find h'(x). 

2. a) Expand the polynomial F(x) = (x? + 2), and then find its derivative. Factor 
the result. 

b) Find the derivative of F(x) = (x° + 2)* using the chain rule. 

c) Compare and explain your results for parts a) and b). 

8. Zack works as an Internet salesperson. He earns commission at a rate of 
$6.00 per sale. Yesterday he averaged three sales per hour. 

a) Write equations for Zack’s commission per sale and his sales per hour. 

b) What would a composition of the two equations in part a) represent? Write 
an equation for this composition. 

c) What would you have to do to find Zack’s rate of change of commission earnings 
with respect to time? 
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Practise 


Al 1. Copy and complete the table. 


(x7 +3)? 


e 
2 


(x* +5) 


silfeneuiate. 
2 f(x) = (x*- 5) 
b) f(x) = (x? - 7x +4) 


©) f(x)=Vx?-9 
d) f(x)=¥2x+1 
1 
o ecu 
f f= Shae 


3. Find % for each of the following. 


a) y=V2x+7 b) y = (x? +6) 

°) yeti d) y=(2x- 2) 
lax 1 

sind 9° y3x-8 


4. Communication Use the graphs of the 
functions f and g, and F(x) = f(g(x)), to estimate 
each derivative. If the derivative does not exist, 
explain why. 


| 
£ 
b) 
0 FQ) ) 
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Apply, Solve, Communicate 


5. Communication Water is flowing into a 
holding tank at a rate of 15 L/min. Each litre of | 
water added raises the water level by 0.2 cm. 

a) Write the given rates of change as 
derivatives. 

b) Use the chain rule to determine how fast 

the water level is rising. 


6. Pollutants from a smoke stack accumulate on 
the surrounding land in a roughly circular 
pattern. The radius of this circle is increasing 
ata rate of 2 m/s. What is the rate of change 

of the area of the polluted region when the 
radius is 

a) 8km? b) 


4km? c) 0.1 km? 


7. Determine the derivative of each function. 


3 
a) ctx)=(==3) b) A(x) =(3+2Vx)! 


+4 
©) F(x)=V4x? +x d) f(x) = (2x + 1)(4x — 1) 
e) H(x) = (x* — 4)\(3 — Sx) 


8. Inquiry/Problem Solving Air is escaping a 
spherical balloon. When the radius of the 
balloon is 30cm, it is decreasing at a rate of 
Scm/min. At this moment, what is the rate of 
change of the volume of the balloon with 
respect to time? 


9. A certain insect pest has infested a 
cornfield. The pests are spreading through 
the field in a roughly circular pattern at a 
rate of 3 m/day when the radius of the 


infested area is 70 m. How fast is the 
area of the infested region increasing at 
that moment? 


10. Application Grain is pouring out of a silo at 
a constant rate of 4m’/min. As it falls, the grain 
forms a conical pile that has a radius twice its 
height. How fast is the radius increasing when 
the radius is 7m? 


11. Inquiry/Problem Solving If F(x) = f(g(x)), 
where g(2) = 6, g'(2) = 4, and f'(6) = 108, 
find F’(2). 

12. Determine the derivative of each function. 


a) y=Vx°-4 b) gix)=— 1 


(x' +1)° 


3 


e) G(x) = (3x — 2)(2x" + 5)" 


13. Application Find an expression for the 
derivative with respect to x for each function. 


a) y=h(g(f(x))) b) y=[g(h(x))]° 


o) y=g(lh(3x-2))') a) y=e(¢(s45)) 
e) y= f(s) 


x + g(x) 


14. Let f and g be differentiable functions over 
the real numbers. Complete a sketch proof of 
the chain rule as follows. 

a) If g(x) =c is a constant function, prove that 
the chain rule holds for F = f © g. State any rules 
of differentiation from Chapter 4 that youvuse. 
b) Suppose g is not a constant function, and 
suppose that, if x is very close to a but x # a, 
g(x) # g(a). Write the limit lim flat) = Elgia) 
as the product of two limits, both rational 
functions. 

c) Use a limit law to evaluate these two limits 
separately. Express the result in terms of F’, f’, 
g, and g’. 


Beginning in 2002, there will be another annual prize to celebrate the highest level of excellence 
in mathematics. This award, known as the Abel Prize, was established by the government of 
Norway to commemorate the 200th anniversary of the birth of Niels Henrik Abel (1802-1829). 
Mathematics has never before had an international prize of the same stature as the Nobel Prize, 
because Alfred Nobel did not think mathematics was a practical science from which humanity 


could benefit. 
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‘Technology Extension 


Composite Functions 


On the TI-92, we can define composite functions, as shown arin nian = -- 
in the screen to the left, using the Define operation. Then, we can [PS frgsbralcaiclotherlprantofciean uel | 


use the calculator to differentiate these functions. 


Define f(x) =x4 
"Define Kx) =x? + 3 x-5 


Each function can be differentiated with respect to x as shown, rar TTT ESTEE ETT 
using the differentiate function. Note how the derivative of the [ee hisebralcsicjotherlprantofeiesn up| | 


composite function relates to the derivatives of its two parts. 


Another way to define a composite function is to use the 

“such that” symbol | found above the letter K. In this case, 
the volume of a cone is defined as a function of variables r and h, 
where r is also a function of h. 


The second line shows how the calculator would express the 
function simply as a function of h. The derivative is then 
calculated using the power rule. 


Practise 


1. Express each of the following as a composition of two functions, h(x) = f(g(x)). Check your work 
by defining different parts of the functions as f(x) and g(x) in the computer algebra system of your 
software or calculator. 


a) A(x) =(x°-5Sx+6)*  b) h(x) =Vx? —4 


2. For each part of question 1, find 

a) f(g(x)) b) g(f(x)) —o) f(g(-2))_ a) gif(-2)) 

e) f(x) f) g'(x) g) h(x) 

3. In the gravel pits south of Caledon Village, gravel is poured off a conveyor belt onto an empty, 
flat spot on the ground at the rate of 0.4 ms. After a little while, the pile on the ground forms an 
inverted cone 1 m high with a base radius of 1.5 m. As more gravel is added to the pile, the ratio of 
the height to the base radius remains the same. 

a) Find an expression for the radius in terms of the height. 

b) Find an expression for the volume of the pile of gravel in terms of the height. 

c) How high will the pile be after 1h? 

d) How long will it take the pile to reach a height of 10 m? 
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Implicit Differentiation 


To this point, we have differentiated only equations where one variable could be explicitly 
defined in terms of another variable. For example, we have differentiated equations such as 
y=(xt+ 2), or in general terms, y = f(x). In the form y = (x + 2), where y is isolated on 
one side of the equals sign, y is an explicitly defined function of x. In this section, we will 
see how to differentiate relations for which y is not defined explicitly as a function of x. 


Consider the problem of finding the slope of a tangent to the circle x* + y° = 100. 


Example 1 Slope of a Tangent to a Circle 
Find the slope of the tangent to the circle x” + y° = 100 at the point (6, 8). 


Solution 
We begin by solving the equation x° + y° = 100 for y explicitly in terms of x. Note that 
the resulting expression has two parts. We can solve for y to get y= V100—x° , which 


represents the upper half of the circle, and y = —V100—x’ , which represents the lower half 
of the circle. 


Solution 1 Paper and Pencil Method 


Since the point (6, 8) is on the upper half of the circle, we find 2 for y= V100—x’, and 


then substitute x = 6 to find the slope of the tangent to the circle at (6, 8). 
Using the chain rule, the result is 
dy _ d V100—x2 x +9 +100 
dx dx i 

d 


1 
= dx 100-2)? 


eal aya d a 
= 7 (100- x") dx (100 to | 


-——t__on 


~ 2V100—x* 


x 
V100-—x* 
dy 


This formula for 
dx 


represents the slope of the tangent to the upper half of the circle at 


a point (x, y). Now, substitute x = 6 to obtain the slope of the tangent at the point (6, 8). 


a 
dx J100-x* 
S| oe a 
dx\.6  V100-6 
6. 3 
-eqrna 

Thus, the slope of the tangent to the circle x* + y= 100 at the point (6, 8) is — 2 


4 
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Solution 2 Graphing Calculator Method 


Since the point (6, 8) is on the upper half of the circle, we graph y= V100—x? , 
and then use the Tangent operation on the graphing calculator to find the slope of the 
tangent to the circle at (6, 8). 


POINTS STO 
Draw 


Window variables: 
x € [-18.8, 18.8], 


y € [-12.4, 12.4] 
The Tangent operation tells us that the slope of the You can round to two decimal places by 


tangent at the point (6, 8) is 0.75. changing Float to 2 in the Mode settings. 


— 


In Example 1, we could solve the equation for y. But there are many cases in which we 

cannot solve an equation for one of the variables. Consider how we can differentiate 
Be : : 4 esse 

x +y = 100 without first solving for y. We do not need to define y explicitly in terms 

of x, which is what solving for y does, We can differentiate each side of the equation with 


respect to x, using the chain rule, and then solve the resulting equation for 2. When 
3 

we do not solve for y, then y is said to be an implicitly defined function of x. This 

technique is called implicit differentiation. Implicit differentiation is an application 

of the chain rule. 

Using implicit differentiation, we have 


x+y =100 

Bical 

de® 49") = Fe (100) 

do Bic oe ain 

de +a =O 

d 2), d 2, dy _ 

de © gy GeO 

2x+2y 2% =0 We must use the chain rule to differentiate y* with 
; dx respect to x, because y is a function of x. 
Gy a 

ae = 

dy __x 

dx y 


Thus, the slope of the tangent to the circle at a point (x, y) is — * At the point (6, 8), 


we have x = 6 and y = 8. Substituting these values into the slope formula results in 


dy__ x 
dx y 
9 
~~ 8 
sind 
4 
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We obtain the same result using both methods. However, the first method is 
cumbersome. Before differentiating, we had to manipulate the equation to isolate y, 
so it was defined explicitly in terms of x. The second method, implicit differentiation, 
allows us to differentiate immediately, which is often more efficient. 


In this case, we had a choice of methods, but sometimes implicit differentiation is the 
only method. For example, implicit differentiation is the only possible method for 
differentiating x° + x°y + 4y’ = 6, since the equation cannot be solved for y explicitly in 
terms of x (try it!). 


Example 2 Differentiating Implicitly to Find an Equation of a Tangent to a Curve 


Determine an equation of the tangent to the curve x’ + y’ = 9 at the point (2, 1). 


Solution 
Using implicit differentiation, we have 
a 3,5) a 
ig ™ +Y)= Ge) 
3x? + 3y? dy _9 
“dx 
dy x* 
dx y* 


The slope of the tangent at the ' - 
point (2, 1) is Window variables: 


x € [-4.7, 4.7], 


2 


dy__ x’ y € [-3.1, 3.1] 

dx y or use the ZDecimal 
_ 2 instruction. 
a7 
=-4 


The equation of the tangent at the point (2, 1) is 
y—1=-4(x — 2) 
y=-4e +9 


In Example 2, we could have solved explicitly for y in terms of x, and then differentiated | 
to determine the slope of the tangent. Try this and decide which method you prefer. 


Example 3 Finding Slopes of Tangents 


A satellite orbits Earth in an elliptical path described by the equation 2x* + y= 36. 
Find the slopes of the tangents to the ellipse 2x” + y* = 36 at the points (—4, 2) and 
(—4, -2). Illustrate the results with a diagram. 
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Solution 
dy 


We must determine =~. To do this, we could first 


dx 
solve the given equation explicitly for y in terms of x. 
However, this would result in two differentiation 
problems, since (—4, 2) is on the upper half of the ellipse, 


y=V36=2%" 


requiring the use of the equation y=V36-2x’, and 
(-4, -2) is on the lower half of the ellipse, requiring the 


use of the equation y = —V¥36 —2x°*. 


By using implicit differentiation, we can deal with the 
relation as a whole, and not have to separate it into 
two parts. 


Using the method of implicit differentiation to 


find dy" we have 


dx 
4 put y adi 2 
dx (2% +y)= ae (36) 
dy _ 
4xt2y a =0 
dy __2x 
dx y 
At the point (—4, 2), At the point (—4, —2), 
dy __ 2x dy __2x 
dx y dx sy 
__ 2-4) 2(-4) 
~ 2 =} 
=4 =a 


Example 4 Finding a Derivative Using Implicit Differentiation 
Find bed if x? + xy + 4y'=6. 

Solution 

Using implicit differentiation, we get 

d 3 2 3h de 

dx * te y+ 49") = 7 (6) 


We use the product rule and the chain rule for the second term, and the chain rule for 
the third term. 


» dy d /.2 dy 

2 2 2 2 oa 

3x*° +x dx t? de® )+12y ae 
yi 2 dy ody _ 

\ 3x° +x dx ttt Lay ag 
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‘ d 
Now, solving for we have 
ne 


(x? +12y?) <= = —(3x? + 2xy) 


dx 
dy __ 3x*+2xy 


dx x? +12y" 


Key Concepts 


e Implicit differentiation allows us to find oe for an equation without first having to 


solve the original equation for y in terms of x. This is the only method that can be 
used to differentiate an equation that cannot be solved for y explicitly in terms of x. 


Communicate Your Understanding 


1. Describe two methods that can be used to find ay for x’ + y° = 49 without using 
technology. ‘a 
2. Explain why implicit differentiation is the only method, without using technology, 


«ty AY ten te 
to find 7. for x+y" = 6xy. 


3. Describe the relationship between the chain rule and the method of implicit 


differentiation. 


Practise 


{Al 1. Communication a) Find the slope of the tangent 
to 3x° — y = 23 at the point (4, 5) as follows: 
i) first solve for y explicitly as a function of x, 
then differentiate with respect to x 
ii) use implicit differentiation to differentiate 
with respect to x 
b) Compare the two methods of differentiating 
in part a). Which method do you prefer? 
Explain why. 


2. Determine dy L 


ax 
a) x+y =25 b) x'+x7y4+4y=6 
ce) x +y'=17 d) 4x’ - y= 36 
e) y+y=3x f) xy=9 


g) yr tx atexty h) vx +Jy =9 


3. Determine an equation of the tangent to 

the curve at the given point. 

a) x’ +9y = 37, (1,2) b) xy = 36, (9, 4) 

c) xy’ + xy = 30, (-3, 2) d) y'+x°y’=5, (2, 1) 


Apply, Solve, Communicate 


4. i) Find the slope of the tangent to each curve 
at the given point. 

ii) Find an equation of the tangent to each 
curve at the given point. 

iii) Use graphing technology to illustrate your 
solution with a graph of the curve and the 
tangent at the given point. 

a) (x - 3) +(y+1)’= 16, (3, -5) 

b) y’—2xy = 11, (5, -1) 

c) x+y - 4x + 6y = 87, (12, -3) 

d) x? -xy+y’ =3, (-1, 1) 


ne 


5. Application a) Find an equation of the 
tangent to the circle x” + y" — 6x + 2y = 15 at 
the point (6, 3). 

b) Sketch the circle and the tangent. Verify your 
result using technology. 


6. Application a) Given a circle 
x+y + 4x — 12y = 60 with centre C, show that 
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the tangent at point P(4, —2) is perpendicular to 
the radius, CP. 

b) Show that any tangent, at point P, to a 
circle with centre C is perpendicular to the 
radius CP. 


7. Inquiry/Problem Solving The satellite 

in Example 3 has been boosted into a higher 
orbit around Earth, described by the equation 
4x* + y° = 100. The satellite’s radio antenna has 
a broken aiming mechanism, so the antenna 
always points forward in the direction the 
satellite is moving. If an astronaut on the moon, 
located at (—5, 20), wishes to receive signals 
from the satellite, where in its orbit does the 
satellite have to be? 


8. Communication The pressure, P, volume, V, 
and temperature, T, of the gas in a combustion 
chamber satisfy the equation PV = kT, where k 
is a constant. When the piston compresses 

the gas, all three of the variables P, V, and 

T change. 

a) Differentiate the equation PV = kT 
implicitly with respect to V to obtain 

an equation relating the rates of change of 

P and T. 

b) Is the sign of k positive or negative? Explain. 
c) For the air in a car tire or a squash ball, the 
equation PV = kT is still valid, but V is nearly 
constant and k has a different value. Differentiate 
the equation PV = kT implicitly with respect to 
temperature under these conditions. Should the 
sign of k be positive or negative so that the rate 
of change of pressure with respect to temperature 
is as you expect? Explain. 


9. The curve with equation 

2? a. 83 F 
2(x° + y) = 25(x° — y°) is called a lemniscate 
and is shown in the figure. 
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., dy 
a) Find Ae 
b) Find an equation of the tangent to the 
lemniscate at the point (—3, 1). 
c) Find the points on the lemniscate where 
the tangent is horizontal. 

2 2 

10. The curve with equation x* + y' = 1 is called 
an astroid and is shown in the figure. 


b) Find an equation of the tangent to 


the astroid at the point ; ’ NB } 
c) Find the points on the astroid where the 
tangent has slope 1. 


11. Find all points on the curve x*y* + xy = 2 
where the slope of the tangent is —1. 


12. \nquiry/Problem Solving Two curves are 
orthogonal if they meet at right angles. In other 
words, their tangents must be perpendicular at 
the point of intersection. Families of curves are 
orthogonal trajectories of each other if every 
curve in one family is orthogonal to every 
curve in the other family. Show that the 
two families of curves, x° — y =Aand xy = B, 
are orthogonal trajectories of each other. 


13. Suppose that a race car moves on a 
track described by the curve y” = x* — x". 
The direction of the car when it is at the 

origin is specified by the slope of the 

tangent at the origin. Assuming that the 

car moves in a figure-8 path, determine the slope 
of the tangent to the curve at the origin. 


Related Rates 


Whenever quantities are related, their rates of change are also related. For example, the 

rate of increase in the number of violent storms is thought to be related to the rate of 
increase of the atmosphere’s average temperature (“global warming”). The rate of increase 
of the atmosphere’s average temperature is related to the rate of change of the concentration 
of “greenhouse gases” in the atmosphere, which, in turn, is related to several other rates: 
the rate of increase of the number of cars, the rate at which forests are being destroyed, 

the rate at which fossil fuels are burned to produce electricity, and so on. The chains of 
dependency described here might remind you of the chain rule, and indeed the chain rule 

is essential for solving related-rates problems. 


Investigate & Inquire: Motion of a Simplified Piston 


Consider a piston moving within a combustion chamber 
of a car’s engine. The up-and-down motion of the piston 
is caused by a circular motion of the crankshaft. 


In question 6 of Section 8.5 you will analyse how 

the up-and-down motion of the piston is related to 

the circular motion of the crankshaft. As an aid to 
understanding that situation, we begin with a simpler 
one. Imagine a straight rod moving so that one end, A, 
is always touching a vertical wall, and the other end, 
B, is always touching the horizontal floor. How is the 


velocity of A related to the velocity of B? 


41. Do you think the velocities of points A and B are 
related? If so, conjecture what the relation is. 


2. Do you think that the relationship you conjectured 

in step | depends on the length of the rod? If so, pick some 
length for the rod (say 10) and stay with it for the rest 

of the investigation. 
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3. Let y represent the position of A and let x represent the position of B. Start with the rod 
placed so that x = 0 and y = 10. Then, move the rod so that y changes by 1 unit; that is, 
now y = 9. Determine the value of x and the amount by which x has changed. 


4. Do the results of step 3 lead you to modify the conjecture you made in step 1? 


5. Move A to several different positions and calculate the resulting positions of B. 
Record all the results in a table and construct a scatterplot. 


6. Use the results of step 5 to make a revised conjecture about how the velocities of A and 
B are related. 


In related rates problems, we first determine an equation that relates the two quantities. 
Then, using the given rate of change of one quantity, we can determine the rate of change 
of the other quantity with the help of the chain rule. Consider the following example. 


Example 1 Speed of a Bicycle Related to the Rate at Which Its Tires Turn 


A bicycle has tires with radius 35 cm. If the 
bicycle moves forward at a speed of 6 m/s, at 
what rate do the tires turn? 


Solution 


As in the investigation, it is easiest to solve 
this problem by finding a relation between 
the distance, x, travelled by the bicycle, and 
the number, N, of rotations of its tires. The 
rate of change of the distance with respect to 


time (the speed) is the derivative &, and 
. ; .  . dN 
the rate of change of the number of rotations with respect to time is re 


Notice that when a tire turns once, the 


i aa cea e distance travelled by the bicycle is 277, 
i ‘| where r is the radius of the tire. If the 
4 » tire turns twice, the bicycle travels twice 
SS Ps as far, if the tire turns three times, the 


bicycle travels three times as far, and so 
-———_ 7. = ne . 
on. Thus, x = 277N. Since the radius 


of the tire is 35 cm, which is 0.35 m, 
x =0.77N. 


The equation x = 0.77N is valid as long as the bicycle tire rolls without slipping. 

In other words, it represents a function with a certain domain. Thus, we can differentiate 
the equation implicitly with respect to time to obtain 

dx dN 


ae 0.707 
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Since the speed is 6 m/s, we have 
dx dN 
WES 0.707 
Thus, 
dN_ 6 
‘dt (0.77 
= 2.73 
The tires turn at a rate of about 2.73 revolutions per second. 


When solving related rates problems, it is helpful to apply the following problem solving 
process. 

4. Read the problem carefully so that you understand what you are asked to determine. 
2. Identify the key pieces of information in the question. Draw a diagram to organize 
the information. 

3. Assign variables to the relevant quantities. 

4. Determine the relationship between the quantities and write an equation that relates them. 


5. Express the given information and the required rate in terms of derivatives. 
6. Differentiate both sides of the equation found in step 4 with respect to time. 


7. Substitute the given information into the resulting equation and solve for the 
unknown rate. Remember to substitute the given information into the equation 
after differentiating, not before. 


Example 2 Expansion of the Sun 


It is thought that the sun is expanding rapidly 
enough that, in a few billion years, it will be too 
hot on Earth for life to exist. Assume that the 
sun’s surface area is increasing at a rate of 

5000 km’/year. Determine the rate of increase of 
the sun’s radius when it reaches a radius of 
1.000 000 km. The current radius of the sun is 
about 700 000 km. 


Solution 


We start by identifying two things, the given information and the unknown. Given that the 
an : : 2 ; 

rate of increase in surface area of the sun is 5000 km’/year, we want to determine the rate 

of increase of the sun’s radius when the radius is 1000 000 km. 


Now we identify the variables and relate them in an equation. Let S represent the surface 

area of the sun, in square kilometres, let r represent its radius, in kilometres, and let t 
Sioa Fey : 2 

represent time, in years. The quantities S and r are related by the equation S = 477°. 


In this problem, the surface area and the radius are both functions of time, t. The rate 
F dee f-§ po 
of change of the surface area with respect to time is the derivative ade and the rate of 


: : secanag if 
change of the radius with respect to time is Fra 
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Using the chain rule to differentiate each side of the equation § = 477° with respect to ¢, 


we have 

ds _d8 dr 

dt dr dt 
~4 4 2)ar 
=a at 
_ dr 
= 8ar 7 


Substituting the known information, s = 5000 and r = 1000 000, into the equation 
allows us to solve for the unknown: 


s =8ar cs Web Connection 
Pes To learn more about changes in the size of the 
5000 = 82r(1 000 000) rr sun and other aspects of astrophysics, go to 
www.megrawhill.ca/links/CAF12. 
ae 
dt 80007 
= 0.000199 


So, when the radius of the sun is 1000 000 km, the 
radius is increasing at a rate of approximately 19.9 cm/year. 


Example 3 Simplified Crankshaft 


As a simplified crankshaft (a more realistic crankshaft will be analysed in question 6 of 
ate Section 8.5), imagine a 5-m rod sliding in a track that has a right-angled bend in it. The 
upper part of the track is vertical and the lower part is horizontal. When the bottom of 
the rod is 3m from the bend in the track, it is slipping away from the bend at a rate of 
20 cm/s. How fast is the top of the rod moving down the vertical part of the track when 
the bottom of the rod is 3m from the bend? 


Solution 

First, we draw a diagram of the information in the problem. 
Let y metres be the distance from the top of the rod to the 
bend, and let x metres be the distance from the bottom of the 


rod to the bend. y 3 

The relationship between x and y is given by the Pythagorean 

theorem: 

x+yaS 

x+y =25 . 

We are given the rate of change of x with respect to time: & is 20 cm/s, which is equivalent 


to 0.2 m/s. We need to find ®, the rate of change of y with respect to time when x = 3m. 
a 
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Using the ee rule to differentiate each side with respect to t, we have 
d 
ae + y)= 4 (5) 


dx By 
2x at 2y We =0 

dx dy _ 
sr ik 
Using the Pythagorean theorem, we can solve for y since we know that x = 3 at the time 
we are considering. 


x+y =25 
Sey =25 
y = 16 
y=x4 


The pte we have set up the diagram, y is positive, so y = 4, Substituting —— 
and x = 3 gives us 


co.) 0 


dx 
= 0.2 = 
ae 0.2, y= 4, 


4% 06 
dt 

dy 
=-0.15 

Fe =-0.1 


Notice that dy i negative, which means that the distance from the top of the rod to 


dt 


the bend is decreasing. The rod is sliding down at a rate of 0.15 m/s or 15 cm/s. 


Example 4 Automobile Crash Test 


In an automobile crash test, two cars are approaching an intersection. Car A travels west 
at a speed of 45 km/h, and car B travels south at a speed of 60 km/h. The force of 

the impact is proportional to the rate of change of the distance between the two cars. 
Determine this rate when car A is 0.6 km from the intersection point and car B is 0.8 km 
from the intersection point. 


Solution 


First, we draw a diagram of the information in the problem. 

At time f, in hours, let x be the position of car A, let y be the 
position of car B, and let z be the distance between the cars. 

The positions and distances are measured in kilometres. 


= 


| 60k /h 
m. 


The distance z is related to the positions x and y by the 
Pythagorean theorem. 


2 
z 


2 2 
x+y 


=A 


We are required to find & , the rate at which the distance 45km/h 


between the two cars is changing. We use the chain rule to 
differentiate each side of the previous equation implicitly with respect to t. 
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We are given that x = 0.6 and y = 0.8 at the time we are considering, so we can find z at 
this time using the Pythagorean theorem. 


x 2_ 
0.6°+0.8=2 
| 

g=cl 


Since distances are positive, z= 1. 


a é er F dx 
Since the cars are both moving toward the origin in the diagram, ~~ = —45 and 


dt 
d Bie , ‘ 
= 60. The derivatives are negative because the x-value and y-value are decreasing. 
G 
. 2 apes ‘ dz 
Now we substitute all the known information into the equation for = 
a dx " dy _ dz 
* at dt "ade 
(0.6)(—45) + (0.8)(—60) = (1) a 
a 
dz 
2.7 
dt 
Notice that the negative value for dz means that the distance between the two cars 


dt 
is decreasing. The distance between the two cars is decreasing at a rate of 75 km/h. 


Example 5 Volcanic Eruption 


A volcano erupts, pouring lava over its slopes. 
Assume that the lava stays on the slopes and that 
the shape of the expanding volcano is a cone whose 
height is twice as large as the radius of the base. 
When the volcano is 70 m high, its height is 
observed to be increasing at a rate of 0.2 m/s. At 
what rate is lava pouring out of the volcano at this 
time? 


Solution 
First, we draw a diagram. 
Let V be the volume of the volcano, r, the radius of the base, and h, the 


height at time ¢, in seconds. The volume is measured in cubic metres, and 
the radius and height are in metres. Since the volcano is in the shape of a 


cone, the quantities V, #, and r are related by the equation V = yr. 
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Since we are assuming that all the lava stays in the shape of a cone, the rate at which the 


volume of the cone is increasing, a, is also the rate at which lava is flowing out of the 


volcano. We are given ah 0.2 m/s when h = 70 m. We are asked to find av at this time. 


dt dt 
. 3 1 > ‘ P . 
In order to differentiate V = amr, we need to write V as a function of h alone. The given 
relation between h and r is h = 2r, sor = E We substitute r = : into V = yarh to 
eliminate r. 
V= tar 
1 hy 
= *( > h 
= 1B 
= h 
Using the chain rule to differentiate both sides of the equation with respect to t, we have 
dV _dV dh 
at. dh dt Web Connection . 
aha dh To learn more about volcanic eruptions, go to 
=- _ fy® www.mcgrawhill.ca/links/CAF12. What is the 
dh\ 12 dt ; ; ; 
most likely location for the next volcanic 
a We dh eruption? 
4° dt 


Substituting ah = 0.2 and h = 70 into the equation, 


dV _@ RP dh 

dt 4° dt 
=7 (70; 
= (70y (0.2) 
=770 


Therefore, lava is pouring out of the volcano at a rate of about 770 m’/s. 


Key Concepts 


To solve related rates problems, the following steps may be helpful. 

a) Read the problem carefully so that you understand what you are asked to 
determine. 

b) Identify the key pieces of information in the question. Draw a diagram, if 
needed, to organize the information. 

c) Assign variables to the relevant quantities. 

d) Determine the relationship between the quantities and write an equation that 
relates them. 

e) Express the given information and the required rate in terms of derivatives. 
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f) Differentiate both sides of the equation found in step d) with respect to time. 
g) Substitute the given information into the resulting equation and solve for 
the unknown rate. Remember to substitute the given information into the equation 


after differentiating, not before. 


Communicate Your Understanding 


1. Describe two examples of a rate that is decreasing and two examples of a rate that 


is increasing. 


2. If Vis the volume of a sphere with radius r, and the volume of the sphere decreases 


dv. dr A 5 F eae 
as time passes, express —— in terms of ~~. Describe this relationship in words. 


dt dt 


3. In Example 5, a student reasons as follows: “V = h’. So, when 


b= TON = a (70)' = 90000. Thus, ay = 0.” Explain why the reasoning is incorrect. 


4. Explain why numerical information from a related rates problem must be 
substituted into an equation only after the equation has been differentiated implicitly. 


Practise 
a: ay AX ~ 4 dy 
1. Ify=x + 4x and ee 10, find ae 
when x = 5. 
2. Given V = far’, find a 
op dV a 
a) if ae =5 when r=8 
dV 5 ‘ 
b) if “ap ~20 when the diameter is 10 
3. Given V= 7rh and r=h, find dh if dv _ -5 
dt dt 
when r = 2. 


Apply, Solve, Communicate 


4. How fast is the area of a square increasing 
when the side is 6 m in length and growing at 
a rate of 2 m/min? 


5. Inquiry/Problem Solving In a baseball pitching 
machine, two rotating wheels with radius 60cm 
project the ball toward the batter. For the ball’s 
speed to be 60 km/h, at what rate should the 
wheels turn, in revolutions per second? (Hint: 
Review Example 1 on page 292.) 


6. A piece of lumber at a construction site 
is resting against the frame of a house on 
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12 


a cement floor. The lumber is 4 m long. If 

the bottom of the lumber slides away from the 
wall at a rate of 0.25 m/s, how fast is the top 
of the lumber sliding down the wall, when 

the bottom of the lumber is 2 m from the wall? 


7. Application Refer to Example 2 on page 293. 
a) When will the sun’s radius be 10% larger 
than it is today? 

b) At what rate is the volume of the sun 
increasing when its radius is 1 000 000 km? 

c) What is the sun’s density today? Density 
is mass divided by volume, and the sun’s mass 
is about 2 x 10" kg. 

d) At what rate is the density of the sun 
changing when its radius is 1 000 000 km? 
Assume that the sun’s mass is constant. 


8. Inquiry/Problem Solving A water tank has the 
shape of an inverted circular cone with base 
radius 3 m and height 10 m. 

a) If water is leaking out of the tank at a rate 
of 1 m'/min,at what rate is the water level 
decreasing when the water is 2 m deep? 

b) If the empty tank is being filled with water 
at a rate of 1.5 m*/min, find the rate at which 
the water level is rising when the water 

is 7m deep. 


9. Kruno and Zarko leave Coffee World at 

the same time and head for their respective 
homes. Kruno rollerblades east at 20 m/min and 
Zarko bicycles north at 26 m/min, At what rate 
is the distance between Kruno and Zarko 
increasing 2 min later? 


10. David pours pancake batter into a frying 
pan. The circular pattern of the expanding 
batter flows outward at a rate of 3 cm/s. Find 
the rate at which the area within the circle is 
increasing after 4s. 


41. Communication Refer to Example 4. 
Determine the rate of change of the distance 
between the two cars when their positions are as 
follows: 

a) Car A: x = 0.45 km; Car B: y = 0.6 km 

b) Car A: x = 0.3 km; Car B: y = 0.4km 

c) Car A: x = 0.15 km; Car B: y = 0.2 km 

d) Compare the results of parts a), b), and c). 
Explain why the results are related in the way 
they are. 

e) Does your explanation in part d) suggest 

an alternative way to solve Example 4? Explain. 
f) Write formulas for x and y as functions of 
time ¢. Use the formulas and your ideas in 

part e) to obtain an alternative solution to 
Example 4. 


12. Application A cubic crystal is being grown as 
a science experiment. 

a) If the sides of the crystal are increasing 

in size at a rate of 0.01 mm/s, how fast is 

the volume of the crystal increasing when its 
sides are 2.3 mm long? 


Achievement Check 


b) If the value of the crystal is $4/mm’, 
how fast is the value of the crystal increasing 
when its sides are 2.7 mm long? 


13. An outdoor sensor light is at the top of 

a 3-m gate. Faye is 1.5 m tall, and walks away 
from the gate in a straight path with a speed 
of 0.5 m/s. How fast is the tip of her shadow 
moving when she is 10 m from the gate? 


14. A spotlight on the ground shines on a wall 
14 m away. If a dog, 0.5 m tall, runs from the 
spotlight toward the building at a speed of 1 m/s, 
how fast is the height of the animal’s shadow on 
the building decreasing when the dog is 5m from 
the building? 


15. Communication Lava erupts from a volcano 
at a constant rate of 20000 m‘/s. The volcano 
maintains the shape of a cone with height 50% 
greater than the radius of the base. However, 
not all of the lava stays on the slopes of the 
volcano. Some of the lava flows on the flat 
ground beyond the slopes to make a 

circular pattern. The height of the volcano is 
increasing at a rate of 0.01 m/s when the height 
is 700 m. 

a) At what rate is lava flowing beyond 

the slopes of the volcano when the height 

of the volcano is 700 m? 

b) If the thickness of the circular pattern 

of lava beyond the volcano is 20 cm, how fast 
is the lava flow approaching nearby 

villages when the height of the volcano is 

700 m and the radius of the circular lava pattern 
is 500 m? 


The town of Redville is 1 km east of the regional airport control 
tower. A road passes through Redville, on which cars can travel 
north or south. A plane is flying north directly above the road. 
When the plane passes over Redville, its altitude is 2 km and 
increasing at a rate of 20 m/s, and its speed is 300 km/h. Determine 
the rate at which the distance from the plane to the control tower is 
increasing when the plane is directly over Redville. 
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One factor that determines a car’s fuel efficiency is how fast it is being driven. 
Let g(v) be the gas consumption, in litres per kilometre, of a car going at a speed 
of v kilometres per hour. Tests on a particular car show that g(80) = 0.08 and 
g'(80) = 0.0005. 


1. a) Let d(v) be the distance the same car goes on 1L of gas at speed v. What is 
the relationship between g(v) and d(v)? Find d(80) and d’(80). 

b) Let c(v) be the gas consumption in litres per hour. What is the relationship 
between c(v) and g(v)? Find c(80) and c'(80). 

c) Explain the meaning of the values of these functions and their derivatives to a 
driver who has never taken calculus. 


2. Choose at least three vehicles that interest you. Refer to the Internet or other 
sources to obtain g(80) and g’(80) for each vehicle. Write a report comparing the 
fuel efficiency of your chosen vehicles. 


Climatologists are scientists interested in solving 
the problem of forecasting our climate and 
weather. This problem is challenging because 
there are so many variables that are not easily 
measured. 


In recent years, significant progress has been 
made with mathematical models and computer 
simulations. Satellites and ground stations provide 
data about current climate and weather 
conditions. For a mathematical model to be 
reasonably accurate, all of the components of climate—land, oceans, sea ice, atmosphere, and 
biosphere— must be represented as numerical data. 


The general circulation model is one such model, developed from polynomial expansions that fit 
collected data. The model is run on supercomputers, approximating climate and giving clues to 
the past and future behaviour of climate change. One use of the model is to perform experiments 
to measure the rates of change of climate variables in response to human influences on the 


environment. Scientists can refine the model by comparing its results with actual future and past 
data measurements. 


To obtain accurate data relating to Earth’s climate of the past, climatologists travel to places such 
as Greenland and Antarctica to collect cores of ice from glaciers. These ice cores provide an 
excellent record of the chemical and physical properties of the atmosphere of the past, such as 
temperature, atmospheric chemistry, vegetation, volcanic activity, and environmental alterations 
created by the presence of humans. 
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Review of Key Concepts 


5.1 Composite Functions 


Refer to the Key Concepts on page 273. 


1. Given f(x) = pat and g(x) = 2x + 3, 


determine 

a) f(2) b) (g°f)(2) 

c) g(-4) d) (fe g)(-4) 
e) (fe g)(x) f) (ge f)(x) 

9) (f° f)(x) h) (g°g)(-11) 


_ #2 
2. Given f(x) = ES 
why is it not possible to calculate f (g(—4))? 
Explain fully, making reference to the domain 
and range of f and g. 


and g(x) = 2x + 5, 


3. Find functions f and g such that F = f° g 

if F(x) =Vx+12. 

4. H(x) = (f° g)(x) and g(x) = 3x + 2. Find f(x) 
if H(x) = rar 
5. A spherical hailstone grows in a cloud. 

The hailstone maintains a spherical shape while 
its radius increases at a rate of 0.2 mm/min. 

a) Express the radius, 7, in millimetres, of the 


hailstone, as a function of the time, ft, in minutes. 


b) Express the volume, V, in cubic millimetres, 
of the hailstone, in terms of r. 

c) Determine (V° r)(t) and explain what it 
means. 

d) What is the volume of the hailstone 1h after 
it begins to form? 

6. a) If f(x) =x' +5, for x € [0, ), and 

g(x) =—3x + 1, calculate each of the following: 
i) (fof ix) ii) (f° fx) 

ii) (go g')(x) iv) (g' 2 g)(x) 

b) What do you notice about your results 

in part a)? Summarize your results in a general 
statement about the composition of functions 
and their inverses. 

c) Provide a convincing argument that your 
statement in part b) is true for all functions 
whose inverses are also functions. 


5.2 The Chain Rule 
Refer to the Key Concepts on page 281. 


7. Consider the function y = (x* — 5x)’. 


a) Expand the polynomial, and then find 2 : 


b) Use the chain rule to find 2. 
c) Compare your solutions in a) and b). Explain 
any advantages or disadvantages in using the 


chain rule to find the derivative of y = (x — Sx)’. 
8. Determine ay is 
dx 


y=vx°4+7x 


) y= y= V2x*-2 


yt + Sxp 


a) y=(2x+8) 


1 
y= (6x? +4x)4 


. Differentiate. 


y= x’ - 2x) y= x +8x-6 


y = (x’ + 9x)’ ya(xetx- 10)' 


y= Vx? +12 


eee! 
ae V5x-2 


10. Andrew is an ecologist investigating a pond. 
He notices that an algal bloom is growing in 
the pond. The outside edge of the growth is 
roughly circular, and Andrew estimates that 
when the radius of the bloom is 40 m, it is 
growing at a rate of 3 mm/min. 

a) At what rate is the area covered by the algae 
increasing at this time? 

b) Assuming that the area covered by the 

algae increases at the constant rate determined in 
part a), at what rate is the radius increasing 5h 
later? 


5.3 Implicit Differentiation 


Refer to the Key Concepts on page 289. 


11. a) Find o for the relation 9x* + y" = 36 


using each method. 

i) Solve for y explicitly as a function of x. 
Then, differentiate with respect to x. 

ii) Use implicit differentiation to differentiate 
with respect to x. 


Review of Key Concepts MHR 301 


b) For what type of relations is implicit 
differentiation the only possible way to find 
2 without using technology? 

12. Find a formula for the slope of the tangent 
at any point (x, y) on each curve. 

a) x+y =25 b) x'y'+ 4x°y = 12 

c) xy +2xy=20 dd) dy +x = 29 

e) (x- 2) +(y+7) = 64 

f) x’ +y'x— 6x + 8y =9 

13. i) Find the slope of the tangent to each curve 
at the given point. 

i) Find an equation of the tangent to each 
curve at the given point. 

ii) Check your results by illustrating your 
solution with a sketch of each curve and 

the tangent. 

a) (x +1) +(y +4) = 13, (2, -2) 

b) y+ 2xy = 20, (3, 2) 

o) x'y—y'=60, (1, -4) 


2 3 


d) xy +xy + 30 =0, (-6,-1) 


5.4 Related Rates 
Refer to the Key Concepts on page 297-298. 


14. Given V = 4r°h and r=h, find 4 
« dV _ oe 
if yy = 4 when r=h= 6. 


15. A spotlight on the ground shines on 

the outside wall of a parking garage 12 m away. 
If a 2-m tall man walks toward the garage at 

a speed of 0.75 m/s, how fast is the height of 
the man’s shadow on the garage wall decreasing 
when he is 4m from the building? 


16. Cassandra and Marissa leave at the same 
time from their homes and head toward 
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the park for their weekly soccer game. 
Cassandra rides her scooter west at 32 m/min, 
and Marissa skateboards south at 26 m/min. 

As the teammates approach the park, at what 
rate is the distance between them changing when 
Cassandra is 1.8 km from the park and Marissa 
is 1.2 km from the park? 


17. After a fun morning in the snow, Emily 
props her 1.5 m aluminum sled up against the 
house and goes in for lunch. When the bottom 
of the sled is 1.0m from the wall, it is slipping 
farther away from the wall at 15 cm/s. 

How fast is the top of the sled moving down 
the wall? 


18. In a medical procedure called balloon 
angioplasty, a long tube with a balloon on 

the end is inserted into a patient’s artery that has 
narrowed because of plaque deposits. The 
balloon is then expanded for a short time 

to make the passageway for the blood wider. 
For a particular patient, the doctor conducting 
the procedure decides that the best results will 
be achieved if the balloon’s radius increases at 

a rate of 0.15 mm/s. Determine the rate at which 
air should be pumped into the balloon when its 
radius is | mm, 

a) assuming that the balloon is spherical 

b) assuming that the balloon is cylindrical with 
length 1 cm 


19. Boyle’s law states that when a sample of gas 
is compressed at a constant temperature, 

the pressure, P, and volume, V, satisfy the 
equation PV = C, where C is a constant. At 

a certain instant, the volume is 450 cm’, the 
pressure is 150 kPa, and the pressure is 
increasing at a rate of 15 kPa/min. At what rate 
is the volume decreasing, at this instant? 


Chapter Test 


Piasicocibatoe te Chart 


Questions All 


1. Given f(x) = x -3 and g(x) =-6x + 5, find 
a) f(3) b) f(g(-2)) 

ec) (fe g(x) a) g(f(x + 2)) 

e) (ge f)(x) f) (g°g)(-3) 

2. Does (f° g)(x) give the same result 

as (g © f)(x)? Explain with examples. 

3. H(x) = and f(x) = Vx. 

If H(x)=V7x—-2, find g(x). 


4. Consider the functions f(x) = 
g(x) =2x - 3. 

a) Determine (f° g)(x). 

b) Determine (g ° f)(x). 


Z and 
x 


c) Is it possible to calculate (f° g)(1.5)? Explain. 


d) Determine the domain and range of f and g. 
e) Determine the domain and range of f° g 
and gof. 

5. Consider the function f(x) = 3x — 7. 

a) Determine f "(x). 

b) Determine (f '° f)(x). 

c) Is it possible to solve part b) without doing 
any calculations? Explain. 


6. Differentiate. 


a) y= (x? + 2x")? 


Vx" + 3x 


c) y= 


8, 10,11 2,4,5,11 


1 
e) me we we f) y= 


es +2 
9 y=" 5 
7. A spherical weather balloon is losing air at a 
rate of 3 m/min when its radius is 12 m, At this 
moment, what is the rate of change of the 
balloon’s radius with respect to time? 


8. Find an equation of the tangent to each 
curve at the given point. 

a) (x +2) +(y—- 3) =2, (1, 2) 

b) 2x*y' + 3xy + 5 =0, (1, -1) 

c) x +y'=2xy, (1, 1) 

d) xy + 4y = 16, (-3, -2) 


9. A comet passing near the sun “evaporates,” 
and the evaporated material forms the tail of the 
comet. Assume that the comet always maintains 
a spherical shape and that its surface area is 
decreasing at 250 m’/min. Find the rate at 

which the radius decreases when the radius 

is Skm. 


40. A water tank at a filtration plant is built in 
the shape of a circular cone with height 4m and 
diameter 5 m at the top. Water is being pumped 
into the tank at a rate of 1.2 m'/min. Find the 
rate at which the water level is rising when the 
water is 3m deep. 


41. Faye, Nene, and Kalpesh leave school from the same front 
entrance at the same time. Faye walks north at a speed of 1.0 m/s and 
Nene jogs west at a speed of 2.5 m/s. Kalpesh walks east at 1.5 m/s 
for a distance of 12 m and then turns south at the same speed. After 
2 min, at what rate is the distance between the friends in each pair 


changing? 


a) Faye and Nene 


b) Nene and Kalpesh_ cc) Faye and Kalpesh 
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Challenge Problems 


4. If f(x) = 4x — 3 and h(x) = 4x° — 21, find a function g(x) such that f(g(x)) = h(x). 

2. If g(x) = 8x + 6 and h(x) = ars , find a function f(x) such that (f° g)(x) = h(x). 

3. a) If F(x) = (fe g)(x), f(2) = 8, f (2) = 12, f'(1) = 3, (1) = 2, and g’(1) = 4, find F'(1). 

b) If H(x) = (ge f)(x), what additional information would you need to be able to determine H'(1)? 


4. a) Two curves are orthogonal if they meet at right angles. Show that 2x* + y* = 3 and x = y’ are 
orthogonal. 


b) f(x)=~ 


Are the curves orthogonal at their other point(s) of intersection? 


and g(x) = at intersect at (2, -1). Are they orthogonal at that point? 
x’ —4x 


5. The altitude of a triangle is increasing at a rate of 1 cm/min while the area of the triangle is 
increasing at a rate of 2cm‘/min. At what rate is the base of the triangle changing when the altitude 
: j 2 

is 10cm and the area is 100 cm”? 


6. Assume that a blood vessel, such as a vein or an artery, has the shape of a cylindrical tube with 
radius R and length L. Because of the friction at the walls of the tube, the velocity, v, of blood 
flowing through the blood vessel is greatest along the central axis of the tube and decreases as the 
distance r from the axis increases until v becomes 0 at the wall. The relationship between v and r is 
given by the law of laminar flow, discovered by the French physician Poiseuille in 1840. This law 
states that 

P a 3 
< sola 
where 7 is the viscosity of the blood and P is the pressure difference between the ends of the tube. 
If P and L are constant, then v is a function of r. In a typical human artery, the values are 7 = 0.004, 
R= 0.008 cm, L = 2 cm, and P = 400 Pa-s. Find the velocity gradient (the rate of change 
of v with respect to r) when r = 0.003 cm. 


v 


7. Find one point on the curve y = such that the tangent at that point passes 


1 
xt 
through the point (6, —2), Is there another such point? 

8. If g(x) = 2x — 3 and (f° g)(x) = 4x° — 12x + 6, find the value of f(2). 


: F ‘ F 1 
9. Find all points on the curve y’ = x° — x‘ at which the slope of the tangent is equal to a 
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Cumulative Review: Chapters 3, 4, and 5_ 


1. For the curve y = 2x — 3x’ and the point 
P(2, —8) on the curve: 

a) Choose five appropriate points Q on either 
side of P on the curve. Find the slope 1), for 
each Q you choose. 

b) Estimate the value of the slope of the 
tangent to the curve at P. 

c) Find an equation of the tangent to the 
curve at P. 

d) Sketch the curve, one secant on each side 
of P, and the tangent. 


2. One end of a long metal rod is placed in 
boiling water and the temperature of the other 
end is measured at equal time intervals, The 
data are recorded in the table. 


a) Estimate the slope of the tangent at ¢= 10s 
and t = 20s by averaging the slopes of two 
secants. 

b) Graph the function and use it to estimate the 
slopes of the tangents at t= 10s and t= 20s. 
c) At approximately what rate is the 
temperature changing with respect to time at 
t= 10s and t= 20s? 

d) Compare your answers in part c), Will the 
temperature at the top of the rod eventually 
reach 100°C? Explain. 


3. Find the derivative of each function from 


first principles. 
a) g(x)=x°-3 = b) y=Vx-1 


c) m(w)=— 


4. The limit lim as = 


derivative of a we f at some number a. 
State the values of f and a. 


S represents the 


x’ + 5 and g(x) = x — 3, find 
(fe g)(4) b) g(f(-7) 

(fe f\(-1) ad) f(g(2x - 8)) 
g (12) f) (geg')(n) 


. If flx)=4 and g(x) = 


determine (f° g)(x) 
state the domain and range of (f° g)(x) 
determine (g ° f)(x) 
state the domain and Syhe of (g ° f)(x) 


Given H(x)=V/x+6, find functions f and g 
such that H = fo g. 


8. For each curve, 

i) find the slope of the tangent at the given 
point 

ii) find the equation of the tangent at the given 
point 

iii) graph the curve and the tangent 

a) y=x’ at (-2, 4) 

b) y=(x—-1)-3 at (3, 1) 

c) y=~V*x at (9, 3) 


d) y= at (1s 1) 


. TE f(x) = 


4x +1, 


xe 


9. Use the graph of f(x) to state the value of 
each quantity, if it exists. If it does not exist, 
explain why. 


tert 
a) lim f(x) 


xo 


b) lim, f(x) 
o) lim, f(x) d) fi-2) 
@) lim f(x) f) fll) 
9) Jim f(x) h) lim f(x) 


Cumulative Review: Chapters 3, 4, and 5 MHR 305 


) lim f(x) 
k) lim f(x) 


i) lim F(x) 
) F(2) 


10. Differentiate. 

a) g(x) = 7x5 + 3x* — 5x44 
b) y=3x°+4+Vx 

oe) s(t)=vt-Ve 

d) h(x) = (x - 6) 


11. An orange is approximately spherical. 
Suppose it grows so that its volume increases 

at an average rate of 4 cm'/day. 

a) Express the radius of the orange as a 
function of time, ¢, in days. 

b) Determine the radius of the orange six weeks 
after it begins growing. 


12. Differentiate. 
a) f(x) = (x" +3) 
b) g(x)=V7x-4 


d) f(x)=V2x° +x 


13. Find an equation of the tangent to the 
graph of y = (x* + 1)'(5x) at x = 0. 
14. Evaluate each limit, if it exists 


a) lim (3x —4) b) lim aos 


rot x6 


li 3x7 +2 
se OL 
fn 22 
®) ima 
«— (x-3-9 
a pa 


15. Find an equation of the tangent to each 
function at the given value of x. 


a) g(x) = (2x —x°\(1 — 13x +.4x°),x=1 
b) fix)= (2x Vx E+2x|,2=4 
vx 


vx +1 
¢) I= eed 
d) ese eee =0 


= ~ x= 
x +4x41? 
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16. Find f"(3) for each function. 
a) f(x) =x° - 5x°+4x 


b fle)= 325 
c) f(x) =(2x+1)(Vx +2) 


_3x*-1 


a) f(x)=—— 
eI 


17. Find 2 for each of the following. 
be 


a) x+y = 36 
c) xy=12 


b) x) +x°y + Sy = 10 
d) y'+3xy=7 

18. Determine an equation of the tangent to 
each curve at the given point. 

a) x+y =9, (1, 2) 

b) (x +2)’ + (y — 3)’ = 29, (3, 5) 


19. A baseball hit straight up into the air from 
an initial height of 1 m has a height, h, in 
metres, after t seconds of h = 1 + 40t — 4.97. 

a) Find the average velocity of the ball over the 
first 2s. 

b) Determine the instantaneous velocity of the 
ball after 3s. 

c) Estimate the minimum height of the roof of 
an indoor baseball stadium to ensure the ball 
will not hit the roof. 


20. After studying market trends and past 
production levels, the manager of a 
manufacturing, company modelled the projected 
annual production value, in millions of 

dollars, for its products by the function 


V(t) =15.2Vi + 1.43¢, where tis in years, and 
te [0, 10]. 

a) Determine an equation representing the rate 
of change of the company’s production value. 
b) What is the rate of change of the production 
value after 4 years? 10 years? 

c) With the aid of a graphing calculator or 
graphing software, sketch a graph of V(t) and 
V(t). 


21. The population of frogs in a provincial park 
was measured over several years. The data were 
used to determine a model to predict the future 
population, as follows: 

P(t) = SO(t” — 2¢ + 20)(0.5t + 1), where t is 
measured in years. 


a) What is the current frog population? What 
will the population be in 5 years? 

b) Find x. What does x represent? 

c) Use a graphing calculator or graphing 

dP 

dt* 

22. The surface of a particular metal oxidizes 
such that its thickness, in centimetres, after 


software to draw the graphs of P and 


1 
t years is given by y=0.015¢?. 


2, 
a) and ay after 4 years. 


b) What do the values in part b) represent? 


23. The position of a particle is given by s, in 

metres, as a function of t, in seconds. Find the 

velocity and acceleration as functions of time. 
vt+6 

a s=SP+3t~1 b) s=~—> 

1=¢ 

24, For each function in question 23, determine 

when the particle is speeding up and when it is 

slowing down. 


25. The position function of a car is given by 
s=2f — 2t+3,t > 0, where s is measured 

in metres and f in seconds. Find the position 
and velocity at the instant the acceleration 

is 0. 


26. After studying the market and past 
performance, a manufacturer estimates that its 
production cost, in dollars, for x camera lenses 
is given by C(x) = 200Vx +12000, and the 
demand function for this product is given by 
p(x) = 10000 — 0.015x, x © [0, 10000}. 

a) Find the marginal cost function. 

b) Find the marginal revenue function. 

c) Find the marginal profit function. 


d) Find the marginal profit at a production 
level of 400 lenses. 


27. Three resistors with resistances R,, R,, and 
R, are connected in parallel in an electric circuit. 
The total resistance, R, in ohms (Q), is given by 
ee ee 

R RRS Ry 

R, R,, and R, are increasing at rates of 0.1 Q/s, 
0.5 Os, and 0.7 Q/s, respectively. Determine the 
rate at which R, is changing when R = 20Q, 

R, = 709, and R, = 60.2. 


28. According to Charles’s law, if the pressure of 
a sample of gas remains constant while it is 

being compressed, the temperature, T, in degrees 
Celsius, and the volume, V, in cubic centimetres, 


satisfy the equation ¥ =C, where Cisa 


constant. At a certain time the volume is 400 cm* 
and the temperature is 20°C. If, at the same 
time, the temperature is increasing at a rate of 
0.5°C/min, determine the rate of change of the 
volume. 


29. A police car is travelling west toward the 
intersection with a north/south road. A car is 
travelling south on the intersecting road. The 
police radar detects that the other car is 
speeding. At the time of the reading, 
e the police car is 2 km east of the intersection 
travelling at 80 km/h 
the other car is 1.5 km south of the 
intersection, travelling south 
the speed limit on the north/south road is 
90 km/h 
the distance between the two cars is 
decreasing at 1 km/h 
Is the other car speeding? If so, by how much? 
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Chapter 6 ; 


Extreme Values: Curve 
Sketching and Optimization 
Problems 


Describe the key features of a given graph of a function, 
including intervals of increase and decrease, critical points, 6.1, 6.2, 
points of inflection, and intervals of concavity. 6.3, 6.6 


Determine, from the equation of a polynomial or a rational 

function, the key features of the graph of the function, 6.1, 6.2, 
using the techniques of differential calculus, and sketch the 6.3, 6.6 
graph by hand. 


Identify the nature of the rate of change of a given function, 
and the rate of change of the rate of change, as they relate 
to the key features of the graph of that function. 


6.2, 6.3, 
6.7, 6.8 


Determine, from the equation of a rational function, the intercepts 
and the positions of the vertical and the horizontal or oblique 6.4, 6.5, 6.6 
asymptotes to the graph of the function. 


Solve optimization problems involving polynomial and 


rational functions. 6.7, 6.8 


1. Solving radical equations Solve and check. 


a) Vx =5 


b) Vx -2=0 
c) V2x+1=3 
d) V4—3x-2=0 
e) 2Vx-1- 8 


= 
| 
we 
x 
(i 
i 
+ Ww 
= |] 
Hl 
par 


9) Vx+1=Vx+7 

h) Vx-1-3V¥x-3=0 
i) Vx-5=9-Vx44 
i) Vx+6-Vx+13=-1 
k) 3=Vx4+34Vx 

)) 3x+1=vVx-14+2 


2. Using technology to solve equations 
(Section 2.5) Solve for x using technology. 
a) x°+6x°+9x+2=0 
b) x*- 4x'- 8x°-1=0 

3 2 ey = 1 


e) 2x'- 3x* = 36x +62 

f) x°—2x*- 3x? =1-4x— 5x” 
g) 0.1x° - 3.2x=5.1 

h) -0.32x' + 2.45x7 - 3.11 =0 
i) 0.001x' - 3x7 + 12 =0 

j) 0.01x° — 3.02x° = 22.31 


3. Function notation Evaluate the following. 
a) If fix) = 3x’ +2, find f(2). 

b) If f(x) = 3x + 5, find f(-1). 

c) If A(x) =x(4 + 2x), find A(5). 

d) If P(x) =x? +Vx, find P(1). 

4. Function notation Graph the points on 

y = f(x) defined by 

a) f(3)=-1 b) f(-1)=2 

eo) f(0)=5 d) f(l)=1 

5. Function notation Answer true or false, and 
justify your response. 

a) If f(x) = 3x — 2, then f(-3) < f(-2). 

b) If g(x) = x° — 3, then g(1) > g(2). 


c) If f(x)=V2x+1, then f(0) > f(1) 
d) If flx)= 4, then f(l) <f(2). 
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6. Interval notation (Section 1.1) Translate into 
interval notation, 
a) 2<x<5 
c) O<x<2 


b) -3<x<1l 
d) 4<x<4 


7. Interval notation (Section 1.1) Rewrite the 
interval notation as an inequality. 

a) x € (2.01, 2.99) b) xe (2, 22] 

c) xe[0, 1] d) xe (-7, 7) 


8. Polynomial inequalities (Section 2.6) Solve 
for x. 

a) 3(1+x)<2 b) 2x 2 2(x- 1) 
c) (3x+1)(2x-1)<0 d) x°+3x-4<0 


9. Word problems A rectangular picture, 20 cm 
by 30 cm, is to be framed with a mat such that 
the width of the mat is equal on all sides of the 
picture and the area of the mat is equal to the 
area of the picture. Find the width of the mat. 


10. Word problems A paper tray is made from a 
sheet of metal that is 30 cm wide and 50 cm 
long. The ends are folded up a height of h 
centimetres to contain the paper. If the capacity 
of the tray is 6000 cm’, determine the height of 
the tray. 


50cm 


30cm 


30em 


11. Domain State any restrictions on the domain 
of the variable x for each function. 
a) f(x) =x) +2x°-3x4+4 

1 


b) ya 0) x)= 


_% c) v 


x 
d) Y= a 2)e+3) e) y= 


f) h(x)=—2 sg) f(xj= ve 


x? — 5x 
h) y= Vx? -16 


12. Intercepts (Chapter 2) Find the intercepts of 

each curve. 

a) y=x'-1 

b) y=x"-2x-8 

©) g(x) =x +7x + 12 

d) s(t)=P4+t4+5 

e) Vir)=2r +7r+6 

f) yax' + 5x? d) » 
g) y=x+ 6x 4+ 11x +6 

h) f(x) =2x?- 3x +7 


13. Intercepts (Chapter 2) Find the intercepts of 
the curve y= 12x — 4x’ and use them, together 
with the methods of Chapter 2, to sketch the 
curve. 


Pa 


14, Symmetry (Section 1.1) State whether each 
function is even, odd, or neither. 


a) ey 
15. Symmetry (Section 1.1) Determine whether 
each function is even, odd, or neither. 
a) f(x) =x" b) y=x" 
©) flxy=xt! 4 fix)= 325 
a pea ) g(x)=x"42 
y* Tx x 
Q st)=j—— hy y= bel 
+20 -¢ 
b) ay 
16. Division of polynomials (Section 2.2) Find 
the quotient and the remainder for each 
division. 
a) 3xt+4x-3 by 3x7 +4x~3 
x x-1 
x? -4 x +2x? -15x 
) eS a x? -5x-14 
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Increasing and Decreasing Functions 


One of the most practical applications of calculus is to determine the best, or 
optimal, solution to a problem. This often involves determining the largest value or 
the smallest value of a function over a certain interval. For example, a beverage 
company 

e designs containers to minimize the cost of producing them 

e chooses industrial machinery and processes to minimize production time and cost 
¢ selects routes and schedules to minimize transportation time and cost 

© uses marketing strategies to maximize sales 

* makes business decisions to maximize profits 


We examine such examples in detail in this chapter. To help us understand how to 
determine the maximum and minimum values of functions in the following 
sections, we first explore how to determine where functions increase and where 
they decrease. 


Imagine that the graph of a function represents 
a hill, and you are riding a mountain bike on 
the hill from left to right. If you are riding 
uphill, the function is increasing. If you 

are riding downhill, the function is 

decreasing. 


A function is increasing if, as we move from 
left to right along its graph, the y-coordinates 
increase in value. A function is decreasing if, 
as we move from left to right along its graph, 


the y-coordinates decrease in value. This 
definition can be stated formally as follows: 


A function f is increasing on an interval 
(a, b) if f(x,) > f(x,) whenever x, > x, 
in the interval (a, b). 

A function f is decreasing on an interval 
(a, b) if f(x,) < f(x,) whenever x, > x, 
in the interval (a, b). 


y= fee) 


floes)! >) 


1 
1 
1 
1 
1 
1 
1 
1 
| 


ol 4 x, 


0 


Increasing on (a, b) Decreasing on (a, b) 
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The function in the figure is increasing from F to G, 

that is, for x € (—1.2, 0). It is also increasing from H to K, 
for x € (2, 3.4). It is decreasing from G to H, 

for x € (0, 2). 


The definitions of increasing and decreasing functions express 
precisely what is meant by those terms. However, using these 
definitions is not a practical way to determine where a function 
is increasing or decreasing, since we would have to check every 
pair of points. 


In the figure to the right, notice that, where the function is 
increasing, the tangents to the curve all seem to have positive 
slopes, and where the function is decreasing, the tangents all 
seem to have negative slopes. This suggests that perhaps the 
derivative of a function can be used to determine where it is 
increasing and where it is decreasing. You will explore this in 
the following investigation. 


Investigate & Inquire: Increasing or Decreasing and 
the Derivative 


4. Sketch the graph of f(x) = x* — 12x over the interval x € [-5, 5]. If you use a graphing 
calculator, select the \indow variables for the y-axis appropriately. 


2. Determine a formula for the derivative f(x). 
3. Using the same axes or window as in step 1, graph f’. 


4. Use the graph of f to estimate the intervals on which f increases and the intervals on 
which f decreases. 


5. Use the graph of f’ to make a statement about the values of f’ on the intervals that you 
found in step 4. 


6. Repeat steps 1 to 5 for three other functions of your choice. 


7. Do you think there is any connection between the values of the derivative of each 
function in steps 1 and 6, and whether the function increases or decreases? If so, clearly 
describe the connection. Explain why you think the connection is valid. Do you think the 
connection applies to all functions? Explain. 


The ideas considered in step 7 of the investigation lead to the following test: 


SE —— 


Test for intervals of increase/decrease: Suppose that f is differentiable 
on the interval (a, 5). 

If f'(x) > 0 for all x € (a, b), then f is increasing on (a, b). 

If f(x) < 0 for all x € (a, b), then f is decreasing on (a, b). 
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4 [a ee ey ee ere eee | 


Example 1 Intervals of Increase and Decrease 


Without graphing the function, find the intervals on which the function f (x) = —x° + 192x 
is increasing and the intervals on which it is decreasing. 


Solution 

First we find the derivative of f(x). 

f'(x) = -3x* + 192 

To find the intervals of increase and decrease, we need to determine the intervals for which 
f'(x) > 0 and the intervals for which f"(x) < 0. We begin by determining the values of x for 
which f'(x) = 0. 

-3x" +192 =0 

-3(x’ - 64) =0 

-3(x - 8)(x + 8)=0 

x-8=0 or x+8=0 


= 8: Or x=-8 
The numbers x = 8 and x = —8 are boundary Ii the derivative did change sign in the interval, 
points that separate the domain into three it would have to cross the x-axis first. Therefore, 


intervals: (-20, —8), (-8, 8), and (8, »). Since it would have another zero. Since there are no other 


the derivative is continuous, it does not change 
F Base Rees 8 zeros in the interval, there can be no change of sign. 
sign within any of these intervals. 


Thus, determining the 


4 me (x) =-3(x-8)(x+8) 
sign of the derivative at ne 


a apah 8 
a single test value within 

2 ore Intervals (-8, 8) (8, 0) 
an interval indicates the « > 
sign of the derivative Test values < 0 Ons sk 
throughout that Signs of f'(x) + - 
interval, An interval NKRSGRERDE «een ; ; 4 ae 

lecreasing incre: creasin; 
chart can be used to ‘i aati eb: 
< > 


organize the 


information. Ti a Ry 


Thus, f is decreasing for x € (-2, —8) and y 
for x € (8, ©), and increasing for x € (—8, 8). TT ee — 1 ay 
+800 
—|-apo. 


The graph of f(x) illustrates our findings. 
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Example 2 Rate of Growth of a Cell Culture 


A cell culture experiencing changing environmental conditions has a rate of growth 
modelled by the function r(t) = 32r° - f*, t € (0, 6), with r(¢) measured in cells per hour. 
a) When is the rate of growth of the cell culture increasing? 

b) Does the rate of growth ever decrease? Explain. 


Solution 
a) We begin by finding the derivative of r(t). Differentiating, r'(t) = 64t — 40°. 
To find the intervals of 

increase, we first solve r(t)=t(4-1)(4 +t) 
riiy=0: 


64t — at =0 Intervals 
4t(16 -t) =0 
(4 -t)(4+t)=0 Test values 
t=0,4, or -4 7 
The numbers —4, 0, and Sigas.pir'le) 


4 separate the domain into — Nature of graph 
four intervals: (-2, —4), 

(-4, 0), (0, 4), and (4, ~). 

As in Example 1, we need 

only test a single value in each interval to determine the sign of the derivative 
throughout the interval. 


Since the domain is restricted to t € (0, 6), the cell 
growth rate is increasing for ¢ € (0, 4). This is 
illustrated by the graph of r(t). 


b) The cell growth rate decreases for t (4, 6). If 
the cells are in a controlled environment, it may be 
that the nutrients necessary for growth are rapidly 
depleted after 4 h. The cells may also have a 
limited lifespan of 2 or 3 hours. 


It was noted in Example 1 that a continuous function can 
change sign only if it crosses the x-axis at a zero. It is 
possible for a discontinuous function to change sign at a 
point of discontinuity, where it does not have a zero. 


For example, the function y= Z changes sign at its 
x 


discontinuity at x = 0; it is positive to the right of the 
discontinuity and negative to the left of the discontinuity. 
Therefore, in an analysis of the signs of a function, we 
should make note of the function’s zeros and its points of 
discontinuity, as shown in Example 3. 
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Example 3 Containing an Oil Spill 


Oil spills in the ocean are contained by various sizes of rectangular booms. The formula 
b= 200000, 3w relates the total length of boom required for a particular rectangular 
design of area 100000 m’ and width w metres. For which intervals of the width, w, is the 
length of the boom decreasing? 


Solution 

p= 200000 aay 
w 

pS 


Boundaries for the increasing and decreasing intervals are found when b’ = 0. For a rational 
function, points where b’ is undefined also define boundaries for these intervals. 
If b' = 0, 
> _ 200000 
w? = 
3 
w=+258 


If w = 0, b' is undefined. 
Note that in this example, the function p'==200 000 | 3 
b(w) is not defined when w = 0 and * 

the domain is only meaningful 

when w > 0. Therefore, the only litervals 
intervals that need to be considered 

are (0, 258) and (258, »), Testvalnes 


Signs of b'(w) 


Nature of graph 


The length of the boom is decreasing as the width 
changes from 0 to 258 m. The graph supports this 
conclusion. 
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Key Concepts 


e A function f is increasing on an interval (a, b) if f(x,) > f(x,) whenever x, > x, in 
the interval (a, b). 

e A function f is decreasing on an interval (a, b) if f(x,) < f(x,) whenever x, > x, in 
the interval (a, b). 

¢ Suppose that f is differentiable on the interval (a, b). 
If f(x) > 0 for all x € (a, b), then f is increasing on (a, b). 
If f'(x) < 0 for all x € (a, b), then f is decreasing on (a, b). 


Communicate Your Understanding 


4. Is it possible for a function to have neither intervals of increase nor intervals of 
decrease? If so, give an example. If not, explain why. 

2. Can an increasing function ever have an undefined slope? Explain. 

3. Ifa function describes the height of a projectile fired from the ground, what 
intervals of increase and decrease would you expect to find? 

4. a) Inthe examples, why were the given test values chosen instead of some other 
test values? 

b) Would different test values give the same results? Explain. 


Practise i) y=x°4+192x+1 ) y=3-3x4+x° 
| 14. Given each derivative f'(x), which intervals kK) y= at ) y= 6 +5x 
need to be tested to determine where the tee 1 % , 
function f(x) is increasing or decreasing? m) y= 3x" -2 n) y= dex 
a) f(x) =2-x x x 
] b) f'(x)= —3(3 + x) 
3 i io ie 3) a 3) Apply, Solve, Communicate 
=-3x 
e) f'(x)= x(x + 2)(x + 3) 3. Application Temperature fluctuations can 
f) f(x) =-x (x — 1)(x — 2) often be modelled by functions. Suppose the 
g) f(x) =3x°+12x+9 temperature at a certain location t hours after 
h) f'(x) = 4x? - 12x? - 16x noon on a certain day is T degrees Celsius, 
i) fxy= 2 where T=41-30 +81+10 for te [0, 5]. 
5 1 (x + 1)(x -2) During which time intervals is the temperature 
Df) = So falling? 
x tee 
2. Without graphing, determine the 4. Inquiry/Problem Solving a) Show that the 


intervals of increase and decrease for each 


2 Sie . 
function f(x) = x" is always increasing even 


function. though f(x) is not positive at every point. Give 
a) y= 4x +x7 b) y=(x+1)* an example of another function with the same 
c) y=(x°- 1y d) y= < —3x4+1 property. 

e) y= Ge x f) yax- 10x +2 b) Do the functions in part a) contradict the 


g) y=x°-3125x+25 h) y=48x-x°- 10 test for intervals of increase/decrease? Explain. 
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5. Communication The absorption of an initial 


dose, D,, of a medication into the bloodstream 


Dy L_. 
1+0? 
where D is the amount of medication present 

t hours after ingestion. 

a) Find the intervals when the amount of 
medication is decreasing. 

b) Is the amount of medication ever increasing? 
Explain. 

c) According to the model, does the medication 
ever completely leave the bloodstream? 

d) Does the function accurately model the 
situation for all time? Explain. 


o 


can be modelled by the function D(t) = 


6. Inquiry/Problem Solving The height, h, in 
metres, t seconds after a stone is hurled upward 
from the roof of a building 10 m high, is given 
by h=-4.9t° + 8t+ 10. 

a) During which interval is the stone rising? 

b) When will the stone hit the ground? 

c) For how many seconds is the stone falling? 


7. Application Given f(x) =x - 3x +2 and 
g(x) =x + 1, determine the intervals of increase 
and decrease of h(x), where 

a) h(x)=f(x)+ g(x) —b) h(x) = gif(x)) 

fix) 


c) h(x) = f(x)g(x) d) h(x)= a) 


8. Application A manufacturing company finds 
that the profit for a production level of x motors 
per hour is p= 400V12x— x? -100, x € (0, 12]. 
For what range of production level is the profit 
a) increasing? b) decreasing? 
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9. Application, Communication The altitude, 

in metres, after ¢ seconds, of an airplane at 

an airshow is given by the equation 

h = 4t* — 502? +2000, t € (0, 15]. 

a) Determine the intervals in which the airplane 
is descending and ascending. 

b) Describe the motion of the plane. 


10. Application An electrical generator produces 


power, in watts, according to the formula 
= _J20K where R is the resistance, in 
(R+0.5) 
ohms, of the circuit. During which intervals is 
the power 


a) increasing? b) decreasing? 


11. Determine the range of values of k such that 
f(x) = kx’ — 3x + 3 is decreasing on the interval 
(0, 3). 


12. Find an example of a function that has 

a positive derivative throughout its domain, 
and yet the function is not always increasing. 
Explain why your example does not contradict 
the test for intervals of increase/decrease. 


13. Suppose that f decreases for x € (m, m) and 

increases for x € (, p). Under what conditions 

can you conclude that f decreases for x € (mm, n| 
and increases for x € [7, p)? 


14, a) Determine the intervals of increase and 
decrease for the function 

5 
f(x) =(1+x)*? - 3 “-1 


b) Prove that (1+ x)? >1+ . x for x € (0, ®). 


ee ne 8 ee ae ee ae a “ee | 


Maximum and Minimum Values 


Some of the most practical applications of calculus involve the determination of optimal 
solutions to problems. This involves determining extreme values, that is, maximum or 
minimum values of a function. Manufacturers want to maximize profits, contractors 

want to minimize costs, and physicians would like to select the minimum dosage of a drug 
that will cure a disease. 


We need to develop a variety of tools for solving optimization problems, depending on 
whether we are given a verbal description, data, a graph, or an equation. 


Investigate & Inquire: Optimal Shape for a Can 


What is the most economical shape for 
) a beverage can of fixed volume? 
Suppose the required volume for a 
cylindrical can is 355 cm’. We need to 
find the height, h, and radius, r, in 
centimetres, that minimize the amount 
of metal used to make the can. 


Consider the possible dimensions. 
4. Let r= 1 cm. What is the value of 
) h, given V = 355 cm’ and r= 1 cm? 
Sketch the can. 
2. What is the surface area of the can? 


Label the sketch with this information. 


3. Repeat steps | and 2 for r= 2 
3 cm, 4.cm, 5 cm, and 6 cm. 


cm, 


4. Which radius in steps | to 3 results 
in the minimum surface area for the 

| can? 
5. How can you refine the search for 
the radius that minimizes the surface 
area? 
6. Do you have the best possible value Volume of a cylinder = x/h 
for the radius? How confident are you Surface area of a cylinder = 2nr’ + 2nrh 
that your answer is optimal? 


7. What assumptions have been made regarding the construction of the can? What other 
factors might be necessary to consider when designing a can? 


8. Describe, and suggest reasons for, any patterns that you found in your search for the 
optimum radius. 
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In Example 2 of Section 6.7, we will use calculus techniques to obtain the solution to the 
problem of designing the most economical can. As a first step, we develop some tools 
related to functions and their graphs. 


Consider the graph of the function f in the following figure. Note that the domain of f is 
x €[0, 8]. 


Suppose the graph of f represents two hills with a valley 
between them. The point (6, 5) on the second hill is 
higher than any nearby point (say for x € [5.9, 6.1]). 
Thus, we call 5 a local maximum value of the function f. 
Similarly, 7 is a local maximum value of f, since the point 
(2, 7) is higher than nearby points on the first hill. 
However, since 7 is greater than any other value of f in 
its domain, 7 is also called the absolute maximum value 


of f. 


Similarly, the value 3 is called a local minimum value of f, 
since the point (4, 3) is lower than nearby points in the 
valley. Consider the point (8, 1). Since 1 is less than any 
other value of f in its domain, 1 is called the absolute 
minimum value of f. 


These concepts are summarized in the following formal definitions. 


A function f has a local maximum (or relative maximum) value f(c) at x = c if 
f(c) > f(x) when x is close to c (on both sides of c). 

A function f has an absolute maximum (or global maximum) value f(c) at x = c if 
f(c) > f(x) for all x in the domain of f. 

A function f has a local minimum (or relative minimum) value f(c) at x = c if 

f(c) < f(x) when x is close to ¢ (on both sides of c). 

A function f has an absolute minimum (or global minimum) value f(c) at x = c if 


f(c) < f(x) for all x in the domain of f. 


Look again at the point (8, 1) in the graph of f above. According to the definition of 
local minimum, we must consider values of f on both sides of x = 8. Since the graph is 
only defined to the left of x = 8, (8, 1) cannot be a local minimum. Thus, on a closed 
interval, neither local minimum values nor local maximum values can occur at the 
endpoints. However, absolute minimum and maximum values can occur at the 
endpoints. 


Local maximum and local minimum values of a function are _Extrema is the plural of extremum. 
often called local extreme values, or local extrema (sometimes 

called turning points). Similarly, absolute maximum and 

absolute minimum values of a function are often called 

absolute extreme values, or absolute extrema. Also, absolute 

maximum and minimum values are often called simply 

maximum and minimum values. 
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Example 1 Determining Local Extrema From Graphs 


Determine the local and absolute extrema for each function. 


a) y=f(x) for x € [0, 12] b) y=|x°—4| for x € [-3, 4] 
7 


Solution 


a) Reading from the graph, there are local maximum values of (3) = 9 and f(10) = 7. 
The absolute maximum value is 9. 


The local minimum value is f(6) = 5. We can see from the graph that the absolute 
minimum value occurs at the rightmost endpoint, where x = 12. Thus, the absolute 
minimum value is 1. 


b) The local maximum value is f(0) = 4. We can see from the graph that the 
absolute maximum value occurs at the rightmost endpoint. The function value 
at this endpoint is f(4) = \(4)° — 4| = 12. Thus, the absolute maximum 

value is 12. 


The local minimum values are f(—2) = 0 and f(2) = 0. Thus, the absolute minimum 
value is 0. : 


Critical Points and Local Extrema 


How can we determine the maximum and minimum values of a function without 
graphing? You will investigate this problem next. 


Investigate & Inquire: Determining Local Extrema 


In Section 6.1, you learned how to determine when a function is increasing and 
when it is decreasing. In this investigation, you will explore how to use this 
information to determine the local maximum and local minimum values 

of a function. 


4. Determine the intervals of increase and decrease for each function. 
a) f(x)=x+4x43 b) f(x) =x°- 3x7 +7 
c) f(x) =-x'+ 2x? d) f(x) =-x? + 6x 
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2. For each function in step 1, determine the value of f" at the endpoints of the intervals 
you determined. What do you notice? 


3. Graph each function in step 1 and use the graph to determine the local maximum and 
local minimum values. 


4. Explain how to use the intervals of increase and decrease in step 1 and your 
results from step 2 to determine the local maximum and minimum values without 
graphing. 


5. Note that the functions in step 1 are all differentiable. Conjecture a test for finding the 
local maximum and local minimum values of a differentiable function using intervals of 
increase and decrease and the values of the derivative of the function at the endpoints of the 
intervals. 


Notice that, in this investigation, the value of f’ at the endpoints of the intervals of increase 
and decrease for each function is 0. For other functions, it could happen that the graph has 
a cusp (sharp corner) between intervals of increase and decrease. For example, consider the 
function f(x) = ll. We know that f is not differentiable at x = 0, that is, f'(0) does not exist. 
But if we look at the graph, we can see that the function f(x) = lxl decreases for x <0 and 

increases for x > 0. 


Poti Plotz Plot? 
~Y1 Babs (> 
We 


Window variables: 

x € [-4.7, 4.7], y € [-3.1, 3.1] 
or use the ZDecimal 
instruction. 


We call an x-value for which the derivative is equal to 0 or does not exist a critical 
number, 


A number c in the domain of fis a critical number of f if either f'(c) = 0 or f'(c) 
does not exist. 
The point (c, f(c)) is called a critical point. 


It appears from the preceding discussion that local maximum and local minimum 
values occur at critical points of functions. This is true in general, and is called 
Fermat’s theorem. 


Fermat’s theorem: If f has a local maximum value or local minimum value at x = c, 
then either f"(c) = 0 or f'(c) does not exist. 


Be careful: just because f'(c) = 0 or f'(c) does not exist is no guarantee that f has a local 


; me Hie ; 3 
maximum or minimum value at x = c. For instance, consider the graphs of f(x) = x’ and 
\ 


g(x)=x3. 
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Notice that f has a horizontal tangent at the origin (that is, f(0) = 0), and g has a 
vertical tangent at the origin (that is, g'(0) does not exist). Yet neither f nor g has a 
local maximum or local minimum value at x = 0. What Fermat’s theorem says is that if 
fhas a local maximum or a local minimum value at x = c, then f'(c) is either 0 or 

does not exist; but the converse is not necessarily true, as the two previous 

graphs show. 


If we are looking for local maximum or local minimum values, Fermat’s theorem tells us 
where to look: at the critical numbers. Once we have determined the critical numbers, how 
do we decide whether the function value at a critical number is a local maximum, a local 
minimum, or neither? To visualize this, think about the following graphs as representing 
hills and valleys. 


local maximum value 


local minimum value 


In the graph on the left, as you walk from left to right, first you walk uphill, then you reach 
the peak, and then you walk downhill. That is, the function is increasing, then the local 
maximum is reached, and then the function is decreasing. 


In the graph on the right, it is the other way around: first the function is decreasing, then 
the local minimum is reached, and then the function is increasing. 
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Since f is increasing when f' (x) > 0 and f is decreasing when f(x) < 0, we obtain the 
first derivative test. 


The first derivative test: Let c be a critical number of a continuous function f. 

If f'(x) changes from positive to negative at c, then f has a local maximum at c. 
If f'(x) changes from negative to positive at c, then f has a local minimum at c. 
If f'(x) does not change sign at c, then f has neither a local maximum nor a local 
minimum at c. 


Example 2 Determining Local Extrema 


: : - ; 
Determine the local maximum and local minimum values of the function f(x) =x’ — 3x + 2. 


Solution 
Since f is differentiable, the 
critical numbers are the x-values 
for which f(x) = 0. 

f'(x) = 3x" =3 Intervals 
Setting the derivative equal to 0 Test values 
and solving for x, we obtain 


f (x) =3(x-1)(x +1) 
-1 1 


Signs of f'(x) 


3x°-3=0 | 
x*-1=0 Nature of graph 
x= 1 or=1 


Thus, the critical numbers are 
x=1andx=~-1. We 

test f(x) at x-values on 

the left and right of the 
critical numbers using 

an interval chart. 


. oe Jocal maximum value 
By the first derivative test, f has a 


local maximum at x = —1. Its value is 

f (-1) =4. The first derivative test also 
indicates that f has a local minimum at 
x = 1. Its value is f(1) = 0. The graph of 
f illustrates our findings. 


f(x) = x'-3x 42 


local minimum value 
at (1, 0) 
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Consider the function f(x) =x with domain x € [-1, 2]. Ty 
Notice that the absolute maximum value 2 occurs at the | 
right endpoint of the domain, and the absolute minimum 
value —1 occurs at the left endpoint of the domain. 

Now consider the function g(x) = x? + 1 with domain 

x € [-1, 2]. For this function, the absolute minimum value 
of 1 occurs at the critical number x = 0, and the absolute 
maximum value of 5 occurs at the right endpoint of the 
domain. Therefore, if we are looking for the absolute 
extrema of a function for which the domain is a closed 
interval, we should test the values of the function at 

the critical numbers and at the endpoints of the 

interval. 


g(x) 3x7 +1) 


Example 3 Determining Absolute Extrema 


Find the absolute maximum and absolute minimum values of the function 
f (x) = 2x* - 4x" + 4 for x € [-2, 0.5]. 


Solution 


Using Fermat’s theorem, we first determine the critical numbers of f. Since f is 
differentiable for all values of x in its domain, we need only determine the x-values 
for which f'(x) = 0. 


f' (x) = 8x? - 8x 
If f'(x) = 0, then 
8x’ — 8x = 0 


8x(x +1)(x -1) =0 
8x=0 or x+1=0 or x-1=0 

x=0 x=-1 x=1 
The value x = 1 is not in the domain [—2, 0.5] so we do not consider it. 
The values of f at the other two critical numbers are 
f (0) =2(0)'- 4(0) +4 and f(-1) =2(-1)*-4(-17 +4 

=4 2 

The values of f at the endpoints of the interval are 
f(-2) = 2(-2)* - 4(-2) +4 and (0.5) = 2(0.5)* - 4(0.5)° +4 


=20 S025 
Considering the values 4, 2, 20, | y 
and 3.125, the absolute maximum j T 30 | 


e = Absolute maximum value +—4 | Janet 
is 20, which occurs at x = —2 (an | 


endpoint), and the absolute minimum 
is 2, which occurs at x = —1. Note 
that 2 is also a local minimum 

value. The graph illustrates our 
conclusions. 


20+} Absolute minimum value 

Y Ea } 
Local maximum value 
+—1—4 
| 


fixy=2x*=4x7144} 
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Example 4 Acidity Caused by Eating Candy 


The pH in a person’s mouth t minutes after pH is a measure of acidity: the lower 
eating candy can be modelled by the equation the number, the stronger the acid. 

P =~0.000 202° + 0.0142" — 0.24t + 6.22 for te [0, 30]. 

Determine the time when the pH is lowest (most acidic) after eating candy. 


Solution 


The derivative is P’ = 0.000601" +.0.028¢-0.24 

P’ =-0.000 608° + 0.0282 ~ 0.24. ‘i see = 

To determine the critical numbers, we set < = 

the derivative equal to 0 and solve for ¢: (0,113) (11.31, 30) Intervals 
0.000 602" + 0,028¢ — 0.24 = 0 


Test values 

= 0.028 + J0.028" — 4(-0.000 60)(-0.24) , , 

a ~~ 2(-0.00060) 7 Signs of P' 
= Eebhnon. 33-40, decreasing increasing Nature of graph 


We do not consider t = 35.35 because it is out- 
side the interval [0, 30]. Thus, the only critical Ps eo 
number is t= 11.31. 


We use an interval chart to organize the 
information. From the chart, and the first 
derivative test, the pH has a local minimum at 
t= 11.31 and its value is P(11.31) = 5.01. The 
pH values at the endpoints of the interval are 
P(O) = 6.22 

P(30) = 6.22 

Since both values are greater than 5.01, the 
absolute minimum pH of 5.01 occurs after 
11.31 min. A sketch of the pH function 
illustrates our calculations. 


Key Concepts 


* A critical number of a function is an x-value for which the derivative of the 
function is 0 or does not exist. 

¢ Local maximum and minimum values occur at critical numbers, but not all critical 
numbers give rise to local maximum or minimum values. 

¢  Fermat’s theorem: If f has a local maximum value or local minimum value at x = ¢, 
then either f'(c) = 0 or f'(c) does not exist. 

© To find the absolute maximum and absolute minimum values of a continuous 
function with domain x € [a, b], 
a) Identify the critical numbers and endpoints of the interval. 
b) Find the values of f at the critical numbers of f in [a, b]. 
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c) Find the values of f at the endpoints of the interval. 
d) The greatest of the values from steps b) and c) is the absolute maximum value 
and the least of these values is the absolute minimum value. 

© Use the first derivative test to determine whether a function has a local maximum 
value, a local minimum value, or neither, at a critical number. 
Let c be a critical number of a function f. 
If f(x) changes from positive to negative at c, then f has a local maximum at c. 
If f'(x) changes from negative to positive at c, then f has a local minimum at c. 
If f(x) does not change sign at c, then f has neither a local maximum nor a local 
minimum at c. 


Communicate Your Understanding 


1. Explain the difference between an absolute maximum and a local maximum. 

2. Is it possible for a function f to have a critical number at which f has neither a local 
maximum value nor a local minimum value? If it is possible, sketch a graph of a 
function that satisfies this condition; if it is not possible, explain why. 

3. Name the two types of critical numbers and how they differ. 

4. Ifa function is differentiable on an interval, and the interval contains no critical 
points, why does the slope of the graph at one test point in the interval reveal the 
increasing/decreasing nature of the function over the entire interval? 


Practise b) 


1. Find the absolute maximum and absolute 
minimum values of each function. 


a) 


B 2. Without graphing, find the absolute 
maximum and minimum values of each function. 
a) f(x) =3x+2 forxe[-l, 1] 
b) f(x) =4- 2x for x € [0, 3] 
ce) f(x) =9-x forx €[-2, 1] 
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h) f(x) =x - 12x +2 for xe [1, 4] 
i) f(x) =x* - 2x" +7 for x € [-3, 1] 
i) f(x) =x°-15x* +1 for x € [-1, 4] 
k) f(x) = |x? — 1] + 1 for x € [-2, 2] 
l) f(x) =|12x —x'] +1 for x € [-1, 3] 


3. Determine the critical numbers of each 
function and apply the first derivative test to 
determine whether the critical numbers 
correspond to local maximum or local minimum 
values. Determine the local maximum or local 
minimum values. 


a) y=x-x° b) y=(x-2) 
c) y= (x'— 2) d) y=2x'~ 6x +1 
e) y=x-Vvx f) y=3x°-8x+4 
. 1 
g) y=3x? h) y=2x"- 16x" + 12 
i) y=x?— Sx! ) y=be+2/ 
Kk) y=x3(x-1) !) y=x'(1-4] 


4. Application Determine the local extrema, and 
sketch each function. 

a) y=x?-4x+7 

b) y=-2x*-4x4+3 

oc) y=x?-3x 

d) y=x*-2x? 

e) y= gt ma 

f) y=2x'-15x? +36x-18 

9) y=x'-Vx 

h) y=6Vx-x 


Apply, Solve, Communicate 


5. The volume of a shed in the shape of a 
rectangular prism with height x metres is given 
by V = 120x — 46x” + 4x’ for x € [0, 4]. 
Determine the height of the shed that has 
absolute maximum volume. 


6. The height, h(t), in metres above the ground, 
of a flare as a function of time, t, in seconds 
after the flare is fired, is given by the function 
h(t) = -4.9¢ + 44¢ + 2 for t= 0. 

a) Determine the height of the flare when it is 
fired. 

b) Determine the maximum height of the flare. 
c) When does the flare hit the ground, to the 
nearest second? 
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7. Application Weather forecasts in the winter 
refer to wind-chill factor. Wind chill is 

the additional cooling that occurs when 

skin is exposed to wind. One of the equations 
used to model wind chill is W = -0.17v" + 
18.4v° — S84v — 239 for v € [0, 45], where v 
is the wind speed in metres per second. 

The units for W are megajoules per square 
metre per hour. Determine the speed of the 
wind that gives a minimum wind-chill factor. 


Web Connection 
To learn more about modelling wind chill, 
go to www.mcgrawhill.ca/links/CAF12 
and follow the link. 


8. Application The speed of air escaping through 
your trachea when you cough is a function of 
the force due to chest contraction and the size of 
the trachea. It can be modelled by the equation 
S = F(1 + 0.97 — r°), where F is the constant 
force of your chest contraction, r is the radius of 
your trachea, in centimetres, and S is the speed 
of the airflow, in centimetres per second. 

a) Determine the maximum speed of airflow 
that can be attained. 

b) Sketch the graph of S versus r (use F = 1). 


9. Inquiry/Problem Solving Three students, 
Lawrie, Gavin, and Rebekah, were asked 


to analyse the function f(x) = ix —2x* +1. 


Lawrie said, “There is a critical point at x = 0, 
and I have tested neighbouring points on either 
side. I tested x = —3 and x = 3 and found a 
negative slope to the left and a positive slope 
to the right, hence there is a local minimum 

at x = 0.” Gavin countered, “But I have 
found, using the first derivative test, that the 
adjacent critical point at x = 2 is also a local 
minimum. How can that be? Adjacent critical 
points cannot both be minimum values.” 

a) Rebekah sorted it out for them. What was 
her argument? 

b) Explain any errors in Lawrie’s and Gavin’s 
explanations. 


pelt, 10. A marine biologist in Burncoat Head, Nova b) Determine when the population reaches a 
= 5 a Scotia, collected the following tidal data at minimum. What is the minimum population? 
“Cae hourly intervals from 4:00 until 19:00. c) Sketch a graph of the population over the 
Time (mini mae nse 
4 3 a = 12 11.8 12. Find the absolute maximum and absolute 
. x a aT minimum values of the function defined by 
om tA as —x-3 for x €[-4, —2] 
id : - f(x)=4x°+3x4+1 for x €(-2, 2) 
a = = oS 13-x — forxe[2, 4] 
8 3.4 16 39 
9 62 17 18 13. Determine the absolute maximum and 
Ti 35 18 OR absolute minimum values of the function 
: < g(x) =|x? —9| on the interval x €[-S, 5]. 
1 11.0 19 0.9 


14. Determine the absolute maximum of 
a) Use regression to determine a quartic 


a : 
: =x(r° +x°)* for x €[0, r], where r is a 
function to model the data. = He te) 10, 71, 


b) Find the times, between 4:00 a.m. and Sonerant 

7:00 p.m., when the height of the tide is 15. Inquiry/Problem Solving a) If a function is not 

increasing, and when it is decreasing. At what restricted to a closed interval, can it have an 

time is the height of the tide neither increasing absolute maximum or an absolute minimum? If 

nor decreasing? yes, give an example of each. If no, explain why. 

c) When, during the day, is the height of the b) Must a differentiable function on a closed 

tide a maximum? a minimum? interval have an absolute maximum? If no, give 

11. Application The predicted population, in IAS ea See mee 

millions, of a small country has been modelled 16. Communication a) If a differentiable function 
, : ee , f (x) has f'(1) = 3 and f'(2) = —3, will it have a 

using the equation P = 400 ~ 10 +5, where x is localenw etait iat 

the number of years after 2001, and x  [0, 30]. b) Would your conclusion in part a) be the 

a) Determine the intervals of increase and same if f were not differentiable for all values 

decrease in population. of x? Explain. 
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Concavity and the Second 
Derivative Test 


Imagine driving along a curved road from R to T as shown. As the car moves from R to S, 
the road curves to the left, and you feel the seat of the car exert an additional force on you 
to the left. This force tends to decrease as you approach S, and reaches zero at $. The road 
then curves to the right and the additional force from the seat points to the right. In this 
section, we explore curves that behave in this fashion, and points such as S. 


If we think of the road as the graph of a function, then the curve from R to S is described 
as concave upward (curving so as to enclose the space above it). From § to T the curve is 
concave downward, and from T on it is concave upward. To distinguish between these two 
types of curves, examine the graphs of the functions f and g below. Each graph connects 
point A to point B, but the two graphs bend in different ways. If we draw tangents to the 
curves at various points, the graph of f lies above its tangents and is called concave upward, 
while the graph of g lies below its tangents and is called concave downward. 


y y 


——— thi 


Concave upward on (a, b) Concave downward on (a, b) 


The graph of f is said to be concave upward on an interval (a, b) if it lies above all 
of its tangents on (a, b). 

The graph of f is said to be concave downward on (a, b) if it lies below all of its 
tangents on (a, b). 
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For instance, the function shown below is concave upward on the intervals (—», 1), (3, 5), 
and (5, 6.5), and concave downward on (1, 3) and (6.5, ~). 


A point P on a curve is said to be a point of inflection if the curve changes from 
concave upward to concave downward or from concave downward to concave 
upward (that is, it changes concavity) at P. For instance, the graph just considered has 
three points of inflection, namely, P, Q, and S. Point R is a cusp but is not a point of 
inflection, since the concavity does not change at R. Also, notice that if a curve has a 
tangent at a point of inflection, as at points P, Q, and S$ in the figure, the tangent 
crosses the curve there. In the following investigation, you will explore the connection 
between concavity and tangents. 


Investigate & Inquire: Concavity and Inflection Points 


1. Graph each function. Estimate the intervals on which the function is concave upward, 
the intervals on which it is concave downward, and the point(s) of inflection. 

a) f(x) =x’ - 3x" 

b) f(x) = 2x — 4x7 + 5x43 

c) f(x) x* — 5x* — 6x 

d) f(x) =-x* - Sx 


2. Calculate f(x) and f"(x) for each function in step 1. Graph the function and its 
derivatives on the same set of axes. 


3. For each graph in step 2, determine the sign of f"(x) on each interval on which the 
graph is concave upward. Repeat this for each interval on which the graph is concave 
downward. 


4. Make a conjecture about the sign of f"(x) when the graph is concave upward. Repeat 
when the graph is concave downward. 


5. Draw a vertical line through the point of inflection of each graph of f in step 2. Let the 
x-coordinate of the point of inflection be a. 


6. How does the first derivative behave near an inflection point (a, f(a))? Conjecture a test 
for inflection points using only the first derivative. Test your conjecture. 


7. How does the second derivative behave near an inflection point (a, f(a))? Conjecture a 
test for inflection points using only the second derivative. Test your conjecture. 


8. What is the value of the second derivative at each inflection point you found? 
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Note from the investigation that the sign of the second derivative affects the direction of 
concavity. If the second derivative is positive, the graph is concave upward. If the second 
derivative is negative, the graph is concave downward. This can be understood by thinking 
of the second derivative as the rate of change of the slope of a graph. Thus, if f"(x) > 0, the 
slope of the graph of f is increasing at x. Examine the following graph of a function that is 
concave upward on (a, b). 


We can see that the slopes of the tangents to the 
function are increasing as x increases. The slopes on the 
left are negative, increasing through negative values up 
to 0, and then increasing through positive values. A 
similar argument can be made for a function that is 
concave downward on an interval. 


Test for concavity: If f"(x) > 0 for all x € (a, b), 
then the graph of f is concave upward on (a, b). H 
If f"(x) <0 for all x € (a, b), then the graph of f is 0 ke 


d A b Hy 1X1 24 _iXtg | as. 
concave downward on (a, b). fla) < fle) < flay) < flo) < fx) 


It follows from the test for concavity and the definition of a point of inflection, that there is 
a point of inflection at any point where the second derivative changes sign. Note that the 
second derivative must be zero or not exist at a point of inflection. This compares closely 
with Fermat’s theorem (page 322), which relates critical numbers to the first derivative. As 
with Fermat’s theorem, the condition “f" = 0 or does not exist” does not guarantee that a 
point of inflection exists, as Example 1 shows. 


Example 1 A Function With Zero Second Derivative but no Point of Inflection 


Show that the function f (x) = x‘ satisfies f"(0) = 0 but has no point of inflection. 


Solution 

Since f (x) = x", we have f'(x) = 4x° and f"(x) = 12x”, 
so f"(0) = 0. But 12x* > 0 for both x < 0 and x > 0, so 
the concavity does not change and there is no point of 
inflection. 


Example 2 Concavity and Points of Inflection for a Cubic Function 


a) Determine where the curve f(x) = x’ — 3x* + 5x + 2 is concave upward and where it is 
concave downward. 

b) Find the points of inflection. 

c) Use this information to sketch the curve. Draw the tangent at the point of inflection. 
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Solution 
a) If f(x) =x'-3x°+5x+2 
then f'(x) = 3x*- 6x +5 
and f"(x) = 6x -6 
= 6(x — 1) 


We use an interval chart to determine 
when f"(x) is negative and when it is 


f'"'(x) = 6(x-1) 


positive. 
Intervals 
The curve is concave downward 
(since f"(x) < 0) for x € (-», 1) and Test values 
concave upward (since f"(x) > 0) for . 
Signs of f(x) 
x € (1, 0). 
b) The curve changes from concave — Nature of graph concave downward } concave upward 
downward to concave upward when nm 
x = 1, so the point (1, 5) is a point of wD 
inflection. 


c) Next, we determine the critical 
numbers of f(x). Since f is continuous, we need only consider x-values for which f'(x) = 0. 
3x° - 6x +5=0 


x = (9) (-6)* — 4(3)(5) 
‘ 2(3) 


Since there is no real value of x for which f'(x) =0, 
the function has no critical points. Hence, the 
function is either always increasing or always 
decreasing. We test a particular point to determine 
which. Since f'(0) = 5 > 0, the function is always 
increasing. This information, together with parts 

a) and b) and the y-intercept, f(0) = 2, allows us to 
sketch the curve. We also need to determine the 
equation of the tangent at the point of inflection. 
The slope of the tangent is 


m= f'(1) 
= 3(1) -6(1) +5 
=2 
The equation of the tangent is 
y—y, =m(x — x,) 
y— 9 =2(x —1) 
y=2x+3 


Note that the information regarding concavity is very 
helpful in sketching the curve. 
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Example 3 Concavity and Points of Inflection for a Rational Function 


Discuss the curve y = oe with respect to concavity and points of inflection. 
rok 


Solution 
fl 
Let f(x) = ey 
Then 
f'(x) = -(x* +1)? (2x) 
__ 72x 
(x? +1)? 
Pe (x? ba let en + 1)(2x) 
(x° +1) 
_ 23x" =1) 
(x? +1) 


We determine when f” is 
negative and when it is 
positive in order to 
determine the concavity. 


To do this, we first Intervals 
determine when f(x) = 0 

2(3x? —1) =0 Test values 
(x? + 1) Signs of f"(x) 


We can multiply both sides concave concave | concave 
of the equation by the upward — | downward | upward 


denominator, which is wD aM uD 


always positive. 
2(3x*- 1) =0 
3x7 =1 


Nature of graph 


1 
=t— 
v3 


We consider the intervals 


(mB) pebble) 


The curve is concave upward for x e(- - 


a0 
v3 


5 ), and concave 


‘) 


downward for x e(-7 RR’ i) The points of inflection are (- rae ;| and ( a 2 }. 


The graph verifies these calculations. 
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The Second Derivative Test 


The following investigation explores the possibility of using the second derivative of a 
function to determine if a local extremum is a local maximum or a local minimum. 


Investigate & Inquire: Distinguishing Local Maxima from 
Local Minima 


1. Examine the graphs of the functions f, f', and f” from step 2 in the investigation on 
page 331. Draw vertical lines through the local minimum and maximum points of each 
graph of f. 


2. How do the derivatives f’ and f" behave at these local extrema? 


3. Can the second derivative be used to distinguish local maximum points from local 
minimum points? If so, conjecture a general rule. 


4. Test your rule on two additional functions. 


Note, from the investigation, that the second derivative can be used to determine whether a 
local extremum is a maximum or a minimum value of a function f. We assume that f"(x) 
exists and is continuous throughout the domain of f. 


The figure below shows the graph of a function f with f'(c) = 0 and f"(c) > 0. 

Since f"(c) > 0, the graph of f is concave upward near c, and therefore lies above its 
tangents at (c, f(c)). But since /'(c) = 0, this tangent is horizontal. Therefore, f has 
a local minimum at c. 


f(c)=0, f"() > 0 


Similarly, as shown in the figure on the right, 

if f'(c) = 0 and f"(c) < 0, then the graph of 

fis concave downward near c, and therefore lies 
below its horizontal tangent at (c, f(c)). Thus, y=fix) 
fhas a local maximum at c. 


(c, flc)) 


0 e x 
fd =0, f"(c) <0 
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Second derivative test: 
If f'(c) = 0 and f"(c) > 0, then f has a local minimum at c. 
If f'(c) = 0 and f"(c) < 0, then f has a local maximum at c. 


Example 4 Local Maximum and Minimum Values, Concavity, and Points of 
Inflection 


. ee 5 1 
Find the local maximum and minimum values of the function y = q x‘ —2x°, Use these, 


together with concavity and points of inflection, to sketch the curve. 


Solution 
1 f(x) =3x(x-4) 
Let f(x) = Gx* -2x", 0 4 
Then Intervals 
, 2 
fQ= x? — 6x" 
= x(x - 6) Test values 
” 5 
"(x)= 3x" — 12x Signs of f'"(x) 
= 3x(x — 4) concave | concave 
To find the critical numbers, we Wathreohgtaph: award |owawerd'|| tear 


set f'(x) = 0 and obtain x = 0 and 
x = 6. Then, to use the second 
derivative test, we evaluate f” at 
these numbers: 

f"(0)=0 and f"(6) = 36 


Since f'(6) = 0 and f"(6) > 0, f(6) = -108 
is a local minimum. Since /"(0) = 0, the 
second derivative test gives no information 
about the critical number 0. But, since 

the first derivative does not change sign at 
x = 0 (it is negative on both sides of x = 0), 
the first derivative test tells us that f has no 
maximum or minimum at x = 0. Since 
f'"(x) = 3x(x — 4), f"(x) = 0 at x = 0 and 

at x = 4. We determine the concavity using 
an interval chart as shown above to the 
right. 


Thus, f is concave upward on (—%, 0) and 
(4, ©) and concave downward on (0, 4). 
The points of inflection are (0, 0) ee | 
and (4, -64). Now, we graph the function oo L 
using this information. 
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Example 4 shows that the second derivative test gives no information when f"(c) = 0. 
It also fails when f"(c) does not exist. In such cases, we must use the first derivative test. 


Key Concepts 


e The graph of f is called concave upward on an interval (a, b) if it lies above all of 
its tangents on (a, b). It is called concave downward on (a, b) if it lies below all of 
its tangents on (a, b). 

e A point P ona curve is called a point of inflection if the curve changes 
concavity at P. 

e Test for concavity 
If f(x) > 0 for all x on (a, b), then the graph of f is concave upward on (a, b). 
If f"(x) < 0 for all x on (a, b), then the graph of f is concave downward on (a, b). 

e Ata point of inflection, f" = 0 or f" does not exist. However, this condition on f" 
may also be true at other points. Therefore, inflection points cannot be located 
simply by setting f"(x) = 0. 

¢ A point of inflection for f occurs when the sign of f” changes at that point. 


e Second derivative test 
If f'(c) = 0 and f"(c) > 0, then f has a local minimum at c. 
If f'(c) = 0 and f"(c) < 0, then f has a local maximum at c. 


e The second derivative test does not apply when f"(c) = 0 and when f"(c) does not 
exist. 


Communicate Your Understanding 


1. Referring only to the characteristics of a graph, describe the terms 

a) concave upward b) concave downward 

2. Draw two different curves, each with a point of inflection, so that one of the curves 
is differentiable at its point of inflection and the other is not. Mark each point of 
inflection and explain why it is a point of inflection. 

3. Explain each statement. 

a) If fis concave upward on an interval, then the slopes of the tangents are increasing 
from left to right on that interval. 

b) If fis concave downward on an interval, then the slopes of the tangents are 
decreasing from left to right on that interval. 

4. Chris claims that, to find inflection points, all you have to do is find where the 
second derivative is 0 or undefined. Discuss the validity of this statement. 

5. If f'(c) = 0 and f"(c) #0, what can you conclude about the point on the graph of f 
where x = c? * 

6. Does the second derivative test apply to the function f(x) = x} atx =0? If yes, 
apply it. If no, explain how to determine whether f has a maximum value, a minimum 
value, or neither at x = 0. 
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Practise 


14. a) State the intervals on which f is concave 


upward and the intervals on which it is concave 


downward. 
b) State the coordinates of the points of 
inflection. 


2. The figure is a sketch of f” for a function f. 
State the intervals on which the graph of f 

is concave upward and the intervals on 

which it is concave downward. Determine the 
x-coordinates of any inflection points of the 
graph of f. : 


R 


3. The graph of the first derivative f’ of a 
function f is shown. 

a) On which intervals is f increasing? 
decreasing? 

b) On which intervals is f concave upward? 
concave downward? 

c) State the x-coordinates of any 

local maximum or minimum 

points of the graph of f. 
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d) State the x-coordinates of any points of 
inflection of f. Explain why each is a point of 
inflection. 


Ht 


a 


H 


% 4. The following are graphs of the first and 


second derivatives of a function y = f(x). For 
each graph, 

i) identify all the critical numbers of f and 
explain if they relate to a maximum, a 
minimum, or you cannot decide, using only the 
second derivative test 

ii) for the numbers for which the 

second derivative test fails, use the first 
derivative test to decide the nature of the 
related point 


a) 


5. Find the intervals on which each curve is 
concave upward and the intervals on which it is 
concave downward. State any points of 


inflection. 

a) f(x) =2x°- 3x45 

b) y=6+5x-3x* 

c) g(x) = 2x* - 3x*- 12x +6 
d) y=x'+2x*- 4x43 

e) f(x) = 16 — 3x +3.5x* + 2x° 
f) y= 3x" 4x°- 6x7 +2 

g) h(x) =3 + 6x —x* 


— 375 _ 63 ‘ _ %=1 
h) y=3x'-Sx'+2 i) flx)= 3 
. 1-x* 
=—— i we 
) s=a ae 


6. Use the second derivative test to find the 
local maximum and minimum values of each 
function, wherever possible. 
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a) y=54+8x-x 

b) f(x) =2x'- 24x +10 
c) g(x)=4+ 12x* - x? 
d) f(x) =x° — 9x? + 24x 
e) yax'+4x°4+4 

f) f(x)=54+5x-x° 

g) h(x) = (x* - 8x’)? 


2_2 
h) y=x = 


7. Find the local maximum and minimum 
values of each function. 


a) g(x) =x'-6x° +10 b) y=—— 


(x-1) 


x 


2x+3 


2 


9 
c) A(x) = d) yo ae 
8. Use the first and second derivative tests to 
determine the maximum points, minimum 
points, and points of inflection for each 
function. Graph each function. 
a) f(x)=x°-4x+6  b) f(x) =x'- 6x* 
c) y=x'+x°4+6x — d) f(x) =x'+8x°+50 

2 


e) y=x*— 2x f) A(x)=x' 
1 5 - 2 
9) : dees | h) aa EE 


Apply, Solve, Communicate 


9. a) Determine where f is positive, where it | 
is negative, and where it is zero. Repeat for 

f' and f". 

b) Is there an interval where f < 0, f' > 0, and 

f" <0? If so, state the interval. 


SE lM 


10. A manufacturer keeps accurate records 
of the cost, C(x), of producing x items in its 
factory. The graph shows the cost 

function. 


y=C(x) 


0 


a) Explain why C(0) > 0. 
b) Explain the significance of the point of 
inflection. 

c) Use the graph of C to sketch the graph of 
the marginal cost function, C'(x). 

11. Application A typical predator-prey 
relationship for foxes and rabbits is shown in 
the graph. 

Lot LE ELV TT 
(1200) 7X Number of rabbits 5 


Se eaeeae 


| 
1000 


t i 
200 240 | 


Ht 
"40180 | 1207 160 
LTT _| Time (days) 


a) Estimate the intervals on which the graph of 
the prey population is concave upward; concave 
downward. 

b) Estimate the coordinates of the points of 
inflection of the prey graph. 

c) Describe the predator-prey relationship 

in terms of maximum and minimum values, 
intervals of increase and decrease, and 
concavity. 
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12. Communication A software company 
estimates that it will sell N units of a new 
product after spending x dollars on TV ads 
during football games. The relationship can 

be modelled by N(x) = —x* + 200x + 12, 

x €|0, 150], where x is measured in thousands 
of dollars. 

a) Find the minimum and maximum number of 
sales. 

b) Does more advertising always lead to more 
sales? Explain. 


13. Inquiry/Problem Solving Water is poured into a 
cone-shaped vase, as shown, at a constant rate. 
a) Sketch a rough graph of H(t), the height of 
the water in the vase as a function of time. 

b) Sketch rough graphs of H'(t) and H"(t). 

c) Explain the shape of all three graphs in 
terms of the shape of the vase. Explain the 
concavity in the graph of H(t). 


ro 


H(t) 


1 2 
14. For the function f(x) = x5 (x +2)*, determine 
a) the intervals of increase and decrease 
b) the local maximum and minimum values 
c) the intervals of concavity 
d) the points of inflection 


15. Inquiry/Problem Solving If possible, sketch the 
graph of a continuous function with domain R 
satisfying each set of characteristics. If it is not 
possible, explain why not. 

a) The first and second derivatives are always 
positive. 

6) The function is always positive and the 
first and second derivatives are always 
negative. 


c) The first derivative is always positive 
and the second derivative is always 

negative. 

d) The first derivative is always negative 
and the second derivative is always positive. 
e) The first derivative is always positive and the 
second derivative alternates between positive 
and negative. 

f) The function is always negative and the 
first and second derivatives are always 
negative. 


16. Application Use a graphing calculator or 
graphing software. Give results to three 
decimal places. 

i) Draw the graph of f. 

ii) Find all extrema for f. 

ii) Find all points of inflection for f. 

a) f(x) = 6x’ + Sx! + 80x* + 90x? + 200x 


_ x(x +1) 
») fe) = Fae a 


17. Is it possible to use the graph of the second 
derivative of a function to determine all the 
x-coordinates of the maximum and minimum 
points without any knowledge of the first 
derivative? Explain. 


18. For what values of the constants ¢ and d is 
(4, 3) a point of inflection of the cubic curve 

2 
yar tox+x4d? 


19. Graph several members of the family of 
polynomials defined by f(x) = cx’ — 2x* +1. 
a) For which values of c do the curves have 
maximum points? 

b) Prove that the minimum and 

maximum points of each of these curves 

lie on the parabola defined by y = 1 — x’. 


20. Sketch the graph of a continuous 

function that satisfies all these conditions. 

© = f(0) =f(3) =2, f(-1) = fl) =0 
f'(-1)=f'(1) =0 

f'(x) <0 for x € (-«, -1) and for x € (0, 1) 
f (x) > 0 for x € (-1, 0) and for x € (1, 2) 
f(x) > 0 for x <3 (x #0), f"(x) <0 for 

x € (3, ©) 


. lim f(x) = 4, lim f(x) = 


21. Sketch the graph of a continuous function 
that satisfies all of the following conditions. 
e f'(x) > 0 for x € (0, 1), f(x) < 0 for 


x €(1, 0) 

e f(x) <0 for x € (0, 2), f"(x) > 0 for 
x € (2, 0) 

e lim f(x)=0 


e fis an odd function 


22. Communication The function 
f(x) = x*(x — 1)(2x — 1)? was graphed with 
technology. 


a) Use calculus techniques to determine any 
local extrema and points of inflection for this 
curve. 

b) Do the window settings chosen show all the 
relevant features of the graph? Explain. 

c) If your answer in part b) was no, give 
appropriate window settings for graphing this 
function using technology. 
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Vertical Asymptotes 


Rational functions are used to model many situations involving economics and medicine. 
Many phenomena in nature, such as the intensity of light as it travels through space, the 
force of gravity, and electrostatic force, follow an inverse square law, that is, a function of 
the form f(x)=—>. 


Investigate & Inquire: Force Between Two Charged 
Particles 


ectrically charged particles, A and B. A is 
© fixed in its position at the origin and B is free to move 

Mae along the x-axis. The magnitude of the electrostatic force F 

between these two particles is inversely proportional to the 

square of the distance between them. This 

force, measured in newtons, is given 


where x is the position 


of B, in metres. What happens to the magnitude of the 
electrostatic force as B comes close to A on either side 
of A? In the following steps, you will examine the force 


F(x) = 


1 
y for x close to 0. 
10x° ; : 
1. Construct a table of values for F for values of x close to 
0, on both sides of 0. You can do this by hand, or using a 


spreadsheet, a graphing calculator, or graphing software. 


2. What happens to the electrostatic force, F, as the 
distance between the two small particles decreases from 2 m 
to almost 0 m for positive values of x? for negative values of » 


3. Graph F for the interval x € [-2, 2]. 

a) What happens to F(x) as x approaches 0 from the left and from the right? 

b) Does lim F(x) exist? Is F continuous at x = 0? Explain your reasoning. 
x-> 

c) What is the magnitude of the electrostatic force when x = 0)? 


4. If you were to draw the line x = 0 (the y-axis), would the graph of F intersect this line? 
Does drawing this line show anything else about the graph of F? 


From the investigation, note that the closer we take x to 0, the larger 5: — becomes. In 
ie 

fact, it appears that, by taking x close enough to 0, we can make F(x) as large as we like. 

Since the values of F(x) do not approach a particular number as x approaches 0, we say 


that lim 


x30 


c ‘ ss s 1 
does not exist (as a numerical value) and write lim oat oo. We say that 
x0 ae * 


the line x = 0 is a vertical asymptote of the graph of F(x) = 77 
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re | 


SSS sss ss... x“x<“<-- ~~. 


Notice in the investigation that F is not defined at x = 0, and so F is not continuous at 
x = 0. This type of discontinuity is called an infinite discontinuity. (Refer to Chapter 3.) 


In general, if f(x) is defined on either side of the number a, we write lim f(x) = if the 
values of f(x) can be made arbitrarily large (as large as we like) by taking x sufficiently 
close to a, but not equal to a. This type of limit is called an infinite limit. 

The expression lim f(x) = is usually read as “the limit of f(x) as x approaches a is 


infinity” or “f(x) increases without bound as x approaches a.” This does not mean that 0 is 
a number or that the limit exists. It simply expresses the particular way in which the limit 
does not exist, because the magnitude of g(x) grows arbitrarily large as x approaches a. 


. 


a 


These figures illustrate two kinds of infinite limits, lim f(x) =+00 and lim g(x) = —o. 


The latter means that the values of g decrease without bound as x approaches a or that 
the limit of g(x) as x approaches a is negative infinity. Once again, the limit does 
not exist, because the magnitude of g(x) grows arbitrarily large as x approaches a. 


One-sided infinite limits can also be defined, as shown in the figures below. The notation 
for each limit is shown with its diagram. In each case shown in the figures, the limit does 
not exist. 


y= flx)) 


lim. f(x) = 2 lim, f(x) = © lim f(x) =-20 
Remember that x > a means that x approaches 
a from the left, and x a* means x approaches 
a from the right. 
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The line x =a is called a vertical asymptote of the curve y = f(x) if at least one of 
the following is true: 
lim f(x) = 0 lim f(x) = lim, f(x) =00 


lim f(x)=~-20 lim f(x)=—20 lim f(x) =—20 


Example 1 Fundamental Limits 


Evaluate lim Es and lim 1 and state whether they exist. 


x30' X xo 


Solution 


Consider the graph of y= 1, 


x € [-4.7, 4.7], 
ye[-3.1, 3.1] 
or use the 
ZDecimal 
instruction. 


We determine values of y for x-values close to 0, on either side of 0, selecting Ask mode on 
the FABLE SETUP screen of a graphing calculator. As x approaches 0 from the right, i 


becomes increasingly large. Therefore, lim ae 2. If x is close to 0, but negative, 


x0 


Lb. c a ae - re! 
then x 18 a negative number with an arbitrarily large magnitude. Thus, lim gam 
rod 


Therefore, lim Z and lim 1 do not exist. 


x30" X x30 X ~ 


i 1 : a 
These limits can also be seen from the graph of y= se The line x = 0 (the y-axis) is a 
vertical asymptote. 


Example 2 An Infinite Limit 


oa 3 
I - , 
Find lim [4 5p | 


Solution 


We select Ask mode on a graphing calculator to create 
a table of values to get an idea of the limit. We look at 
values of x close to 5, on either side of 5. 


3 
Let: y=4—-————. 
y (e—5P 


We can conjecture from the table that lim [+- 3 7 | = 
x5 (x — 5) 
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Window variables: 


— 


Consider only the term ae If x is very close to 5, on either side of 5, then (x — 5)’ is 
3 
very small, but positive. This means that (e-5) is very large and positive. Therefore, 


4- 2 is arbitrarily large in magnitude, but negative. 


(x-5) 


Therefore, our conjecture that the limit does not exist is correct: 


lim | 4- 2 :|-- 
x95 (x —5) 


To find the vertical asymptotes of a rational function, we first determine whether the 
numerator and the denominator have any common factors. If they do, we simplify the 
function, noting any restrictions. We then find the values of x where the denominator is 
zero, and compute the limits of the function from the right and the left at those values of x. 


Example 3 Determining Vertical Asymptotes 


Find the vertical asymptotes of each function and sketch its graph near the asymptotes. 


dard! EL 
= b) ———— 
a) f(x) x +3x4+2 ate) x? 4+2x-15 
Solution 
a) First, we factor the denominator. 
eel 

Aa)= 74 3x42 

=—_*+1 _ 

~ (x +1)(x +2) 


The numerator and the denominator have a common factor of (x + 1). Thus, we simplify 
the function as follows: 


f(x)=— 


mo? #1 


Now, we can determine the limit as x approaches —1 from 
both sides. 


5 P 1 
sale Migs *e~) 
as bd 
~ =14+2 


Thus, f has a removable discontinuity at x = —1, 
and therefore x = —1 is not an asymptote. However, x = —2 is 
an asymptote. For x < —2, f(x) < 0, and for x > 2, f(x) > 0. 
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Thus, lim f(x) =—0 and lim, f (x) = 2. Now we can sketch the part of the 


graph that lies near the asymptotes. Note the gap in the graph at x = —1. This 
is the removable discontinuity. 


b) First, we factor the x 


(x)= 


denominator: 5)=3) ; 
x + > 
gix)= =—-— 
x +2x-15 Intervals (0, 3) (3, ) 
a > 
x+5)(x-3 
( ui ) Test values 
Since the denominator is 0 i. 
when x = —5 or 3, and the Signs of g(x) 
numerator and denominator > 


have no common factors, the 
lines x = —S5 and x = 3 are 
vertical asymptotes. To help 
with the graph, we also consider when the numerator is zero (at x = 0), since the graph 
might change sign. We use an interval chart to determine the behaviour of the graph on 
either side of the asymptotes and near x = 0. 


Thus, the y-values of the function approach 
negative infinity as x approaches —5 from the 
left and as x approaches 3 from the left. The 
y-values of the function approach positive 
infinity as x approaches —5 from the right and 
as x approaches 3 from the right. Thus, we 
have lim  g(x)=-, lim g(x) =x, 

lim, g(x) =, and lim g(x) = 0, 
Also, the y-values change from positive to 
negative at x = 0. Now we can sketch the parts 


of the graph that lie near the asymptotes and 
near x = 0. 


We will be able to complete such graphs with the methods discussed in the following 
sections. 


Key Concepts 


e In general, if f(x) is defined on both sides of the number a, we write lim f(x) =< if 


the values of f(x) can be made arbitrarily large (as large as we like) by taking x 
sufficiently close to a. 
We write lim f(x) =—c0 if the values of f are negative and their magnitudes increase 


without bound as x approaches a. 
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A] 1. The graph of f is given. 


¢ To indicate one-sided limits involving vertical asymptotes, we write 


y ] 


| i 


lim f(x) = -2 lim, f(x) = -00 


to indicate the behaviour of the function on either side of the asymptote. 


Communicate Your Understanding 

1. Explain what is meant by a vertical asymptote. 

2. What is the meaning of an infinite discontinuity? Use a graph in your explanation. 
3. a) Explain how you would find the vertical asymptotes of each function. 


; S, 2x * Ga ea eocstil 
UE bleh ony ea IR ia arm 


b) Explain how you would sketch the graph of the function near each asymptote. 
4. How can you determine the behaviour of the graph of a function near its vertical 


asymptotes? 
5. Explain each expression in your own words. 
a) lim f(x) = b) lim f(x) = —v 


6. Write a brief paragraph to assess the following reasoning. “Suppose that 
lim, f(x) =—-s0 and lim f(x) =—0. Since the left- and right-hand limits are equal, 


lim f(x) exists and lim f(x) =—00,” 


Practise a) State the equations of the vertical 
asymptotes. 


DI b) State the following. 


i) lim f(x) ii) Jim, f(x) 
iti) lim f(x) ivy lim. f(x) 
vy) lim f(x) vi) lim, f(x) 
vil) lim f(x) viii) lim, f(x) 
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c) Find the following limits, if possible. If it is 
not possible, explain why. 

i) lim, f(x) ii) lim, f(x) 

iii) lim f(x) iv) lim f(x) 

2. Give an equation for a function having 

a) vertical asymptote x = —3 

b) vertical asymptotes x = —2 and x = 3 

c) vertical asymptotes x = 5 and x = —5, and 
f(x) > 0 for all other values of x 

3. Find each limit. 


; 1 sin _ a 
I b) lim —— 

7 3 ep 
. x S-x 

o) lim, wrap @ lim (x7) 
é 244 S—x? 
lim + 1 

e) fim 2) Yar 


4. Find each limit, if possible. If it is not 
possible, explain why. 


5 1 A 1 
a ee o a2 
—2, . md 
9) gum x+3 9) im x+3 
- x-6 ~  x-6 
* eo o a 
. x x 
@ za ) Jie 52 
) lim == 
x2-2 X42 


5. Find the vertical asymptotes of each function 
and sketch the graph near the asymptotes. 


4 
a) f(x)= b) = saa 
x +4x 
c) tee d) g(x) (x+4) 
| eo 
e) YT iw 1-< 
4x1 +8x - 1 
@) Hx) x +6x+8 has *(x +2) 
i =_*+3 | 3 
) Ys ox? i) q(x)= Ae 


6. Communication Sketch a graph satisfying each 
set of conditions. 
a) f(0)=1, f(1) = 


lim f(x)= 9, lim. f(x) =— 
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b) f(0)= 
co) g(0)= 


0, f(4) = 6, lim f(x) =2 ' 


0, lim g(x)=-%, lim g(x)= 


Apply, Solve, Communicate 


7. Application A consultant has issued an 
environmental report on the cost of cleaning up 
a property that was previously the site of a 
chemical factory. Costs can increase 
dramatically depending on the percent of 
pollutants that needs to be removed. Her 
report gives the cost, C, in dollars, of removing 
p% of the pollutants from the site as 


Ctp)= 755 


a) What is the cost of removal for | 
half of the pollutants? 90% of the 
pollutants? 


b) Determine 


lim C(p). 
p> 100 


c) Would it be affordable to remove all of the 
pollutants? Explain. 

d) In light of your response to part c), is the 
model realistic for p in the entire domain 


[0, 100]? 
i 
8. Application Determine lim a} ; and " 
eal 
1 
lim 
rar =] 


a) by evaluating f(x) = for values of x 


that approach 1 from the left and from the right 
b) by using a graphing calculator or graphing | 
software i 


9. Communication According to Newton’s law of 
gravitation, the force of gravity between any 


two masses (7m, and m,) is given by the equation 
F= Gmm, 
=a 


, where G is a positive constant, and 


d is the distance between the centres of the 
masses as shown. | 


m, m, 


eS —————E 


a) Find lim —— om he 
b) Beplaie ih the limit found in part a) is 

not reasonable for normal objects of non-zero 

size. 

c) Black holes are postulated to be very 

massive objects of very small size. Explain 

why the limit found in a) would apply 

in this case, if we assume Newton’s iC} 
equation holds for such extreme 

conditions. 


10. How small must x be so that 


+. 1000000002 
x 


41. Find lim (2 = 5. 
xo0 (x x 
12. Inquiry/Problem Solving According to Einstein’s 
special theory of relativity, the mass, m, of a 
particle with velocity v relative to an observer is 
my 

sy 


c 
where m, is the mass of the particle when it is 


at rest and c= 3.0 x 10° m/s, the speed of 
light. 


a) What happens to the mass as v > c ? 
b) It is thought that a particle that is 
travelling with a speed less than the speed 
of light can approach the speed of light but 
not reach or surpass it. Explain why this 

is so according to the relativistic equation 
for mass. 


13. Inquiry/Problem Solving Let f(x) = ( Pi an m 

a 
where 7 is a positive integer and p(x) is a 
polynomial function. Assume that x — a is not a 
factor of p(x). 


a) Under what conditions is lim f(x) = +00 


xa 


and under what conditions is lim f(x) =—o ? 


xa 


b) Repeat part a) for lim f(x). 


14. For any real number a, a — a = 0. 
a) What is the meaning of the symbol 1 — 1%? 
Does it have a numerical value? 


b) Use the two functions f(x) = 


g(x) = ae and the properties of limits to 


show that the symbol o does not represent a 
real number. 


The roots of calculus can be traced to the calculations of areas and volumes by early Greek 
scholars such as Archimedes (287-212 B.C.) and Eudoxus (408-355 B.C.). They used the 
“method of exhaustion” as a precursor of our modern notion of limit. Although the limit idea was 
implicit in their work, they never actually formulated the concept. Sir lsaac Newton (1642-1727) 
was the first to recognize the importance of limits that “approach nearer than by any difference.” 
It was left to the French mathematician Augustin Cauchy (1789-1857), many years later, to make 


these ideas more precise. 
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Horizontal and Oblique Asymptotes 


In Section 6.4, you investigated the behaviour of the inverse square law for the electrostatic 
force between two charges, A and B, as B approached the fixed charge A. Now you will 
investigate the force as B moves farther and farther away from A, on either side of A. 


Investigate & Inquire: Force Between Two Charged 

Particles = 
1. Consider two charged particles, A, fixed at the origin, and B, with position x on 

the x-axis. Construct a table of values for the force F(x) = mi between A and B for 

positive and negative values of x with large absolute value. You can do this by hand, or 

using a graphing calculator, graphing software, or a spreadsheet. 


2. What happens to the value of the force as charge B moves farther and farther away 
from charge A to the right? to the left? 


3. Use a graphing calculator to graph F for large positive values of x. 
Repeat step 3 for negative values of x with large absolute values. 


. Repeat step 5 for the limit as x approaches negative infinity. 
2x? + 1 
x +30 


4. 
5. Do you think the limit of the force exists as x approaches infinity? Explain your reasoning. 
6. 
7. 


Repeat steps | to 6 for the function g(x) = 


8. Make a conjecture about what conditions must be true for the limit of a general 
function h(x), as x approaches positive or negative infinity, to exist. 


. 3 . | " 
For the function F(x) = aoa? note that, as x > © and x — —», the values of F(x) get 
ie? 


closer and closer to 0. On a graph of y = F(x), the points approach the x-axis. We can make 
the points get as close to the x-axis as we like by taking positive or negative values for x 
with arbitrarily large absolute values. Similarly, the values of g(x) get closer and closer to 2 
as x > © and x — —#. On the graph, the points approach the line y = 2. When the points 
approach a horizontal line in this way, the line is called a horizontal asymptote. 


A number L is a limit at infinity for a function f if the values of f(x) can be made as 
close to L as we like by taking positive or negative values of x with sufficiently large 
absolute values. We write this relationship either as tim f(x)=L or lim f(x)=L, 
whichever is appropriate. Baer 


Again, the symbol ~ is not a number. The expression lim f(x) = L is read as “the limit of 


f(x) as x approaches infinity is L” or “the limit of f(x) as x increases without bound is L.” 
The expression lim f(x) = L is read as “the limit of f(x) as x approaches negative infinity 


is L” or “the limit of f(x) as x decreases without bound is L.” 
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| i a eee ae ann ae 


The line y = L is called a horizontal asymptote of the curve y = f(x) if either 
lim f(x)=L or lim f(x)=L, or both. 


For instance, note that in the investigation, the line y = 0 is a horizontal asymptote 


of the function F(x) = 77 -y and the line y = 2 is a horizontal asymptote of the 
x 


_ 2x? +1 


functi = : 
u on g(x) PES 


The diagrams show several of the many ways for a curve to approach a horizontal 
asymptote. 


yal 


lim, fx) = L tim f(x) = Ly lim, f(x) = 0 lim f(x) = lim, f(x) = L 


Note that it is possible for the graph of a function to cross a horizontal asymptote, as 
can be seen in some of the figures. The line y = L is a horizontal asymptote if the 
function approaches arbitrarily closely to L as x approaches either positive or 
negative infinity (or both). The graph of the function could cross the asymptote once 
or many times without affecting this condition. Note that the second-last function has 
two horizontal asymptotes. 


Example 1 Basic Limits at Infinity 


Find lim i and lim a Find the horizontal asymptote of 7 


xn X x0 


Solution 


F 1: ‘ : ‘ 
When x is large, Pa small, We can demonstrate this by calculating the reciprocal of 


successively larger numbers. 
AS 


=0.0001 900000 


1 = 
700 70 70000 = 0.000001 
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In fact, by taking large enough values of x, we can make 1 4s close to 0 as we like. 
x 


Therefore, lim fs 0. 


xn 


If we choose negative values for x with large absolute values, — is a negative number with 
x 


small absolute value. Again, i can be made as close to 0 as we like by choosing negative 


values for x with sufficiently large absolute values. Therefore, lim Le 0. 


x0 


Thus, the line y = 0 (the x-axis) is a horizontal asymptote of the curve y= = 


Using a similar argument leads to the following important rules for calculating limits. 


If r is a positive integer, then tim at =0 and lim ef =0. 
Oi eat. 


Example 2 Long-Term Behaviour of Average Cost 


A photocopying store charges a flat rate of $2 plus $0.05/copy. 
a) Write a function f(x) to represent the average cost per copy. 
b) Determine lim f(x). 


c) What is the significance of this limit for the customer? 


Solution 


a) The cost of x copies is 2 + 0.05x. "Plath Plot2_ Flot 
S¥186G, G5K4297% 
SW28.65 


2 
The average cost per copy is f(x) == +0055 


b) lim 2+0.05x m(2+ O05) 


=F 0.00% = lim 
x x 


xn xo 


= lim ig lim 0.05 
a xn 
=2 lim 140.05 
nom 
= 2(0)+0.05 
=0.05 
c) The more copies the customer makes, the closer the 


average rate per copy comes to $0.05. The flat rate of Window variables: 
$2 becomes less and less significant as more copies are made. x €[0, 100], y € 10, 0.5] 


In the following example, we compute a more complicated limit. 


Example 3 Limit of a Rational Function 


Evaluate lim 10y* 28-4 
x30 Sx? 3x41 
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Solution 


Keep in mind that the symbol is not a number. We cannot substitute this symbol into the 
; ' eras ee | 
expression and evaluate it. However, we can evaluate limits of the form lim —. Therefore, 
x40 


to evaluate the limit at infinity of a rational function, we first divide both the numerator 
and the denominator by the highest power of x that occurs in the denominator, so that all 
limits will be in this form. (We can assume that we are not dividing by zero because we are 
interested only in values of x that have large absolute values.) In this case, the highest 
power of x is x”, so we proceed as follows. 


1 
10x? -2x-1 _ | 10x? - 2-1, x? 


lim = li 5 
roe §x?—3x41 #22| 5x?—3x41 1 
2 
es 
10-2-+ 
= lim — x 
aes 5-34h 
x x 
10-0-0 
5-0+0 
10x? -2x-1 F A ‘ . 
The graph of y= ae and its horizontal asymptote y = 2 are shown in the figure. 
x? —3x 


Note that the graph crosses the horizontal asymptote at a small value of x. 


Infinite Limits at Infinity 


Some rational functions approach horizontal asymptotes at infinity, but others do not. 
The following investigation will explore the behaviour of rational functions further. 


Investigate & Inquire: Limits at Infinity of Rational 
Functions 


1. For each function, 

i) draw a graph of the function 

ii) construct tables of values for y for negative and positive x-values with large absolute 
value 

iii) determine lim f(x) and Jim, f (x) 


xt] 2x-5 10x* +50 3x? +2x+4 
== b as Cc = d) = 
+1 er ee sr 
2. Compare the degree of the numerator to the degree of the denominator for each 
function in step 1. What general conclusions can you draw from your results? 
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3. Repeat steps | and 2 for the following functions. 
x +2 -3x* -1 x* -20 
= 5 ¢ y= 
tll 3x° +4 x +i 


4. Repeat steps { and 2 for the following functions. 


x? +1 
a a xt my 


When evaluating limits at infinity for rational functions, it is often helpful to use a shortcut 
to determine if the limit is 0 or a particular non-zero number such as 2, or if there is no 
horizontal asymptote at all. To do this, we compare the degree of the numerator to the 
degree of the denominator, as in the preceding investigation. 
For example, note that in step 1 of the investigation, the degree of the numerator is less 
than the degree of the denominator for each function. For this type of function, the limits at 
2 2 

ee . x +1 me Oe 
infinity are zero. For example, lim ~——=0 and lim ~——=0. 

x0 x +1 xo 7 41 


Ties ome awAPWiNe CALEULATOR 
SYARCREHLI “CRE +L 


Window variables: 
x € [-9.4, 9.4], y €[-3.1, 3.1] 


This makes sense because the absolute value of the denominator will increase at a far 
greater rate than that of the numerator for values of x with arbitrarily large absolute 
values, and so the limit is 0. 


Then, note that in step 3 of the investigation, the degree of the numerator is equal to the 
degree of the denominator for each function. In each case, the limit at infinity is equal to 
the leading coefficient of the numerator divided by the leading coefficient of the 


, : . 2x7+1_ 2 
denominator. For example, in part b), lim ata 3° 
SRAPHING GALOULATOR Note how quickly the graph approaches the 
Plott Plot2 Plot3 
S¥1BC2R24197¢3x2 asymptote in this example. 


Window variables: 

x €[-9.4, 9.4], y €[0, 1] 

The terms that determine the degrees of the numerator and denominator, 2x* and 3x’, will 
dominate the behaviour of the function as the absolute value of x becomes arbitrarily large; 
all other terms will be small in comparison. 


Note that in step 4 of the investigation, the degree of the numerator is greater than the 
degree of the denominator. There is no horizontal asymptote in this case. The numerator 
grows faster than the denominator and so the absolute value of the function increases 
5x4 -4 


—- has no horizontal asymptote. 


without bound. For example, in part d), y= a 
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— 


—— 


Window variables: 
x © [-4.7, 4.7], ye 
or use the ZDecimal 


struction. 


This is because the numerator will be dominated by 5x‘ as the absolute value of x gets 
iia f : f ) : 
arbitrarily large, and the denominator will behave like 3x", whose value increases much 
4 


+ ae 
more slowly than Sx*. We write lim ko = and lim A 5 to express this. 
wpe Sore 2 x-rn@ Bag° + 2, 


Infinite limits at infinity: The notation fim f(x) =: means that the values of f(x) 
increase without bound as x increases without bound. 

There are similar meanings for the following expressions. 

lim f(x) =—96 lim f(x) =% lim f(x) =—s0 


xn 


wy 


ign, fl%) =20 diilai=—e slim, flx) = slim, flee) = 
All non-constant polynomial functions behave in this manner. For example, we can see from 
the graphs of y= x° and y = x” that 


im x? =o im x>=0 lim x*=0 lim x? = —00 
| 1 


xa xo xo xx 


Plot Flot2 Plot? 
z 


Window variables: 
x € [-4.7, 4.7], y © [0, 20] 


Poti Flotz Plots 
ne 


Window variables: 
x €[-9.4, 9.4], y € [-75, 75] 


In the previous examples, we studied vertical and horizontal asymptotes. However, there are 
many curves that approach asymptotes that are not horizontal or vertical as the absolute 
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2 

j 5% we tes 

value of x becomes large. In step 4, part a) of the investigation, note that lim = ied 
Pare 


and lim + =—. It also appeared that the graph was straightening out as the absolute 


value of x became very large. In fact, it appeared that the curve was getting closer and 
closer to the line y = x. Such a line is called a linear oblique (or slant) asymptote. 


Floti Flotz Plots 


| 
SWIBCKEHLD/CH4LD 
Y 


Window variables: 
x € [-9.4, 9.4], y © [-9.3, 6.2] 


The line y = mx + b is a linear oblique asymptote for a curve y = f(x) if the vertical 
distance between the curve and the line approaches 0 as the absolute value of x gets 
large for either positive or negative values of x. 


We write this as lim|f (x) - (mx +b)|=0 or lim [f(x) —(mx + b)|=0 


For rational functions, linear oblique asymptotes occur when the degree of the numerator is \ 
exactly one more than the degree of the denominator. The equation of the linear oblique 
asymptote can be found by dividing the numerator by the denominator, as in Example 4. 


Example 4 Determining Linear Oblique Asymptotes 


| 

Find an equation of the linear oblique asymptote for each curve. | 
_ 2x -x? +3 _ 2x? -7x-2 

oo——- 2) =o | 

Solution 


a) Note that the degree of the numerator is 1 more than the degree of the denominator. 
We can divide to obtain 


x7 +3 


If the absolute value of x is very large, the value of 
Es approaches 0 and becomes insignificant in 
x 


comparison to the other two terms. Thus, the 
curve approaches the line y = 2x — 1. This oblique 
asymptote (in blue) can be seen on the graph. 
Note that we would also expect to find a vertical 
asymptote at x = 0. 
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b) We begin with long division. 
—2x+3 
—x+ 2)2x* -7x-2 
2x* -4x 
-3x-2 
-3x+6 
| -8 
Thus, 
| oe R= 2 
» 2=x 
=—2x+3-5 ace 
As in part a), we conclude that the oblique asymptote is | 
y =—2x + 3, The graph shows the curve and the oblique 
asymptote added in blue. Again, we would expect to see a 
vertical asymptote at x = 2, resulting from setting the 
denominator equal to 0. 


a 


Example 5 Determining the Asymptotes to a Curve 
x? -x-2 


tT and use this information to sketch the curve. 
ie 


Find ali asymptotes to the curve y = 


| 
| Solution 
| 


First, we ensure that the numerator and the denominator have no common factors. 


(x + 1)(x - 2) 
x-1 


Since there are no common factors, we set the denominator equal to 0 to obtain the vertical 
asymptote x = I. 


The degree of the numerator is 1 more than the degree of the denominator, so the graph of 
the function has a linear oblique asymptote. 
Long division gives 
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i 


Therefore, the equation of the linear 
oblique asymptote is y = x. 


To help us sketch the curve, we 

find the intercepts. The y-intercept 

is f(0) = 2. 

The x-intercepts occur when the 

numerator equals 0. 
x’-x-2=0 

(x —2)(x +1) =0 

x=2orx=-1 

Using the above information, we 

sketch the curve, with the asymptotes 

shown as dotted lines. 


Key Concepts 


Limits at infinity 
a) The line y = L is called a horizontal asymptote of the curve y = f(x) if 
lim f(x)=L, lim f(x)=L, or both. 
b) If r is a positive integer, then lim de =0 and lim 20 =e 
xb x x0 x 
c) Infinite limits at infinity can be expressed as 


tim f(x)=20 lim f(x)=-2% lim f(x)=2 lim f(x)=-« 


The line y = mx + b is a linear oblique asymptote for the curve y = f(x) if the 
vertical distance between the curve and the line approaches 0 as the absolute value 
of x gets large. 

A summary of the possible end behaviour of a rational function: 

a) if degree of numerator < degree of denominator, the graph has a horizontal 
asymptote y = 0 

b) if degree of numerator = degree of denominator, the graph has a horizontal 
asymptote other than y = 0 

c) if degree of numerator = degree of denominator + 1, the graph has a linear 
oblique asymptote 

d) if the degree of the numerator exceeds the degree of the denominator by more 
than 1, the graph will have neither a horizontal asymptote nor a linear oblique 
asymptote 
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Communicate Your Understanding 


1. a) What does jim f(x)=L mean? 


b) Explain the difference between lim f(x)=L and lim taka 


2. How can you convince someone who has not studied limits at infinity that 


pes Ear Pres 
lim — =0 if ris a positive integer? 


rd 


3. If f(x) is a rational function, state the steps necessary to evaluate lim f(x). 


4. a) Under what conditions does a rational function have a linear oblique asymptote? 
b) Explain how to find the linear oblique asymptote of a rational function that 


satisfies the conditions in part a). 


5. Linear oblique asymptotes to a rational function occur when the degree of the 
denominator is 1 less than the degree of the numerator. Explain why this is so. | 


6. Ifa rational function has a linear oblique asymptote, can it also have a horizontal 


asymptote? Explain. 


G 2 
Practise c) hA(x)=3x-2+ = + S. qd) g(x)=5S- 3 
1. For each of the following, state the es 
equations of the horizontal and vertical x? —-2x+3 x41 
asymptotes, if they exist. If they do not exist ® s)="———— fl Yee 
< > Tass ] x x” +2x° +3x-4 
explain why. Fn @ A 
a) : 3. Find each limit. , p20 \ic(4 
AA i eR A 
a) lim - b) lim = 
x0 0 gnese of 
c) lim a d) Jim ; 
. 5 » 3x+2 
1 ; Tere 
e) jim —5 f) lim ey 
_ 4-3 
h) lim 
b) 9) y ae 
i) 
4. 
. x +5x-9 x? -2x+7 
a | 5 — b) | 
) save x 4x47 ) par x° +8x4+1 
c) lim x =1 
x= (x+2)(2x—5) 
2. Determine whether each curve has a linear d) 
oblique asymptote. If it does, state its equation. 
a) = 2x 43 iL b) So 2 e) f) lim ~=x+5, 
i lad _ as % xo-9 9° —3x+6 
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Apply, Solve, Communicate 


5. Find the equation of the horizontal 
asymptote of each curve. 


a fi)= 23) ale)= 2G 
ae 

) 2x+5 

@) hlx)=1-* 5 


6. Find an equation of the oblique asymptote 
of each curve. 


m yo 38 ail b) h(x) == 74 
co) 
e) 
f) 


7. Find all horizontal and vertical asymptotes. 
Use them, together with the intercepts, to sketch 
the graph. 


= 3 =» OS 

a) (x)= 4 b) eae) 
=*-1 prez 
yy eg 4) w= 57-7 
3x+4 _ 9t-6 
@) y= sets  st= 


8. Find the linear oblique asymptote of each 
curve and use it to help you sketch the graph. 
Use a graphing calculator or graphing software 
to check your result. 


3 =e 
a) yaixt3+o5 b) g(x)= 2x+ 9 
x +4 x-4 
= d) = 
9) Es by x-4 
t? —3t-10 
e) s(t)= “ j. 92 x tones 


9. Application A piece of machinery depreciates 
in value, V, in dollars, over time, t, in months. 
The value is given by 

200027 


z 


V(t) = 5000- aa 
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a) Find the value of the machinery after 

i) 1 month ii) 6 months 

ii) 1 year iv) 10 years 

b) Would you expect to find a local maximum 
or minimum value in the interval [0, 0)? 
Explain. 

c) Find lim V(t). 

d) Will the machinery ever have a value of $0? 
e) In light of your result in part d), does V(t) 
model the value of the machinery for all time? 


10. Inquiry/Problem Solving A telecommunications 
company’s sales for the last 20 years can be 
20n? +2n+4 
17n+4 ” 
where S(7) represents annual sales, in millions of 
dollars, and 7 represents the number of years 
since the company’s founding. 
a) Find lim S(n). Interpret this result. 


modelled by the function S() = 


b) If the long-term average rate of inflation is 
3.3%, what is the true rate of growth of the 
company? 


11. Application A company that installs carpet 
charges $600 for any area less than or equal to 
40 m’ and an additional $20/m’ for any area 
over 40 m’*. 

a) Find a piecewise function y = c(x) to 
represent the average cost, per square metre, to 
install x square metres of carpet. 

b) Find lim ¢(x). Explain what this limit 


means. 

c) Graph y = c(x) for values of x > 0. 

d) Would you call this company to carpet a 
very small area? Explain. 


12. Application A new employee at a computer 
store suggests to the manager that they are not 
giving good enough incentives for customers 
who place large orders. Their current pricing is 
a flat rate of $100 for delivery (no matter 

how many computers are ordered) and $1200 
per computer. The employee suggests a new 


2 
billing formula, C(x) = 100+ 12008 2x 
where C(x) represents the average cost per 


computer for x computers. 


ee 


= OE _ nen tN ave — 


a) Write a formula for A(x), the average cost 
per computer, using the company’s current 
pricing. 

b) Graph A(x) and C(x) on the same set of axes 
for the domain x € [0, 100]. Which pricing 
formula is better for the customer who 

orders a large number of computers? 

Explain. 

c) Find tim, A(x) and explain its meaning. 


d) Find lim C(x). Is this limit meaningful? 


Explain. 

e) In light of your response to part d), should 
the computer company use a different formula 
for orders of more than 100 computers? 
Explain. 

13. Find the horizontal asymptotes of y = rise 


14. Find each limit. 


2 
a) tim “$845 by timiVx? + 3x45 -x) 
15. Application Two curves are said to be 
asymptotic if the vertical distance between the 
two approaches zero in some limit. For a 
rational function, if the degree of the numerator 
exceeds the degree of the denominator by more 
than 1, then the graph of the function is 
asymptotic to a polynomial of degree more 
than 1. 


x41 


a) Let f(x) = . Show that 


lim [ f(x) ~ x°] = 0. To which curve is the graph 


of f asymptotic? 

b) Sketch the graph of f. On the same axes, 
graph the polynomial function to which f is 
asymptotic. 

c) The polynomial to which a rational function 
is asymptotic can be determined in the same 
way as linear oblique asymptotes, by dividing 
the numerator by the denominator and then 
taking an appropriate limit. Determine the 
polynomial function to which each rational 
function is asymptotic. Then, sketch the rational 
function and the asymptotic curve. F F 

‘ + " - 
D gtx) iy xy = tT 
d) Show that for a rational function, if the 
degree of the numerator exceeds the degree of 
the denominator by k, then the function is 
asymptotic to a polynomial of degree k. State 
any restrictions on the value of k. 


xa 


16. Find lim (1 -3) using 


a) a graphing calculator or graphing software 
to obtain a result correct to two decimal places 
b) any method to obtain an answer correct to 
four decimal places 
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Curve Sketching 


As modelling becomes more sophisticated in our technologically “Sriroeyertren 
advanced society, more and more complicated functions are being 
used. Graphing technology is usually able to provide a good 
picture of the features of a graph. However, there are many 
occasions when a graph so produced i is deceptive. For ex ample, 
the function f(x) = 4x° + 45x* appears as shown when it is 
graphed in the standard window x € [-10, 10], y < [-10, 10]. 


This function actually has a local maximum point in addition 

to the evident local minimum at (0, 0). Our knowledge of calculus will lead us to this 
additional information. The analytic tools that we have developed so far in this chapter 
complement the tools that technology provides. 


Depending on the situation, it may be better to use one or the other of technology and 
analytic tools exclusively, or else a combination of the two, to determine the important 
features of a function. 


To begin, we focus on the analytic tools. Our general strategy for sketching curves is to 

e frame the curve (domain restrictions, asymptotes, general shape) 

¢ find important points (intercepts, extrema, points of inflection) 

e add details (symmetry, intervals of inc /decrease, concavity) 

e sketch the curve 

Our goal will be to use as few tools as necessary to develop a sketch showing the important 
features of the function. The order and completeness of steps taken may vary with the 
nature of the function and the tools used. 


Example 1 Using Analytic Tools to Sketch a Graph 
— 6x" + 9x. 


Sketch the curve y = 


Solution 


Although technology can readily produce this graph, we use the initial 
examples to illustrate the tools of calculus. 

e Frame the curve 

This is a cubic polynomial whose domain is x € (—%, »). 

The general shape of this curve is one of two possibilities as shown. 

A polynomial has no asymptotes, but it is still useful to note that 


lim(x* —6x? +9x)=00 and lim (x? —6x? + 9x) =—-00. This 


eliminates the second possibility for the shape of the curve. 
e Find important points 
The y-intercept is 0. (Let x = 0.) 
The x-intercepts occur when y = 0. 
x — 6x" + 9x =0 
x(x? —6x+9)= 
x(x — 3) =0 
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: 


The graph shows the completed sketch. 


The x-intercepts are 0 and 3. Note that, since the factor 
(x — 3) is squared, there is a double root at x = 3, and the 
y-values do not change sign at this point. Combining 

all we know so far, we get the approximate sketch 

at right. 


Next, we determine the coordinates of the local maximum and 
local minimum. 
y’' =3x7- 12x +9 


= 3(x’ — 4x + 3) 

= 3(x — 1)(x - 3) 
y"= 6x - 12 

= 6(x -— 2) 


To determine the critical numbers, set y' = 0. The critical T 
numbers are x = 1 and x = 3. Just by looking at the 
sketches we made, we can tell that a local minimum a 
occurs at (3, 0) and a local maximum occurs at (1, 4). 
We could use the second derivative test to verify this. 


> 


To determine the point of inflection, note that y” -— 
changes sign at x = 2. Thus, (2, 2) is a point of 
inflection. 


e Sketch the curve el ee 


The graph shows the completed sketch. 


Example 2 Using Analytic Tools to Sketch a Graph 


2 
x : . 
~ using analytic tools. 


Sketch the graph of the function f(x) = ; 
—x 


Solution t 
e Frame the curve 2 
In factored form, the function is written as f(x) = Tee . 


Since the numerator and the denominator have no common 
factors, we set the denominator equal to zero to find the 
vertical asymptotes. 

(1-x)(1+x)=0 

x=1 of x=-—1 


“e-----—~— eee 


met --b+------- 


Since the numerator is always positive, the function has the 
same sign as the denominator. Thus, f(x) > 0 for x € (-1, 1) and f(x) < 0 for x € (1, ») and 
x € (-2%, -1). Therefore, 
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Since the degree of the numerator is equal to the degree of the 
denominator, there is a horizontal asymptote other than y = 0. 
We find the horizontal asymptote by dividing each term by x°. 


Ly aad 
be 3 


lim — = lim at 
cote Jog? ote Ty 
x 
tt 
~ 0-1 
=f 


The horizontal asymptote is y = —1. 

¢ Find important points 

The y-intercept is f(0) = 0. The origin is also the only x-intercept. 

There is almost enough information to sketch the curve. We need to check for the presence 
of extrema and points of inflection. We need the first and second derivatives. 


2. (1 —x*)(2x) —x?(-2x) 
fa) eS 


f(x) = (L =x? (2)- 


_2+6x" 
(1-x*)’ 

The critical numbers are 0 (when 2x = 0) and + 1 (when f' is undefined). We already 
know how f behaves at the asymptotes x = + 1. To determine whether the function 
has a maximum or a minimum value at x = 0, note that f"(0) = 2 > 0, so the point (0, 0) 
is a local minimum. 
To determine points of inflection, we 
need to find where f"(x) changes sign. 
If we examine the expression for 
f(x), we see that the only places it 
can change sign are at x = 1 and 
x =-1. Since the function is not 
defined at these points, there are no 
points of inflection. 


e Add details 

Since f(-x) = f(x), this is an even 
function. Thus, it is symmetric about 
the y-axis. It is not necessary to 
determine intervals of 
increase/decrease or concavity 

when the other information we have 
collected is considered. 


e Sketch the curve 
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Example 3 Using Analysis and Technology to Sketch a Graph 


3 
Analyse the function f(x) = cans and sketch its curve. 
x 


+3x 


Solution 


It may appear that this function can be easily analysed using calculus techniques. However, 
we shall see that the details are sufficiently complex that technology is a good tool here. 


e Frame the curve 

This is a rational function, so we set the denominator equal to zero to find the asymptotes. 
x? +3x=0 

x(x +3)=0 

Therefore, x = 0 and x = —3 are vertical asymptotes. 

Since the degree of the numerator is one more than the degree of the denominator, we 
expect to find a linear oblique asymptote. Use long division to rewrite the function. 


x-3 
x" + 3x)x' +02" +0x+1 
a 3x" 
—3x? +0x+1 
~3x" = 9x 
9x+1 
« 9x+1 
Thus, f(x)=x-3+77 3 


In the second term, the absolute value of the denominator 
grows much more quickly than the numerator as x 
approaches positive or negative infinity, Thus, the linear 
oblique asymptote is y = x — 3. 


e Add details 
We check the behaviour of the curve near the asymptotes using Ask mode on the TABLE 
SETUP screen, 


Ploti Flot Flot? 


ta 


28 i 
2399 | 8660.6 


im 5 m im ——— = +00 
+3x x>-3' x +3x x20 x° +3x x90 X° +3x 


To determine where the graph of f is in relation to its linear oblique asymptote, test a large 
positive value and a large negative value. 


fii00)=— 200 +1 #4100) = 1007 +4 — 
100° + 3(100) (—100)° + 3(-100) 
297.1 =-103.1 
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At x = 100, y =x — 3 is equal to 97. Thus, the 
function is above the asymptote. At x = —100, 
y =x —3 is equal to -103. Thus, the function is 
below the asymptote. 


¢ Find important points 


There is no y-intercept since x = 0 is not in the 
domain of the function. 
To find the x-intercepts, determine when 


fix)=0. 
x+1 
= () 
x? 43x 
+41 =0 


Use the factor theorem. One factor is x + 1. 


Find the other factor using long division. 


ee oe 
x+1)x) 40x" +0x+1 


Web Connection iN 
For more technological approaches 
— x°+0x to graph sketching, go to 
www.mcgrawhill.ca/links/CAF12 
and follow the link. 


3 2 
xt x 


2 
- x= % 


x+1 

x+i 
0 

ze 2 , 

Since x° — x + 1 is not factorable over the real numbers, the only 

x-intercept is x =—1. 


To determine the critical numbers, find the first derivative. 


fixi= (x? + 3x)3x* —(x* + 1)(2x + 3) 
(x? + 3x)? 
- 3x4 + 9x? —(2x4 + 3x? +2x +3) 
7 x(x +3) 


_%'+6x"-2x-3 
x? (x +3) 
After some algebra, f"(x) turns out as follows. 


ny _ 6(3x° +x" + 3x +3) 
f'(x)= ela ay 


To find the critical numbers, we set /'(x) = 0. 


Thus, x" + 6x* - 2x -3=0. 
The critical numbers can be found with the aid of technology. 
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Tharuine eALeviAToR PTT CRT CCTV TY Se Sexenina SAceuaTon Window 
Ploti Flote Plot? 


variables: 

x € [-10, 10], 
y €[-10, 10] 
en or use the 
#e"8.aszaua [v=-3e-12 if 7Standard 
instruction. 


The critical numbers are approximately x = —5.958 and x = 0.885. 


From our sketches so far, we can see that a local maximum occurs at the first critical 
number, and a local minimum occurs at the second critical number. The function values at 
these points are approximately —11.944 and 0.492, respectively. Thus, the local 

maximum occurs at approximately (—5.958, —11.944), and the local minimum occurs 

at approximately (0.885, 0.492). 


We can again use technology to determine when the second derivative changes sign. The 
second derivative changes sign at the asymptotes, but these cannot be points of inflection 
because the function is not defined there. To determine where else the second derivative 
changes sign, set f"(x) = 0. 

6(3x' +x" +3x+3) _ 4 


x(x +3) 


3x° +27 +3x4+3 =0 
Use the Zero operation to find the zeros. 


1 roth. lot2 Plot? TS 
Re beste 
AYe= 


Zero 
ke-.2s70gas v=o 


Window variables: x € [-10, 10], y € [-10, 10] 


There is one point of inflection. Its x-value is 
approximately —-0.757. The coordinates of the point 
of inflection are approximately (—0.757, —0.333). 


e Sketch the curve 

It appears that this function would have been better 
handled by technology alone. If we use the ZDecimal instruction to graph it in the friendly 
window, x € [-4.7, 4.7], y € [-3.1, 3.1], most relevant details appear. However, we would 
still have to calculate the coordinates for the point of inflection and the local extrema. 


Plott Plotz Plots 
ae BCK2+197CK243 
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Example 4 Using Technology and Analysis to Sketch a Graph 


x? (x +2) 


Graph the function f(x) = w2)e 4)" 


Solution 
We begin with the graphing calculator in the standard window, x € [-10, 10], y € [-10, 10]. 


This is a good start but it appears that we will have to zoom out to get the overall picture 
and also zoom in to get detail about critical points. 


To guide our zooming, we examine the formula for f. We expect vertical asymptotes at 
x =2 and x = 4, because that is where the denominator is equal to 0. From the graph, we 


can see that tim e ss — ar and tim, wana «. But what happens 
between x = 2 and x = 4? Use the key to find a couple of y-values 
in this region. 


VISHACHHZIF CCR 2IBCH-4)_ VAZRACHOZIFPCCR-ZIBCH~ 4) 


Y=540.B1859 =4i4493.141 


Clearly, the values of f are very large in this region. 
We look at the graph in a region with very 
large y-values. 


The almost vertical line is a result of the graphing calculator 
trying to connect points across the asymptote x = 2, so we 
ignore it. It appears that there is a local minimum in this 


area. We can also determine the behaviour of the function Window variables: 

near the asymptotes in this region: x €[0, 4.7], y € [400, 1500] 
. 2 d 2 3 . at 2y 

Hin — 2G ss snd thn 

ror 2 e—4ae 2h ea 


Since the degree of the denominator is greater than the 
degree of the numerator, the x-axis is a horizontal 
asymptote. 
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Examining the numerator, we see that 0 y 
and -2 are x-intercepts. Since the first 

factor is squared, we know that the x(x +2)! 
function does not change sign at this y= -2)x-4)" 
point. The graph does cross the x-axis 

at —2 since the second factor, (x + 2), is 

cubed. This suggests that our curve 
should look roughly as shown (not to 
scale). 


Zooming by trial and error using the Zoom fn and Zoom Out instructions produces the 
following screens that show the important details. 


x € [-100, 10], x € [-4, 1], x € [0.2, 10], 
y €[-0.05, 0.05] y €[-0.001, 0.001] y € [-10, 1000] 


If we need more precise information about the maximum or minimum points, or points of 


inflection, graphing technology can provide approximations. The calculation of f' and f" by 
hand would be a tedious task; a computer algebra system would make it easy. 


The only way to show all of this information in one image is to draw a sketch by hand, 
such as our rough sketch above, but with significant details added. 


Key Concepts 


Curve sketching can be performed with analytic calculus tools, with technology, or 
with a combination of both. Tools should be selected carefully, but every step 
should be justifiable with the tools of calculus. 

The tools of technology and calculus complement each other when sketching curves 
and investigating important aspects of functions. 

A graph can be sketched analytically using the following steps: 

a) frame the curve 

b) find important points 

c) add details 

d) sketch the curve 

Technology can help you graph functions that are too complicated to graph using 
calculus alone. 

Calculus can help you spot important features of a graph that are not initially seen 
using graphing technology. 
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Communicate Your Understanding 


1. If you have a graphing calculator, explain why you still need calculus to graph 
functions, 

2. Answer each question and explain your reasoning. 

a) The domain of a function is (-», 0). Can the function have a vetedl asymptote? 
What about a horizontal or oblique asymptote? 

‘b) A function has a vertical asymptote. Can the domain of the Aaa be (—s0, 0)? 
c) A function is even. Can the function have only one local maximum or minimum 
value? What if the function is odd? 


of inflection? 


be a point of inflection? 

f) Cana function have a maximum, a minimum, or a point of inflection at x = a, if a 
is not in the domain of f? 

3. The sketch of a graph is given. Discuss the significance of the parts of the graph 
indicated, 


a) points P, Q, R, S, T 
b) intervals (—c, a), (a, b), (b, c), (c, d), (d, e), (e, f), (fr & 


e) If f'(a) is not defined, and f(a) is a local maximum or a minimum value, can it also 


d) Iff'(a) = 0, and f(a) is a local maximum or a minimum value, can it also be a point 


tis 7 
Pencils d yegt f) atx) 
1. Match the graphs opposite with the * 
functions below, using your knowledge of 9) f(x)= # h) y=- & 
limits and asymptotes. x -4 (x -2) 
1 x r i , 
a flx)= 5 b) gix)=5 ) gx)=> 5 ) 
d) f (x)= Ki ye-—1 
f =, ) y=" Be , 
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ne 


viii) 


xii) L 


1 


z 


aa E 
ame Beal 
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2. Jessica was sketching the graph of a 
function but did not have time to finish it. 
She lost some of her notes, including the 
formula for the function, but still has the 
information below. Use the information 

to sketch the graph. 

The domain of the function is the set 

of all real numbers except x = 1 and x = -1. 


lim f(x) =-00 
lim f(x) = 00 


lim f(x) =~ 


xo-l 

lim, f (x)= 

lim f(x) =0, f(x)<O asx 
lim f(x) =0, f(x) <0 as x > -co 


The y-intercept is 2. There are no x-intercepts. 


Apply, Solve, Communicate 


B 3. Sketch each function, Find the exact 
coordinates of all maximum and minimum 
points, and points of inflection. 

a) y=x'+x b) y= 2x? + 15x” - 36x 
c) gix)=(x.-4)) dy f(x) = 3x° - Sx? 

e) y= 3x'—4x'- 12x7 +2 

f) A(x) =2-15x + 9x? -x° 


4. Inquiry/Problem Solving Sketch each function 
without using technology. Following the format 
of the examples, show enough steps to justify 
your sketch. 


a) y=225 b) f= 4, 
: rs Rage sor 
ve F 9 ane, 
a y=, h) hix)=— >, 
i) y=* 51 
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5. Sketch each curve using technology 
and analytic calculus methods where 
appropriate. For each curve, determine the 
equations of the asymptotes and the exact 
coordinates of any local extrema. 


a) f(x)=x-4 


e¢— 
b) f(x) = 1+ 2x45 


d) Pe 


h) f(x)= 


x+2 


6. Application In order to fit properly into 

an architectural design, a pipe needs to be 

manufactured with the equation y = oe P for 
x 

x € [-4, 4], defining its shape. All measurements 

are in centimetres. Sketch a graph of the pipe’s 

shape. 

7. Application A cylindrical drum is to be made 


to have a capacity of 40 L. The resulting 
40000 and 


formula for the height is h = ———, 
for the surface area of the sheet metal is 
S =2ar + 80 200 , where r is the radius in 


centimetres. 

a) Sketch a graph of the relation between 
height and radius. 

b) Sketch a graph of the relation between 
surface area and radius. 


8. Communication According to Coulomb’s law, 
the force between two charged particles is 
directly proportional to the product of the 
charges and inversely proportional to the square 
of the distance between them. The figure shows 
three charges, one positive charge placed at the 
origin, another equal positive charge placed at 
x = 4, and a negative charge that can move 
along the x-axis. The positions of the positive 
charges are constant. From Coulomb’s law, the 
magnitude of the force on the negative charge is 


ees 


given by the equation F(x) = Gear as 


(provided the units are chosen appropriately), 
where x is the position of the negative charge, 
and0<x <4. 


= 0 1 2 3 4 5 


a) Sketch the graph of the force function. 

b) Where is the force undefined? Explain, 
physically, why this is so. 

c) Where is the force 0? Explain in the context 
of physics. 


9. Sketch each function. 


x-3 


Pas fe x<0 
a) f(x)=4*) 
v2 S00 
x 
L x<0 
b) f(x)=4 x? * 
-2, x20 


10. Application i) Use technology to obtain the 
graph of each function. 

i) From the graph, give a rough estimate of the 
intervals of concavity and the location of any 
points of inflection. 

ii) Use the graph of g” to give better estimates 
for these values. 

a) g(x) =4x° — 40x° + 30x* 

b) g(x) =—3x° + 25x’ — 15x* + 110x 


11. Application i) Use technology to graph each 
function. 

i) From the graph, estimate the local maximum 
and minimum values. 

ii) Find the exact values of the extrema in 

part a). 


12. Communication Sketch a graph by hand for 
each function, using intercepts and asymptotes, 
but not derivatives. Make your sketch as 
accurate as possible. 


(x + 5)(x -—4)° 


oe ar 

6) i= 
. eee 
a) ftx)= 3 


13. Inquiry/Problem Solving Consider the family of 
(x —1) (x? +2x +k) 

x : 
a) Using technology, sketch the curve for five 
different values of k. Do the graphs have any 
similar features? Describe them. 
b) Show that y =x is a linear oblique 
asymptote for every value of k. 
c) For what values of k do the curves intersect 
the asymptote? 
d) Which values of k lead to two x-intercepts? 


curves defined by y= 


14. Consider the function f, where f and f' are 
both differentiable, f"(x) > 0 for all x, f"(x) <0 
for x < 0, and f"(x) > 0 for x > 0. 

Let g(x) = f(x’). 

a) For which values of x does g have a critical 
number? 

b) Discuss the concavity of g. 


45. Find a cubic function f(x) = ax’ + bx? + cx +d 
that has a local maximum at (—3, 3) and a local 
minimum at (2, 0). 


16. a) Show that a cubic function has exactly 
one point of inflection. 

b) If the graph has x-intercepts p, q, and r, 
show that the x-coordinate of the point of 


inflection is prger : 


17. a) For which values of p does the quartic 
polynomial function Q(x) = x* + px’ + x° 

have each number of points of inflection? 

i) exactly two ii) exactly one 

iii) zero 

b) Illustrate your results in part a) by sketching 
O for several values of p. 
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18. Consider the general cubic function, 
f(x) = ax* + bx* + ex +d, where a # 0. 


a) Show that f"(x)=0 when x =— La - 


a 
b) Show that the graph of f has an inflection 
point, and determine its coordinates. 

c) Determine a translation of the graph of f 
that brings its inflection point to the origin. One 
way to do this is to introduce new coordinates 
X and Y, and to determine equations that relate 
the new coordinates to the old ones, such that, 
when expressed in the new coordinates, the 
cubic curve has its inflection point at the origin. 
d) The cubic curve in part c), which has its 
inflection point at the origin, defines a new 
function, Y = F(X). Determine a formula for F. 
e) Determine the symmetry properties of the 
function of part d). 

f) Using the results of parts a) to e), make 

a general conclusion about the symmetry 
properties of all cubic functions. 


19. Consider question 18. Pose and solve a 
related problem for quadratic functions, which 


Achievement Check 


culminates in a general conclusion about 
the symmetry properties of all quadratic 
functions. 


20. a) Is it possible to generalize the analysis of 
questions 18 and 19 to general quartic 
functions? Before tackling this general problem, 
begin by graphing a number of specific quartic 
functions. Do they all share the same symmetry 
properties? If so what is the property? If not, 
what other conclusions can you make? 

b) If it is possible to state a general symmetry 
property of all quartic functions, make such a 
conjecture and adapt the ideas of questions 18 
and 19 to prove the conjecture. 

c) If it is not possible to make a general 
statement about the symmetry properties of all 
quartic functions, is it possible to make a 
statement about a large class of quartic 
functions? If so, determine the largest class of 
quartic functions that shares a nice symmetry 
property. If not, explain why. 

d) If possible, extend your analysis to 
polynomials of higher degree. 


. lim, f(x)=0 


a) Sketch a graph of a continuous function that satisfies all of the 
following conditions. 

e f(x) >0 for x € (0, 1) 
© f(x) <0 for x (1, ) 
© f(x) <0 for x € (0, 2) 
e f(x) > 0 for x € (2, ) 


e fis an odd function 

b) Is your sketch the only solution? Explain. 

c) If there is more than one solution, what are some of the necessary 
features? If your solution is the only one, which features cannot 
occur in any other function? 
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Introducing Optimization Problems 


Packaging products in order to minimize the amount of materials used is a primary concern 
in operating a business. Furthermore, reducing packaging is an environmental concern for 
society as a whole. The problem of optimal packaging can be simplified to finding the 
optimal dimensions for geometric figures when given certain constraints. In this section, 

we will put our knowledge of finding maximum and minimum values of functions to 
practical use. 


Investigate & Inquire: Optimal Dimensions of a 
Cereal Box 


Consider a cereal box in the shape of a rectangular prism. Assume the 
box must have a capacity of 5000 cm’, and the thickness of the box 
must be between 5 cm and 10 cm to allow for a comfortable grasp by 
most people. Use a graphing calculator to determine the dimensions of 
the box that require the minimum amount of materials for various h | 
fixed thicknesses. Ignore any overlap in order to join the faces of 

the box. 


t 
w 
There are a number of ways to proceed. One strategy is as follows. | 
| 
i 


1. Write an equation for the surface area, A, in square centimetres, of the cereal box, | 
and another equation for the capacity, V, in cubic centimetres, enclosed by the box. | 
Given that V = 5000, solve the equation for V for one of the dimensions (not ¢) in terms of | 
the other two. Then substitute this expression into the formula for A. The result should be 

an expression for A in terms of two variables, t and either 

w or h, depending on which you chose to solve for. V=hwtand A=2hw+ 2ht+2wt 


2. Now choose a value, for example ¢ = 5, for the thickness of the box. Substitute this 
value into the formula for A obtained in step 1. 


3. Enter the formula obtained in step 2 into the function editor of a graphing calculator or 
graphing software. Using the TABLE SETUP screen or the [TRACE] key, estimate the 


minimum value of the surface area. 


4. Repeat steps 2 and 3 for several other values of ¢. Record your results for the minimum | 
area in a table. Do you notice any patterns? 


5. Which value of ¢ appears to lead to the overall minimum surface area? What does the | 
minimum surface area appear to be? | 


6. What are the approximate dimensions of the box that result in a minimum surface area 
and are also consistent with the stated restrictions? 


7. Describe, and suggest reasons for, the patterns you observed in the minimum surface 
area as you changed the value of tf. 
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You may have noticed a pattern in the results of your investigation: it seems that the greater 
the thickness of the box (at least for thicknesses between 5 cm and 10 cm), the smaller the 
minimum surface area of the box. This suggests that the minimum surface area of the box, 
consistent with the restrictions, occurs for a thickness of 10 cm, Using this fact, the 
dimensions of the optimal box can be found using methods developed in this chapter. 

This is done in Example 1. 


Example 1 Optimal Dimensions of a Cereal Box 


A cereal box in the shape of a rectangular prism is required to have a capacity of 5000 cm’, 
and the thickness of the box must be 10 cm to allow for a comfortable grasp by most 
people. What dimensions of the box require the minimum amount of materials? Ignore 

any overlap needed to join the faces of the box. 


Solution 


A good strategy is to sketch the situation, identifying 

constant given data, and introducing appropriate variables. 

Also, we record any relationships among constants and h 
variables as equations. 


Variables: height h, width w, surface area A 10cm 
Constants: thickness = 10 cm, capacity = 5000 cm’ ” 


First, we write an equation for the quantity to be optimized, the surface area A. 


A = area of front and back + area of top and bottom + area of left and right sides 
= 2(hw) + 2(w x 10) + 2(h x 10) 
= 2hw + 20w + 20h 


To differentiate A, we must first express the equation for A in terms of one variable by 
relating h and w using given information, Since the capacity is 5000, 
5000 =h x wx 10 
_ 500 
~—h 
Substituting this expression for w into the equation for A results in 


A= 2h 500 )+20( ae )+20n 


h h 
=20 ( 50+ 200 44 
h 
To minimize the function A, we find the critical numbers of A. 
A'= 20( - 500 +1) 
he 
Set the derivative equal to zero to obtain 
h° = 500 
h=+10V5 


Since h is the height of a real object, h > 0, we reject the negative result. Thus, h = 10V5. 
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To determine whether this value of h gives a maximum or a minimum value of A, we use 
the second derivative test. 


20000 
he 
Since A" > 0 for h > 0, h=10V5 gives a minimum value of A. 


A’= 


To find the corresponding width of the box, substitute the value of h into the equation for 

w in terms of h, to obtain 
_ 500 
“Oh 
500 


~ 1005 
=10V5 


10/5 = 22.4, so the minimum surface area of the cereal 
box is obtained for dimensions 10 cm, 22.4 cm, 

and 22.4 cm. The graph of the function A verifies 

that a width of w =10V5 gives a minimum, not 

a maximum. 


Example 2 Optimal Radius of a Can 
Determine the most economical shape for a can of capacity 355 cm’. 


Solution 


The capacity, V, in cubic centimetres, of a cylindrical can is given by V = m7*h, where the 
radius, r, and the height, h, are measured in centimetres. The surface area, S, in square 
centimetres, is given by S = 2arh + 2ar°. We want to find the minimum value of the 
surface area. Since the capacity is 355 cm’, we will express the height in terms of the radius, 
and substitute this back into the formula for the surface area. 


V=arh 
355 =arh 
me i 
h= 
Cae 
S=2arh+2ar* 
h 
= 2ar{ B59 )+2ar : 
ar 
= mn +2rr 


To find the critical points of S(r), we determine when S'(r) = 0. 
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Determine the value of S'(r) on either side of the critical number 3.84. Test r = 3 and r= 4. 


(3) =- 29 +413) 
2-412 

$4) =- +4n(4) 
£5.89 


So, S(r) is decreasing to the left of the critical number 3.84, and increasing to the right. 
Thus, S(r) is a minimum at r + 3.84. Determine the height at this radius. 


355 
17(3.84)° 
=7.66 
Thus, the most economical cylindrical can has a radius of approximately 3.84 cm and a 
height of approximately 7.66 cm. Note that the height is approximately twice the radius. 
If we had not rounded the values, this relationship would be exact. 


Example 3 Oil Spill Containment 


The oil spill that is generally regarded as having caused the most serious ecological damage 
in the world occurred when the oil tanker Exxon Valdez ran aground in 1989, Over 
40.000 000 L of crude oil contaminated the sea near Alaska. To contain oil spills, rectangu- 
lar booms that have a cross-link to provide stability are used. The cross-link joins the long 
sides and is parallel to the short sides. 

a) What is the minimum total length of boom required to enclose an oil spill covering 

100 000 m* of water? 

b) Is the result of part a) different if the oil boom can only be constructed from 10-m 
sections? 


Solution 


Identify the variables and constants in the problem and 
sketch a diagram. 


Variables: width of structure w, length of structure x, total 
boom length L 

Constants: surface area A = 100000 m? 

Relationships: A=xw, L = 2x + 3w 


The equation to be optimized for the total boom length L is L = 2x + 3w. 


We can express L in terms of one variable by first relating x and w using the given 
information that A = 100000. 


xw = 100000 © 
100 000 
x = ——_—— 
w 
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We substitute this expression for x into the equation for L. 
Le 2 (0000 + 3 


200000 
w 


+3w 


Then, we determine the critical numbers. 
200000 


L'=- te 
w 
p= 200000, 
a 
>. 200000 
3 3 


But w > 0, so 


vy =, 200.000 
“V3 


= 258.20 
We use the second derivative test to determine whether this value of w gives a maximum or 
a minimum. 


To determine the corresponding length of the 
structure, we substitute the value for w into 
the expression for x. 
100000 
x= 
w 
= 387.30 


The minimum total boom length is 
L = 2x + 3w or 1549.20 m. 


The graph of L versus w verifies this result. 


b) For 10-m sections, the function modelling the length of the boom has domain 
{10, 20, 30, ...}. Thus, the function consists of discrete points only. However, the new 
value of w that produces the minimum length will occur near the w-value found in 
part a). Thus, we examine w = 250 and w = 260. 


L(250) = 1550 and L(260) = 1549.2 
Since the boom is constructed from 10-m sections, L must be a multiple of 10. Thus, we 


reject the second value of w. So, the minimum length of boom is 1550 m, for which the 
width is 250 m and the length is 400 m. 
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Example 4 Optimal Dimensions for a Silo 


Canada and the United States are the world’s leading producers of corn, with an 
approximate combined annual production of 300 million tonnes. Corn silos are usually 
in the shape of a cylinder surmounted by a hemisphere. If the average yield on a given 
farm requires that the silo contain 1000 m’ of corn, what dimensions of the silo would 
use the minimum amount of materials? 


Solution 


Variables: radius of silo, r, in metres, height of silo, h, in metres 
Constants: capacity of silo, V = 1000 m* 


Relationships: A = area of base + area of sides + area of hemispherical 
top, V = capacity of cylinder + capacity of hemisphere 


We want to optimize (minimize) the surface area, A. 


A=ar+ amrh+ ABP (surface area of a sphere = 47r*) 


=3ar +2nrh 
We can relate r and h using the given information that V = 1000. 
V = capacity of cylinder + capacity of hemisphere 


1000 = ar’h+ ( $a’) («capacity of a sphere = snr] 


2\3 
3000 = 3a7°*h+27r° 
I 3000 —2ar* 
h = ———__-— 
3ar 


Substituting this expression for h in the equation for A, we have 


3 
A=3ar + 2nr(2000— Par } 
3ar 
=30r + 2000 - 4 er? 
r 3 
5 5. 2000 
= 50r —— 

3: r 
Differentiating, we obtain 
A'= 10) 9 7 2000 

3 r 


Setting A’ equal to zero and solving for r to find the critical numbers, we get 


10 = 2000) =0 

3 r 

107r* —6000 =0 
600 
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A a0 + 3 


3000 —2ar* 
3ar* 
_ 3000-1200 


h= 


3ar° 
_ 1800 
~ 3ar* 
_ 600 /r 


r 


ae 


z 


minimum surface area. 


approximately 5.7588 m. 


Key Concepts 


Procedure for solving optimization problems 


¢ Identify the variables and the constants in the problem and sketch a well-labelled 


diagram. 


Express relationships among variables and constants as equations. 


To determine the corresponding height, note that, since r’ 


Thus, the critical number is r = 5.7588. We determine the second derivative to decide 
whether this value of r gives a maximum or a minimum. 


10_ 400 


Since A" > 0 for r > 0, this value of r gives a minimum value of A. 


600 


“—, 2ar’ = 1200. Thus, 
7 


Construct an equation for the quantity, say O, to be optimized. 


Express the equation for Q in terms of one variable only, by using the equations 


relating variables and constants. 
Find the critical numbers and test them. 
Determine the required minimum or maximum value. 


Check that the result satisfies any restrictions on the variables. 


Communicate Your Understanding 


4. The steps required to maximize a quantity are identical to the steps required to 
minimize a quantity. Explain why. 


Thus, the height of the cylinder and the radius of the hemispherical top are equal for 


The optimal dimensions of the silo have both the radius and the height equal to 
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2. What is meant by the phrase “express the quantity to be optimized in terms of one 
variable”? If a quantity Q is originally expressed in three variables, how many 
equations relating given information are required to express it in terms of one variable? 


3. Explain the difference between a constant and a variable dimension of a geometric 


figure. 


packaging costs? 


4. Compare Example 1 (page 376) and its solution to actual cereal boxes. Do you 
think that actual cereal boxes have dimensions that minimize their surface areas? If not, 
what other factors do you think the manufacturers consider besides minimizing 


5. In Example 2 (page 377), the most economical shape for a can is one for which the 
height is equal to twice the radius of the base. Few cans in the retail world have this 
shape. Suggest some reasons why this is the case. 


Practise 


1. Suppose that R = m1 + and mn = 1000. 
Find the value of m that minimizes R, for R > 0. 
2. If K =pq and p — q = 1500, find the value of 
p that makes K a minimum. 

3. If W=g¢*h and g’ + 4gh = 2700, find the 
value of h that maximizes W, if g > 0 and h> 0. 


Apply, Solve, Communicate 


4. A rectangular backyard playpen for a child 
is to be enclosed with 16 m of flexible fencing. 
What dimensions of the rectangle will provide 
the maximum area for the child to play? 


5. A rectangular corral is to be enclosed along 
the side of a horse barn with the barn serving as 
one side of the corral. What dimensions of the 
corral, using 40 m of fencing, will enclose the 
maximum area for the horses? 

6. A rectangular garden plot requires an area of 
32 m’ for the variety of vegetables that are to be 
planted. What dimensions of the plot will use 
the least amount of fencing to enclose the 
garden? 

7. Communication A county fair has a holding 
area for the prize sheep that are entered in a 
contest. 

a) The holding area is made up of 12 identical 
pens arranged in a three by four grid, If 100 m 
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of fencing is available, what dimensions of each 
pen will maximize the total holding area? 


b) If the pens were arranged in a two by six 
grid, what dimensions would maximize the 
holding area? 

c) Which arrangement would you recommend, 
the three by four grid or the two by six grid? 
Explain your reasoning. 


8. Communication A child’s piay tunnel is to be 
made from a 4-m wide sheet of cardboard. The 
sheet will be folded as shown. 


iss 


4m 


a) Where should the fold be made in order to 
maximize the cross-sectional area of the tunnel? 


b) Will the resulting tunnel be high and wide 
enough for a child to crawl through? Should the 
dimensions determined in part a) be modified? 
Explain. 


9. A typical automotive battery has six cells, 
divided by walls as shown in the top-view 
diagram below. 


a) What dimensions will give the smallest 

total wall length including the outside perimeter 
if the top of each cell must have an area 

of 65 cm’? 

b) A popular battery has dimensions 22.5 cm 
by 17.5 cm, with each cell having a width 

of 3.75 cm. Has the battery designer used 

the minimum wall length as a design 
consideration? 


10. Application An eccentric architect is 
experimenting with window design. To ensure 
adequate illumination, the area of the windows 
needs to be 12 m*. What dimensions will 
minimize the amount of outside trim 

required to frame the window if the 

window is 

a) a rectangle? 

b) an isosceles triangle? 

c) arectangle surmounted by a semicircle? 

d) a rectangle surmounted by an equilateral 
triangle? 


11. A soda cracker package (in the shape of 

a rectangular prism) is to be constructed with 

a square base. The total capacity of the package 
must be 1000 cm’. 

a) What dimensions provide the minimum 
surface area? 


b) Compare the dimensions found in part a) 
with those of an actual soda cracker package. 
What factors do you think influenced the 
designers of the package? 


12. An open metal box for removing ashes from 
a fireplace is to be constructed from a rectangu- 
lar piece of sheet metal that is 1 m by 1.5 m. 
Squares are to be cut from each corner of the 
sheet metal, the sides folded upward to form the 
box, and then the seams welded. What is the 
maximum capacity of a box that is constructed 


in this way? 


13. A closed display case for student artwork, 
in the shape of a rectangular prism, is to be 
constructed from a 2 m by 3 m sheet of acrylic. 
The net used for the construction is shown. 


vai 


right 
side 


waste 


SS 0 


What dimensions of the case provide the 
maximum capacity? 

14. Inquiry/Problem Solving The Canada Postal 
Guide lists the following requirements for 
parcels to be sent within Canada. 

e No dimension can be more than 2 m. 
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¢ The length plus the girth (distance around) 
of the parcel may not exceed 3 m. 

e The mass may not exceed 30 kg. 

What size rectangular box with square ends will 
allow you the largest capacity? 


15. A juice manufacturer is studying the most 
economical shape to use for a beverage 
container. Each unit will contain 355 cm’ of 
juice. The manufacturer is considering a cylinder 
versus a rectangular prism with a comfortable 
hand-held depth of 4 cm. Which method of 
packaging, the can or the juice box, will use the 
minimum amount of materials? 


16. A chocolate manufacturer uses an 
equilateral triangular prism package. If the vol- 
ume of chocolate to be contained in the package 
is 400 cm’, what dimensions of the package will 
use the minimum amount of materials? 


17. A cylindrical kite frame is to be constructed 
from a 4-m length of light bendable rod. The 
frame will be made up of two circles joined by 
four straight rods of equal length. In order to 
maximize lift, the kite frame must be con- 
structed to maximize the volume of the cylinder. 
Into what lengths should the pieces be cut in 
order to optimize the kite’s flight? 


18. A cylindrical glass vase is to be made in order 
to hold large bouquets of flowers. If the capacity 
of the vase is to be 1000 cm’, what dimensions 
for the vase would use the minimum amount of 
glass? Would these dimensions be practical? 
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19. Application A 3 m-long feed trough, in the 
shape of an isosceles triangular prism, is to be 
made with steel ends and two boards 30 cm 
wide. How wide should the top of the trough be 
to maximize the capacity of the trough? 


width 


30cm 


20. Inquiry/Problem Solving A heritage home 
features a semicircular window of radius 1 m. 
A local artisan is commissioned to accent the 
window with a rectangular pane of stained 
glass. The stained glass will be attached to 

the inside of the window frame. What 
dimensions of the rectangular pane will provide 
the greatest possible area for the stained glass 
accent? 

21. Application A landscape architect is creating 
a rectangular rose garden to be located in a 
local park. The rose garden is to have an area 
of 60 m* and be surrounded by a lawn. The 
surrounding lawn is to be 10 m wide on the 
north and south sides of the garden and 3 m 
wide on the east and west sides. Find the 
dimensions of the rose garden if the total area of 
the garden and lawn together is to be a 
minimum. 


22. The rate of blood flow through an artery of 
radius r is a function of the blood pressure, 
resistance pressure, density of the blood, and 
stress factors. The flow rate, F, can be expressed 
as F = -kr* + cr’, where k and ¢ are constants 
determined by the various factors. 

a) Determine the maximum flow rate when the 
constants have values k = 8 and c = 12. 

b) Determine the maximum flow rate in terms 


of kand c. 


23. A plane follows a straight path described by 
the linear equation y = 2x + 3 (all distances in 
kilometres) for x € [—2, 1]. If the flight tower is 
at the origin (0, 0), at what point is the plane 
closest to the tower? 


24. A cell culture under stressful conditions 

has a rate of growth of G = 48t -— f’, for 

t € [0, 48] where ¢ is measured in hours. What is 
the maximum rate of growth and when is it 
reached? 


25. The “gait” of an animal is a measure of how 
jerky or smooth the animal’s motion appears 
while it is running. Gait, g, can be shown to be 
related to the power, P, necessary for the animal 
to run at a given speed. For an animal 1 m long, 
running at a velocity of 10 m/s, the power is 
given by 

1000 

l+g 

Determine the gait that minimizes the required 
power for the animal to run. 


P=0.1g+ 


26. A variation of a triathlon competition has 

a contestant swimming from a point, A, on 

one shore of a lake, to a point C on the 
opposite parallel shore, then running to the 
finish, B, further along the lakeshore. The 

lake is 4 km wide and the finish line is 

10 km down the lake. If a contestant can 

swim at 2 km/h and run at 10 km/h, determine 
the point C that will minimize the total time for 
the race. 


bko———— 


27. The flight of a gliding bird depends 

upon the lift provided by the bird’s 
outstretched wings and by the drag caused by 
air resistance. Drag, D, can be expressed as 

a function of the gliding speed, v, in metres 
per second: 


What speed minimizes the drag? 


28. Inquiry/Problem Solving Holly and Geordie are 
attending an outdoor music festival where two 
bands are playing on stages that are 100 m 
apart. One band is three times as loud as the 
other. The two friends are interested in finding 
the quietest location along the line joining the 
stages. If the intensity of sound is directly 
proportional to the volume of the band and 
inversely proportional to the square of the 
distance from the source, find the best location. 


29. The parabolic arch of a bridge over a one- 
way road can be described by the equation 

y =—x° + 6, where x and y are measured in 
metres. A transport truck is 3m wide and 3.5m 
high. What is the maximum clearance (from 
the closest part of the bridge) of the truck’s top 
corners if it passes under the bridge? 


30. Imagine that an exploration vessel from 
Earth is visiting another solar system in the year 
3002. The people on the vessel decide that the 
best place to park their vehicle is at the point on 
the line between two planets where the net 
gravitational force acting on the vessel is 
minimized. The magnitude of the force, F, acting 
on the vessel from either of the planets is 
F(x) =G Mm 

x 
where G is a constant, M is the mass of the 
planet, 7 is the mass of the vessel, and x is the 
distance between the planet and the vessel. If the 
mass of one planet is twice the mass of the other 
planet, where should the vessel be located to 
minimize the net gravitational force on it? 


31. Application The reaction of the body to a dose 
of medicine can be represented by the 


function P = M?* («- M ), where M is the 


amount of medicine absorbed into the blood- 
stream, in millilitres, P is the blood pressure, in 
millimetres of mercury, and k is a constant 
depending on the particular medicine. The 
sensitivity of the body to a particular medicine 


is measured by the derivative a. Find the 


amount of medicine to which the body is most 
sensitive. 
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32. Inquiry/Problem Solving Two identical sodium 
vapour light standards A and B are located 20 m 
apart in a parking lot. A light sensor is to be 
placed at a point P on a line / that is parallel to 
the line joining the light standards and at a 
distance of k metres from it. Intensity of light 
from a single source is proportional to the 
strength of the source and inversely proportional 
to the square of the distance from the source. 
Find the location of P so that the intensity of 
light is minimized using the following 
procedure. 


a) Find a function I(x) for the intensity of 
light at point P. Focus on the domain 

x €[0, 20]. 

b) If k=5, show that the minimum value for 
I(x) occurs at the midpoint of J. 

c) If k = 20, show that I(x) is not minimized at 
the midpoint of /. 

d) Find the value of k, between 5 and 20, 
where the minimum illumination point abruptly 
changes location. 

e) Describe the changes in the behaviour of I(x) 
as k changes from 1 to 20. Emphasize the 
location and type of the extrema. 

f) Use the results of part e) to help you explain 
physically the phenomenon in part d). 


33. Consider a room that has a floor with 
dimensions 4 m by 5 m, and walls that are 

3 m high. A spider is on one of the shorter 
walls, 1 m from the floor, and 2 m from 

either of the adjacent walls. It wants to get to 
a point on the opposite wall 1 m from the 
ceiling and 0.2 m from an adjacent wall. What 
is the minimum distance that the spider 

must walk? 


34. Find the point on the parabolic are y = x’, 
with domain x € [o. +h that is closest to the 


vk 
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point (0, 1). Then, find the point on the arc that 
is most distant from the point (0, 1). 


35. a) Find the dimensions of the largest 
cylinder that can be inscribed in a sphere of 
radius k. 

b) Find the dimensions of the largest cylinder 
that can be inscribed in a cone of height k and 
base radius k. 


36. A cone-shaped paper drinking cup is made 
by removing a sector from a disk of radius r, 
and then joining the two straight edges. Find the 
maximum capacity of such a cup. 


37. a) Determine the conditions on the function 
y = Q(x) for which the functions y = Q(x) and 
y = O'(x) have the same type of extremum at 
each of their common critical numbers. (That is, 
they are either both local maximum or both 
local minimum values, or neither of them is a 
local maximum or local minimum.) 

b) Determine the conditions on the functions 

P and Q for which the functions y = Q(x) 

and y = P(Q(x)) have the same critical 

numbers. 

c) Assume that the functions P and Q satisfy 
the conditions of part b). Determine the condi- 
tions on the functions P and O for which the 
functions y = Q(x) and y = P(Q(x)) have the 
same type of extremum at each of their common 
critical numbers. (Hint: First explore some 


specific functions, such as P(x) = x*, P(x) = , 
and so on.) 


38. The path of a football in an attempted 

field goal is given by the function 

y = -0.008 x + 0.41x, where y, in metres, is 
the height above the ground and x, in metres, 
is the horizontal distance from the point at 
which the ball is kicked. The centre of the 
horizontal bar of the goal is 40 m away, 3 m 
above the ground. 

a) Does the football clear the horizontal bar of 
the goal posts? 

b) Determine the smallest distance between the 
ball and the bar. (Hint: The result of question 
37 may help.) 


39. Communication In question 38, another a) Explain, using diagrams, why 

way to determine the point on the path that is this approach results in the minimum 
closest to the goal post bar is to determine when distance. 

the tangent at the point is perpendicular to the b) Use this approach to verify the result of 
line joining the bar with the point. question 38. 


Achievement Check 


ies A container for wooden matches consists of an open-topped box (to 
oblem Solving contain the matches) that slides into an outer box, open at both 
ends. The length of the boxes is fixed at 10 cm to match the length 
of the matches. The outer box is designed so that one side completely 
overlaps for gluing. 
a) If the outer box is made from a sheet of cardboard that is 16 cm 
by 10 cm, what dimensions for the outer box will maximize the 
capacity? 
b) What size should the sheet of cardboard be, to make the inner 
box in this case? 
c) Repeat the problem, for matches of the same size, if the volume 
is fixed at 100 cm’ and you want to minimize the amount of 
material to make both boxes. 


10cm 


locm overlap 


Operations research, sometimes called management science, is a professional area related to 
business and finance that relies heavily on the techniques of mathematics. Mathematical 
modelling on computers is a primary tool used to forecast the implications of various choices in 
the search for the optimum alternative. There is a very human dimension to this mathematical 
problem solving, as the models constructed must function effectively in the real world as well 
as being theoretically correct. Operations researchers solve problems such as how to price the 
seats on an airline flight, what is the most efficient method for routing a long distance telephone 
call, or how a clothing manufacturer should lay out a pattern to minimize wasted fabric. 
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Optimization Problems in Business 
and Economics 


Common business practice is concerned with minimizing costs and maximizing profits. 
Many companies have teams of analysts, performing what is called operations research, 
whose job it is to determine optimum production levels and sales targets. 


In Chapter 4, we introduced business applications as rate problems. Here, we will apply our 
tools for determining maximum and minimum values to business-related problems, We use 
the techniques illustrated in the previous section. 


Example 1 Determining the Optimum Selling Price 


Market research has shown that for every drop in price of a product there is usually an 
increase in sales. Similarly, an increase in price usually leads to a decrease in sales. A large 
retailer selling mountain bicycles has found that, for every $20 reduction in price on the 
Rockhopper model, 2 more bicycles are sold per month. The Rockhopper usually sells for 
$900 and at that price the store sells 50 bicycles per month, 

a) Determine the optimum selling price in order to maximize revenue. How many bicycles 
are sold at that price? 

b) Describe the shape of the graph relating price vs. number of bicycles sold. 

c) Describe the shape of the graph relating revenue vs. number of bicycles sold. 


Solution 
a) The problem requires us to maximize revenue, R, in dollars. 
Variables: price, p; number sold, x; revenue, R 
The revenue function is 
R =number sold x price 
=xp 
To express R in one variable, we relate x and p. The relationship is linear. We determine 
two points on the line, and then find the slope and the equation. 


50 900 (50,900) (given) 


(after one $20 reduction in price) 


_ Ap 

Mt 
_ 900-880 
~ 50-52 
=-10 


The linear equation that relates p and x is 
(p — py) = mx — Xo) 
p — 900 = -10(x — 50) 

p= —10x + 1400 
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ee ee i a ee es ee 


Substituting this expression for p into the equation for R we obtain 
R= x(-10x + 1400) 

=—-10x* + 1400x 
The derivative of the revenue function is 
R' =-20x + 1400 
As usual, we set the derivative equal to zero to obtain the critical number. 
—20x + 1400 = 0 

x= 70 


We need the second derivative to determine whether x = 70 gives a maximum or a 
minimum value of R. 


R" = -20 

Since R” is always negative, x = 70 gives a maximum y ~ 

value of R. The maximum revenue occurs when the ss al ile eg 

number of bicycles sold is 70 per month. The price at 45000 

this level is p(70) = $700. cme 

b) The graph relating price and number of bicycles 

sold is a straight line with negative slope 25.000 

(p(x) = —10x + 1400). | 
c) The graph relating revenue and number of 15000 


bicycles sold is a parabola opening downward 


(R(x) = 10x? + 1400x). pix} =+10x + 1400) 


Brief review of terminology: 

If x is the number of units of a commodity (its production level), then 

¢ (C(x) is the cost function, which is the total cost to produce x units. 

© p(x) is the demand function (also called the price function), or the 
price per unit that a product can be sold for, at a production level 
of x units. 

© — R(x) is the revenue function, which is the total revenue obtained by 
selling x units. 

¢ — P(x) is the profit function, which is the total profit earned by 
selling x units. 


The marginal cost function is the derivative, that is, the instantaneous rate of 
change, of the cost function. The marginal demand, marginal revenue, and marginal 
profit functions are similarly defined. 


In practice, the cost and demand functions are only established after extensive 
market research and analysis. The revenue and profit functions are as follows. 


revenue: R(x) = xp(x) (number of units x price per unit) 
profit: P(x) = R(x) — C(x) (total revenue — total cost) 
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Example 2 Maximizing Revenue and Profit 


The beverage industry in Canada produces over $10 billion worth of product annually. 
Based on a 10-year study of production costs, a winery in the Niagara region has 
determined that the cost of producing x bottles of wine is 

C(x) = 12 000 + 4x + 0.0002x* 

Market research shows that the demand for the wine is given by the price function 
p(x) = 12 — 0.0001x 5 

a) Determine the production level that maximizes the revenue. 

b) Determine the production level that maximizes the profit. 

c) Show graphically the relationship between cost, revenue, and maximum profit. 


Solution 
a) Optimize the revenue function. 
R(x) = xp(x) 
= x(12 — 0.0001x) 
= 12x - 0.0001x° 
The derivative of the revenue function (the marginal revenue) is 
R'(x) = 12 — 0.0002x 


Setting the marginal revenue equal to zero and solving for x to obtain the critical number, 
we get 


12 — 0.0002x = 0 
0.0002x = 12 
x = 60000 


We determine the second derivative to decide whether x = 60 000 corresponds to a 
minimum or a maximum value of R. 


R"(x) = —0.0002 
Since R" is always negative, x = 60 000 corresponds to a maximum value of R. 
A production level of 60 000 bottles maximizes the revenue. 
b) Optimize the profit function. 
P(x) = R(x) — C(x) 

= x(12 — 0.0001x) — [12 000 + 4x + 0.0002x"| 

= —12.000 + 8x - 0.0003x" 
The derivative of the profit function (the marginal profit) is 
P'(x) = 8 — 0.0006x 
Setting the marginal profit function equal to zero and solving for x, we get 
8 — 0.0006x = 0 

x = 13 333 

We determine the second derivative to decide whether x = 13 333 corresponds to a 
minimum or a maximum value of P. 
P"(x) = —0.0006 
Since P” is always negative, x = 13 333 corresponds to a maximum value of P. 
Thus, a production level of about 13 300 bottles maximizes profits. 
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: c) Graphs of the cost function, revenue f ae | | | GexJ= 12000) 4 4 0.0002x7 
' function, and profit function are shown. wee | | | 


The shaded region indicates when profit is | t 4 
positive. The vertical dotted line shows the | || 
relationship between the maximum point | 
on the profit curve and the vertical 
difference between the revenue and cost 
functions. Note also that the marginal cost 
equals the marginal revenue when the 
profit is a maximum; that is, the slopes 

of the graphs of R(x) and C(x) are equal 
when the difference R(x) — C(x) is greatest. 


| For all the examples in this section, the number of units, x, is an integer. However, we are 
assuming that this leads to continuous (and differentiable) functions for cost, revenue, and 
profit. This is acceptable since regression techniques lead to continuous curves that fit the 
discrete points well. This closeness of fit determines how good the mathematical model of 
the situation is, and its value in making inferences. When calculus techniques suggest an 
optimal production level that is not an integer, we choose the closest convenient integer. 
(Sometimes we round to recognize that items are packaged in units such as hundreds.) 


Key Concepts 


C(x), the cost function, is the total cost to produce x units. _ 
p(x), the demand function (also called the price function), is the price per unit that 
a company can sell its product for, at a production level of x units. 

e R(x), the revenue function, is the total revenue obtained by selling x units. 
revenue: R(x) =x p(x) (number of units x price per unit) 

¢ P(x), the profit function, is the total profit earned selling x units. 
profit: P(x) = R(x) — C(x) (total revenue — total cost) 


Communicate Your Understanding 


4. Explain the difference between the revenue function and the profit function. 


2. Explain why the production level that maximizes revenue does not necessarily 
maximize profit. 


3. There is always an initial startup cost for any manufacturing process. What term of 
the cost function represents this expense? 
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. Is it reasonable to assume that the price function is linear? Explain. 


. Will the revenue function always be quadratic? Explain. 


. Will a cost function always be an increasing function for x > 0? Explain. 


. How is marginal revenue related to the graph of the revenue function? 


Practise 


1. For the given cost and demand functions, 
find the production level that will maximize 
profit. 

a) C(x) = 10+ 4x, p(x) = 50 —-0.5x 

b) C(x) = 500 + Sx + 0.01x°, p(x) = 10 

c) C(x) = 500 + 5x + 0.01x", 

p(x) = 10 — 0.002x 

d) C(x) = 1000 + 20x +x” + 0.0001x°, 

p(x) = 50 - 0.01x 

e) Cix)=1+4x—- 3x7 + x’, p(x) =9 - 2x 


Apply, Solve, Communicate 


2. Communication The graph shows the cost and 
revenue functions for a local music retailer. 


yh 


y = R(x) 


0 x 
a) Identify on the graph the x-value that 
corresponds to the maximum profit. 
b) Sketch a graph of the profit function, P. 
c) Sketch a graph of the marginal profit 
function, P’. 
d) What is the meaning of P’(x) > 0? 


3. Application A car manufacturing company 


analysed painting costs and tabulated the 
following results: 
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Number of Cost of Painting, 


Cars, x C(x) (8) 
100 120 000 
500 200 000 

1000 390 000 
2000 750 000 
5000 2.000 000 


a) Using quadratic regression to fit a function 
to the data, determine a function, C(x), for the 
cost of painting x cars. 

b) What is the total cost of painting 3000 cars? 
c) The price function for painting x cars is 
p(x) = 1000 — 0.01x. Find the revenue earned 
painting 3000 cars. 

d) Find the production level that maximizes 
revenue. 

e) Find the production level that maximizes 
profit. 


4. A textile manufacturer uses regression to 
determine that the cost of producing x metres of 
woven fabric is C(x) = 100 + 8x — 0.1x7 + 
0.001x'. It forecasts that it can sell the fabric for 
p(x) = 16 — 0.03x dollars per metre. Determine 
the production level that will give maximum 
profit. 


5. Inquiry/Problem Solving A large electronic 
retailer has been selling digital cameras for $850 
each. At this price the store sells 120 per month. 
From past experience, for every $10 discount in 
price, the number of sales increases by 5 each 
month, and for every $10 increase in price, the 
number of sales decreases by 5 each month. 

a) Find the price function. 

b) At what price should the cameras be sold in 
order to maximize revenue? 


c) What is the percent reduction in price that 
the retailer is offering the consumer at the price 
in part b)? 


6. A professional basketball team plays in a 
stadium that holds 23 000 spectators. With 
ticket prices at $60, the average attendance had 
been 18 000. When ticket prices were lowered to 
$55, the average attendance rose to 20 000. 
Based on this pattern, how should ticket prices 
be set to maximize revenue? 


7. Application The Eco-venture charter company 
offers local environmental excursions. The fare 
is $45 per person if 18 to 30 passengers sign up 
for the trip. The company does not offer the trip 
if fewer than 18 people sign up. If more than 30 
people sign up, the fare for every passenger is 
reduced by $1 for each passenger in excess of 
30. The bus can hold only 48 passengers. 
Determine the number of passengers that 
generates the greatest revenue for the charter 
company. 


8. An ice cream vendor has found that the cost of 
supplying x cones is C(x) = 25 + 0.12x + 0.007x" 
and also that the demand for the cones increases 
when the price drops. Approximately 500 cones 
will sell per day if they are priced at $1.20, but 
for every price drop of 10¢, the number sold per 
day increases by 20. Similarly, for every price 
increase of 10¢, the number sold per day 
decreases by 20. 

a) Determine the price of the cones that 
maximizes revenue. 

b) Determine the price of the cones that 
maximizes profit. 


9. Inquiry/Problem Solving Glynn is considering 

buying a truck and becoming a professional 

driver. The truck manufacturer indicates that he 

can expect his running costs when driving at v 

kilometres per hour to be approximated by the 
3 


function c(v) = 0.85+0.0004v?, where the cost, 


c, is in dollars per kilometre. Glynn plans to pay 
himself $15/h while he is driving. Find the 
speed that will minimize his costs for a 
1500-km trip. 


10. The manager of a 240-room ski resort has 
found that, on average, 150 rooms are booked 
when the price is $175 per night and 160 rooms 
are booked when the price is $160 per night. 
What price should the manager set for the 
rooms to maximize revenue? 


11. The yield of a crop, in tonnes, is dependent 
upon the time, ¢, in days, between planting and 
harvesting, according to the following formula. 


80¢—-t°-1500 if te[30,50] 
Y(t)=40 if te[0, 30) 
or t€(50, %) 


On which day is the maximum yield reached, 
and what is the maximum yield? 


12. Application Two buildings in a school 
complex need to be connected with fibre optic 
cable. Building A is 70 m from a roadway and 
building B is 200 m down the road. There 

are two choices in laying the cable. If laid 
underground, the cost is $1000/m, and if laid 
above ground, the cost is $500/m. The 

cable must be laid underground across the 
playing fields. The cable will be laid from A 
underground to a point C on the road, and 
then above ground to B. 


a) Where should C be chosen to minimize the 
total cost of laying the cable? 


w= cable underground 
tam cable above ground 


20 ———= 


b) What other costs might need to be 
considered? 


43. Application An analyst has predicted that the 
growth rate, as a percent, for a specific mutual 
fund can be modelled by the equation 

3 2 


r =0.5x? —6x} +10.1, where x is the number of 
months and x € [0, 24]. Determine the best and 
worst times to invest in this mutual fund. 
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14. Inquiry/Problem Solving A steering wheel 
manufacturer finds that, by manufacturing x 
steering wheels per day, there are fixed costs of 
$5000, and $1.50 in labour and materials costs 
per steering wheel. An agreement with the 
materials supplier to pay for part of the 
transportation costs leaves the company with a 
cost of $50 000 
¥ 
factory is 500 steering wheels. Determine the 
number of steering wheels that should be 
produced daily in order to minimize costs. 


15. \nquiry/Problem Solving A 5000 m* rectangular 
area of a field is to be enclosed by a fence, with 
a moveable inner fence built across the narrow 
part of the field, as shown. 


. The maximum capacity of the 


The perimeter fence costs $10/m and the inner 
fence costs $4/m. Determine the dimensions of 
the field to minimize the cost. 


16. The demand function for a certain 

artist’s print is modelled by the equation 

p(x) = V8000-x* , where p is the price, in 
dollars, when x prints are produced. How many 
prints should be produced in order to maximize 
revenue? 


iC} 17. Communication The average cost is 


defined as Ce) where C(x) is the cost 


function. 


a) Prove that the average cost is smallest 

(if ever) only when the average cost equals the 
marginal cost. 

b) Suppose that C(x) =x’ — 2x* + 4x is the cost 
function for a manufacturing operation, where x 
is measured in ten thousands of units. Is there a 
production level that has minimal average cost? 
If so, what is it? 


Economics studies the way a society uses scarce resources, such as capital, land, labour, raw 
materials, and equipment, to provide goods and services. Further, economists analyse the results 
of their research to determine the costs and benefits of making, distributing, and using resources 
in a particular way. In seeking to optimize the use of these resources, economists employ many 
tools that are similar to those used in calculus optimization problems. The mathematical models 
of economics are critical in predicting the nature and length of business cycles, the effects of 

a specific rate of inflation on the economy, the effects of tax legislation on unemployment levels, 


or the likely movement of interest rates. 


394 MHR Chapter 6 


Technology Extension 


Racing Strategy Using TI InterActive!™ 


Fran is riding in a mountain bike race starting at 
point A and finishing at point C. The end point 
C is 16 km east of the starting point A, and 

7 km north of the major road. Fran can ride her 
mountain bike at 25 km/h on the road and at 

15 km/h off road. She can choose any point at 
which to leave the road. 


x D 16-x B 


The problem is to find the point D where Fran 
should leave the road to minimize her time. Let 
x be the distance she travels on the road. Then, 
her total time is represented by the expression 


f(x) = time on road + time off road 
_ distance on road | distance off road 
speed on road speed off road 


x V7? +(16—x) 


58 foal 


First, define a function of time in terms of 


variable x. 
x i + ( 16-x)? 
rae A SE 
I@) =55 15 
"Done" 


Next, define a derivative f1(x) =2 ()) 


function and call it 


f1(x). — 
one 
The deriva- f(x) 
tive function 
can be x- 16 rs 1 
a 15x? -32x+305 


To find the minimum solve (£1 (x) =0, x) 
time, set the first 

derivative equal to 0 and x= 10,75 
solve for x. 

In order to use this value later gyg 3 & 

for the second derivative test, 

store the value in variable k. x=10.75 


In order to use the 
second derivative test, 
define the second 
derivative and name 


2) == Y@)) 
ax 


it f2(x). as 

Display the 

expression for f(z) 

the second 49 

derivative. 3/72 
15-(x - 32x + 305) 


Finally, evaluate the second derivative at the 
value of x found when the first derivative was 
set equal to 0. 


f2(k) 
eee ee 
15(x2- 3224305)" 13125 
Warning: Operation might introduce false solutions 
Since the first derivative is equal to 0 when 


x = 10.75 and the second derivative is positive, 
there is a local minimum at x = 10.75. 


Therefore, Fran should ride 10.75 km on the 
road. 


Web Connection [x] 


A trial version of TI InterActive!™ is 

provided by the manufacturer. Go to 
‘www.mcgrawhill.ca/links/CAF12 and 
follow the instructions there. 
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A second solution method is to use the 
spreadsheet in TI InterActive!™. To access the 


spreadsheet option, click on the B icon on 


the toolbar. A spreadsheet screen will open. 
Enter the headings as shown in the screen. You 
will need to make the columns wide enough to 
accommodate the headings. Be sure to make 
column F wide enough to show several decimal 
places. 


4 evetonce Rows 


iret ee ier igor Jak 
OFF Roms Road Off Rowd Tors) 
Wot ied Oletance ties Tine Tine 


In the first column enter values for the distance 
that Fran travels along the road. This could vary 
from 0 km to 16 km. As a first step, use an 
increment of 1 km. The formula to accomplish 
this is shown in the entry line just above the 
column headers in the screen below. It has been 
copied down to cell A19. To do this, enter the 
formula in cell A4, grab the small square 

in the lower right corner of the cell and drag it 
down to cell A19. 


; "i 
[FS ay 


The “Road Not Used” column refers to the 
amount of road left after Fran turns off the 
road. This amount is calculated by finding the 
difference between 16 and the road distance in 
column A, The formula is shown in the entry 
line in the screen in the next column. Copy the 
formula down to cell B19. 
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For the distance off road, use the Pythagorean 
relation with sides of length 7 and the value in 
column B, The formula is shown in the entry 
line in the screen below, and copied down the 
column. The values have all been formatted to 
show three digits after the decimal point. 


The “Road Time” in column D of this screen is 
found by dividing the distance in column A by 
the speed of 25 km/h. It is formatted to three 
decimal places and copied to row 19. 


In the same way, the “Off Road Time” in 
column E is found by dividing the Distance 
Off Road in column C by the speed of 

15 km/h and copying the formula down to 
row 19. 


Column F shows the total of the on-road time in 
column D and the off-road time in column E. 
These values have been formatted to eight 
decimal places in order to compare later values. 


In this screen, cell F14 has been highlighted to 
show that this cell has the smallest total time for 
this spreadsheet. 


This value depends upon the value 11 found in 
cell A14,. This is not necessarily the lowest 
value, but it does indicate that the lowest 
value could be found somewhere between 10 
and 12, in cells A13 and A15, respectively. 
Using this information, we recalculate the 
spreadsheet for values of the on-road distance 
starting at 10 km and going up to 12 km using 
increments of 0.1 km. Each column must be 
copied down to row 23. 


Again, the cell containing the least time has 
been highlighted. Using an argument similar to 
that in the previous spreadsheet, we can 
conclude that the best route for Fran to take 
would be somewhere between 10,7 km and 
10.8 km. Based upon this information, here is 
one final spreadsheet going from 10.7 km to 
10.8 km in steps of 0.01 km. 


From this spreadsheet, we get the same result, 
x = 10.75, as we did using the computer algebra 
system in TI InterActive!™. 


Practise 


1. Fran’s friend Roberta is not quite as 

fit as Fran, so she rides on the road at 

20 km/h and off road at 10 km/h. At what 
point should Roberta leave the road to 
minimize her time? 


2. Someone gave Fran the wrong 

information about the distance from A to B. 

It is actually only 14 km. How does this change 
the solutions to the original problem and 
Exercise 1 above? 


3. Fran has decided that 12 km/h is the 
fastest that she can ride off road. Using a 
distance from § to T of 16 km, how fast should 
she ride on the road so that, with the optimal 
strategy, she goes exactly 10 km on the road? 
What if she wants to go 8 km on the road? 


Investigate & Apply: Functions Fro 


m Graphs 


In this chapter, we have developed tools that allow us to sketch a function if we 
know its equation. Another common problem is to determine the equation of a 
function when we are given its graph, Using the regression features of a graphing 
calculator or graphing software can often solve this problem. However, we are 
limited to the types of regression that our technology provides. For example, 
regressions found on most calculators do not give the equations of rational 
functions. 


| 
This investigation challenges you to find possible rational functions that have a 
variety of given asymptotes, and to develop some general methods of working | 


with such problems. 
1. Consider the lines x = 4, x = meee y =-2, and y = 3 — 2x as potential 


asymptotes of a rational function y = f(x). Find possible expressions for f(x) for 
the various cases when some or all of these asymptotes are present. Some cases 
may not be possible when you are restricted to rational functions. Provide a 
sketch or calculator screen for each successful case. Explain why the remaining 
cases are impossible for rational functions. 


2. Summarize the methods you have used in step 1. Briefly explain how to pro- 
ceed in the various cases that involve a combination of vertical, horizontal, and 
oblique asymptotes. Be sure to include an explanation for impossible cases. Try to 
generalize where possible. (Is the expression for f(x) unique in each case? Can 
you determine the most general expression that will succeed?) 


3. Based on your study in this investigation, pose an interesting problem 
involving determining the equation of a rational function given its asymptotes. 
Solve the problem yourself to make sure the solution is reasonable. Then, present 
the problem to your classmates for them to solve. 
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Review of Key Concepts 


6.1 Increasing and Decreasing Functions 
| Refer to the Key Concepts on page 317. 


1. Without graphing, determine intervals 
; of increase and decrease for each function. 
a) f(x)=20+x-x° 
| b) y=x° 
c) g(x) =x! — 4x +3 
d) A(x)=x +x 
e) y=xt+6x + 9x45 
f) f(x) =x — 4x? - 8x7 -1 


2. A ball is tossed into the air and its height, in 
metres, ¢ seconds after it is tossed, is given by 
the formula h = 1 + 20¢ — St’. Determine the 
time intervals during which the ball’s height is 
increasing, and during which the ball’s height is 
decreasing. 


6.2 Maximum and Minimum Values 
Refer to the Key Concepts on pages 326-327. 


3. Find the absolute maximum and 
minimum values of each function. 
Sketch the graph in each case. 

a) f(x) =3 + 2(x + 1) for x € [-3, 2| 
b) f(x) = 2x*-x*- 16 for x € [-3, 2] 
c) f(x) = -2x° + 3x” for x € [-2, 2] 

d) f(x) =-(x° + 3x° + x) for x [-1, 2] 


4. Given the graph of y = f(x), estimate, 

i) the absolute maximum and minimum values 
of the function 

ii) the local maximum and minimum values of 
the function 

a) 


— eo" 


b) 


5. A company manufactures high-end speakers 
and estimates that its profit, in thousands of 
dollars, is P(n) = —Sn’ + 500n + 5, for n 
speakers, 2 € (0, 50]. How many speakers 
should the company manufacture in order to 
maximize profit? 


6.3 Concavity and the Second Derivative 
Test 


Refer to the Key Concepts on page 337. 


6. i) State the intervals on which f is concave 
upward or concave downward. 

ii) State the coordinates of the points of 
inflection. 

a) 


b) 
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7. Find the intervals on which each curve is 
concave upward or downward, and state the 
points of inflection. 

a) f(x) =3+4x—-2x* 

b) y=5x'+ 12x°-3x4+2 

c) y=164+4x4+x7-x° 

d) y=x'-x'- 3x74 Sx-12 

e) g(x) =x'-2x? 4+2x°-2 


_*-2 ie 
Pee Mae 
‘ 1 
h y= i) A(x)=x4+— 
) y ca ) h(x)=x a 


8. Find the local maximum and minimum 
values of each function. 
a) f(x)=x°-x' 

c) k(x) =3x°-24x4+15 d) y= 
16 


x 


b) y= 2x? - 8x +3 


x 
x-1 


e) g(x)=x°+ f) y=x*-8x7 +5 


9. The population of a city is modelled by the 


equation P(t) = # +1 te [0, 20], where ¢ is the 


t+2? 
time, in years, after 1960. Use the second 
derivative test to determine whether the rate of 
change of the population is increasing or 
decreasing. 


6.4 Vertical Asymptotes 
Refer to the Key Concepts on pages 346-347. 
10. Consider the graph of f. 


N H 


a) Determine the equations of the vertical 
asymptotes. 
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b) Find the following. 


i) lim f(x) i) im fx) ii) tim, fx) 
iv) lim f(x) vy) Jim, f(x) vi) lim f(x) 
vi) lim f(x) vill) lim f(x) x) lim, f(x) 
11. Find each limit. 

a) tims22 B) lim 3 
tim aD lim. eg 

» ea lim oe 

g) lim +3) h) lim. rae 

iy. Win, 


xo x + Sx t4 


12. Find the vertical asymptotes for each function 
and sketch the graph near the asymptotes. 


a Y=s ox b) y= 


6.5 Horizontal and Oblique Asymptotes 
Refer to the Key Concepts on page 358. 


13. State the equations of the horizontal and 
vertical asymptotes. 


b) I 


‘ 


14. Find each limit. 


a) lim — b) lim — 
J roe x £40 
3-2x 3-2x 
i) ia x+4 9 i, x+4 
. 4=x7 3x* -4x+2 
i f) | 
) oS 2x? -3 ) oe x =3045 
3 2 
g) lim a See h) lim(x* - 6x") 
j 9-0 5§—x 10 
i) lim |x| 
to 
} 15. Find the vertical and horizontal asymptotes. 
4x -3 x-S 
a 9 2-x b) y= x+4 
& yea ) y=a7 
x? -2x-15 3x*° -Sx+2 
6x" x 
e) = = 
baie. Ra 
| 16. Find the equations of all oblique asymptotes. 
I 2 3 
3x-2x° +6 2x°-5 
a) y= b) y= 
4 x ye Ox 
5x? +3x-2 _ 6x? -5 
2. 3= x-1 qe 3x+1 
x +4x° +5x+16 x+x?-x! 
e) = f = 
? x+4 } xi-1 


17. Find the horizontal, vertical, and oblique 
asymptotes. Use them, together with the 
intercepts, to sketch the graph. 


x42 x 
| sa 
5 x +2 

y= x 


18, A company estimates that its cost per unit, 
in dollars, of manufacturing x pairs of 
sunglasses is modelled by the equation 


_ V2x? +20 
Cae 


per unit, accurate to the nearest cent? 


. What is the long-term cost 


6.6 Curve Sketching 
Refer to the Key Concepts on page 369. 


19. Sketch the following functions without using 
technology. For each curve, determine enough 


information to make an accurate graph. Include 
intercepts, asymptotes, extrema, points of 
inflection, and any other significant details, 
justifying your results with analytic methods. 

a) y=x'-3x b) y=3x°— 10x'+ 45x 


4 
oe) y=x*-x" Q) Ya 
1-x? 1+x? 
e) y= f = 
yy 1+x7 yy 1-x? 
x'-1 1 
= h = 
oy xt] Vy xx 
: 1-x° 
i) y= 
x 


20. Using a graphing calculator or graphing 
software, produce a graph showing all the 
important aspects of each function. 

Use the graphing calculator to estimate 

i) the intervals of increase and decrease 

ii) extreme values 

iii) intervals of concavity 

iv) inflection points 

Use calculus to find the above quantities 


exactly. 

a) y= 2x'-3x°+6 
b) 9p 20 
| 

c) y=x x1 


6.7 Introducing Optimization Problems 
Refer to the Key Concepts on page 381. 


21. The National Gallery in Ottawa has a large 
collection of modern abstract art. 

An avant-garde painting is to have a rectangular 
central abstract theme covering 384 cm’ of 
canvas with an orange 6-cm margin at the top 
and bottom and a black 4-cm margin on each 
side. Find the dimensions of the canvas that will 
cover the smallest area. 


22. A rectangular bin, 1 m high, is going to be 
constructed in the corner of a garage to contain 
odds and ends. The walls of the garage will 
provide two walls of the bin. If the total length 
of the other two walls for the bin is to be 4 m, 
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what dimensions of the bin will maximize the 
capacity? 


23. A cedar chest (closed box) is to be built, but 
to reduce costs, the base and the back of the 
chest will be made of pine. The cost of the cedar 
is $8/m* and the cost of the pine is $4/m*. The 
ends of the chest are to be square. 

a) Find the dimensions of the least expensive 
chest that can be built if the capacity must be 
2m. 

b) Find the dimensions of the largest chest that 
can be built for $1200. 


24. Half of the roofline of the attic of a house 
is given by the equation 3x + 4y = 12. A 
rectangular storage area is to be constructed in 
the attic. The attic is 10 m deep from front to 
back. What dimensions will yield the maximum 
capacity for the storage area? 


2itts | 
25. A rod with isosceles-triangular cross 

section is machined from a cylindrical steel rod 
of diameter 2 cm, The strength of the rod is 
directly proportional to the product of the base 
of the triangle and the square of the height of the 
triangle. What are the dimensions of such a rod 
that has maximum strength? 
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26. The percent concentration of a certain drug 


in the bloodstream t hours after the drug is 
ae 3 0.2t 

administered is given by P(t) = zp 

as 

te [0, 5]. Find 

a) the percent concentration after 30 min 

b) the maximum percent concentration and the 

time at which it occurs 


—, where 
4 


27. Two factories, located 20 km apart, are 
emitting particulate matter. The first plant emits 
four times the particulate matter of the second. 
In either case, the concentration of particulate 
matter falling to earth is inversely proportional 
to the square of the distance from the plant. At 
what point on the line joining the two plants 
will the concentration of particulate matter be 
the least? 


6.8 Optimization Problems in Business 
and Economics 


Refer to the Key Concepts on page 391. 


28. For the given cost and price functions, find 
the production level that will maximize profit. 
a) C(x) = 300000 + 10x + 0.5x°, 

p(x) = 25 - 0.01x 

b) C(x) = 6000 + 0.1x + 0.01%", 

p(x) = 2 — 0.001%. 


29. Leopard golf clubs usually sell for $1300. 
At this price, the retailer can sell, on average, 20 
sets per week. For every $50 reduction in price, 
sales of the golf clubs increase by two sets per 
week. Similarly, for every $50 increase in price, 
sales decrease by two sets per week. Determine 
the optimum price to maximize revenue. 


30. The cost of making x mechanical pencils is 
given by C(x) = 2000 + 2.4x + 0.00082". 
Market research has found that when the price 
of each pencil is $3, the retailer sells 1000 
pencils per month. For every 10¢ reduction in 
price, the number of pencils sold per month 
increases by 100, and similarly, for every 10¢ 
increase in price, the number of pencils sold per 
month decreases by 100, Determine the price 
that the retailer should charge for the pencils to 
maximize profits. 


Chapter Test 


Achievement Chart 


Questions All 


1. Find each limit. 


a) fim. 2 
x3-¥ x7 -9 
4x° —5x+2 
ey. 


2. Find all the asymptotes of each curve. 


2-4x x-9 
a) Y=5547 B) ¥= oa 


3. a) Find the intervals on which the curve 
ES 


y p is concave upward and the intervals 


(+1)? 
on which it is concave downward. 
b) Find any points of inflection. 


4. For the curve y = 2 — 12x + 9x? — 2x5, 
a) find the intervals of increase or decrease 
b) find the local maximum and minimum 
values 

c) find the intervals of concavity 

d) find any points of inflection 

e) sketch the curve 


5. Determine the critical numbers and find the 
absolute maximum and minimum values of the 
function f(x) = x* — 6x* + 9x +2 for 

x € [0.5, 4.5]. 


6. Find the critical numbers of the function 


2 
f(x)= ey, and determine whether they 


correspond to local maximum points or local 
minimum points. 


7. Sketch the function f(x) = without 


using technology. Determine enough information 
to make an accurate graph. You should include 
intercepts, asymptotes, extrema, points of 
inflection, and any other significant details, 
justifying your results with analytic methods. 


7,10, 16 


4,9, 16 9, 10-16 


8. If 2400 cm* of material are available to 
construct an open-topped box that is to have a 
square base, find the dimensions that create the 
box of maximum volume. 


9. Two cottages without electrical service are 
situated 20 m and 40 m from a buried electrical 
power line. Lines drawn from the cottages that 
meet the power line at right angles are 30 m 
apart. 

a) Where should the junction box be located on 
the power line to minimize the length of 
connecting cable to the cottages? 

b) Are there other ways to connect the cottages 
to the power line? Discuss the merits of these 
alternatives. 


cottage 
cottage 
20m 40m 
| Power line 


$30 


10. When Marion’s Muffins sells muffins for 

$6 per dozen, sales are 100 dozen per day. For 
every 10¢ per dozen reduction in price, sales 
increase by 20 dozen per day, and similarly, for 
every 10¢ per dozen increase in price, sales 
decrease by 20 dozen per day. 

a) Determine the price that maximizes revenue. 
b) If the cost for baking x dozen muffins is 


C(x) = 300 + x + 0.01x*, determine the 
production level that maximizes profit. 
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11. The strength of a piece of lumber is given by 
the formula S = clw”, where c is a constant that 
depends on the properties of the wood, and | 
and w represent the length and width, 
respectively, of the cross section of the lumber. 
A tree has circular cross section with radius of 
24 cm. Find the dimensions of the cross section 
of the lumber that provide the greatest strength. 


12. A cottage is to have floor space of 100 m’, 
and is to be partitioned by a wall into two equal 
parts. Determine the dimensions of the cottage 
that will keep the total length of the walls to a 
minimum. 


Achievement Check 


43. The concentration in mg/cm’ of a particular 
drug in a patient’s bloodstream is given by the 
0.12t 


+2t+2 
of hours after the patient has taken the drug. 


formula C(t) = , where ¢ is the number 


a) After how many hours will the 
concentration of the drug be a maximum? 
b) What is the maximum concentration? 


14. The demand function for a certain candy is 


p(x) = 


, where x is the number of 


x” —32x+320 
candies sold, in thousands, and p is the price, in 
dollars. Determine the number of candies sold in 
order to maximize revenue. 


15. A town models its property tax revenue, in 
thousands of dollars, with the formula 
y=200Vx+5 —xVx, where x is the number of 
new houses built. With how many 

new houses will property tax revenue be 
maximized? 


16. A 1-km track is to be built with two straight sides and 
semicircles at the ends, as in the figure. 

a) Find the exact dimensions of the track that encloses the 
maximum rectangular area. Explain your solution. 

b) Find the dimensions that enclose the maximum total area. Why 
do you think tracks are not usually built in this shape? Explain. 
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Challenge Problems 


1. A rectangle lies in the first quadrant with one vertex at the origin and two of the sides along the 
coordinate axes. The fourth vertex lies on the parabola y = 27 — x°. Find the maximum area of the 
rectangle and explain why it is a maximum. 


2. Show that when any positive number is decreased by its reciprocal and then increased by five 


: ‘ . és 11 
times the square of its reciprocal, the result is never less than —-. 


4 
3. If f(x) =x?(1 — x)", where p and q are integers such that p > 2, q = 2, and p # —q, show that the 


critical numbers of f are x = 0, x = av. and x=1. 
pt+q 
ot 
F : Sy ot : 
4. Determine the absolute maximum of y= x(r* +x°) * on the interval x € [0, r], where 
r is a constant. 


5. a) For which values of a and b does the function f(x) = x' + ax’ + bx + 2 have a local minimum 
at x = 1 and a local maximum at x = —1? 

b) Find a cubic function f(x) = ax’ + bx* + cx +d that has a local maximum at (1, 1) and a local 
minimum at (3, 0). 


6. Prove that the function f(x) = x'' + 26x’ + 637x has neither a local maximum nor a local 
minimum value. 


7. If f(x) has a maximum value at x = k, show that the function g(x) = —f(x) has a minimum value 
atx=k. 


8. a) Find the dimensions of the largest rectangle that can be inscribed in a circle of radius k. 

b) Find the dimensions of the largest rectangle that can be inscribed in an equilateral triangle with 
side length k if one side of the rectangle lies on one side of the triangle. 

c) Find the dimensions of the largest right-circular cylinder that can be inscribed in a sphere 

of radius k. 


9. A juice can in the shape of a right circular cylinder has a fixed capacity. If the material used for 
the sides of the can costs 0.5¢/cm* and the material for the top and the bottom costs 0.25¢/cm’, 
find the ratio of height to radius that results in a minimum cost. 


10. A warehouse with a rectangular floor is to be constructed with a partition parallel to the 
front dividing the warehouse into a shipping area of 20000 m* and a repair area of 5000 m’. 
The following information is gathered: 

i) The outside walls at both sides and across the front will cost $300 per metre of length. 

ii) The partition wall across the store will cost $150 per metre of length. 

iii) The back wall (mainly loading bays) will cost $500 per metre of length. 

Calculate the dimensions of the rectangular building that will give the required floor space at the 
lowest cost for the walls. 


11. Describe how the graph of each function varies as c varies. Sketch the graphs of several members 
of each family, concentrating on showing the extrema and the changes in concavity. 


a) y=x*+ex b) f(x) =x? + cx" c) f(t)=t+ct 
z 
Sa x ox’ 

@ mei a peas aur er 
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Problem Solving Strategy 


Solving Fermi Problems 
About how many recordings are played by all the radio stations in Ontario in a day? 


Problems that involve estimation are called Fermi problems. They are named after Enrico Fermi 
(1901-1954), a leading research scientist who won the Nobel Prize for physics in 1938 and spent the 
last part of his career as a professor at the University of Chicago. He liked to show his students that 
they had the knowledge to answer seemingly impossible questions. 


The importance of Fermi problems lies in the difference between guessing and estimation. Although 
guessing may produce a reasonable answer to a problem, you do not know how much confidence to 
place in the answer. When estimating the answers to Fermi problems, you will need to make some 
assumptions. If the estimated answer seems unreasonable, go back and check the assumptions you 
have made. Consider this Fermi problem: About how many peanuts in the shell are needed to fill a 
shower stall? Assume that there is an average of two peanuts per shell. 


Understand 1. What information are you given? 
the Problem |— 2. What are you asked to find? 
al 3. Do you need an exact or an approximate answer? 
[ This is a volume problem in which you need to estimate how many small objects 
are needed to fill a large object. 
Think P 7 
of a Plan The number of small objects, 7, can be found using the formula 
— _ large volume 
~ small volume 
| A shower stall approximates a square-based prism. You can use your research 
skills to determine that the side length of the base is about 0.9 m, and the height 
is about 1.9 m. Therefore, the volume of a shower stall, in cubic centimetres, is 
about (90)(90)(190), or about 1540 000 cm‘. 
Assume that peanuts in a shell approximate a cylinder with a diameter of about 
1.5 cm and a height of about 4 cm. The volume, V, in cubic centimetres, of a 
cylinder with radius r and height A, in centimetres, is given by 
V=arh 
Carry Out 2 
aie Pie = 7(0.75)(4) 
a = 
The volume of peanuts in the shell is about 7 cm’. 
Thus, 
1 = 1594000 
- 7 
= 220000 
But there is an average of two peanuts per shell. Thus, about 440 000 peanuts in 
the shell would be needed to fill a shower stall. 
=_ Does the answer seem reasonable? 
Look Back ; ; 
- Is there a way to improve the estimate? 
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Fermi Problems 1. Locate the information you need. 
2. Decide what assumption(s) to make. 
3. Estimate the solution to the problem. 
4. Check that your estimate is reasonable. 


Practise 


Use your research skills to locate any missing 
information. You could use such sources as the 
Internet, a reference book, or an expert on the 
topic. For some problems, you may need to 
use a survey or measurement. Then, solve each 
problem. 


1. About how many $10 bills would it take to 
paper the walls of all the classrooms in your 
school? 


2. About how many flat toothpicks would be 
needed to cover the floor of your school gym? 


3. Estimate the number of bananas it would 
take to fill all the lockers in your school. 


4. About how many table tennis balls would it 
take to fill a minivan? 


5. Estimate the number of pianos in Ontario. 


6. Estimate the number of pizzas that will be 
delivered in Ontario this year. 


7. About how many minutes do all the students 
in your school spend on the phone in a month? 


8. About how many recordings are played by 
the radio stations in Ontario in a day? 


9, Estimate the number of drops of water in 
Lake Ontario. 


10. About how many times does a grade 
12 student laugh in a day? 


11. Estimate the total number of times the 
students in your school press a calculator 
key in a school day. 
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1. a) Copy the grid. 


b) Choose any number in the first row and 
circle it. Then, cross out all the numbers in the 
same column below the circled number. 

c) Circle any one of the remaining numbers in 
the second row. Then cross out all the numbers 
in the same column above and below the circled 
number. Repeat this process for the third and 
fourth rows. 

d) Circle the remaining number in the fifth 
row and cross out all the numbers in the same 
column above the circled number. 

e) Add the five circled numbers and record the 
result. 

f) Repeat steps 1 to S by circling a different 
number in the first row. How does the sum of 
the circled numbers compare with your result 
from part f)? 

g) Repeat parts b) to f) on a 3-by-3 grid. 


11273 
41516 
7 18/9 


What is the sum of the circled numbers? 

h) Repeat parts b) to f) on a 4-by-4 grid. What 
is the sum of the circled numbers? 

i) Choose one of the grids you used and 
explain why the sum of the circled numbers is 
always the same number. 


2. Prove that the sum of three consecutive 
integers is divisible by 3, the sum of five 
consecutive integers is divisible by 5, but the 
sum of four consecutive integers is not divisible 
by 4. 

3. How can you use only a S-min sand timer 
and a 9-min sand timer to time a food item that 
needs to cook for 13 min? 


4. Each side of the square measures a units. 
The vertices of the square are the centres of the 
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Problem Solving: Using the Strategies 


quarter-circles. The radii of the circles are the 
same. Find an expression for the area of the 
shaded region. 


5. In chess, queens can attack horizontally, 
vertically, or diagonally. Place eight queens on a 
chessboard so that no queen is vulnerable to 
attack from another queen. 


6. Express the length of the hypotenuse of a 
right triangle in terms of its area, A, and its 
perimeter, P. 


7. The point P is anywhere inside the rectangle 
ABCD. Show that a’ +c’ = b +d’. 


A B 


D c 


8. Periodically, surveys are mailed to 
households across the province to determine 
product use and buying patterns. In one survey, 
1012 forms were returned, of which 937 forms 
were considered valid. One set of questions 
asked whether the respondents had purchased 
a VCR, a CD player, a computer, or a car in the 
past three years. 282 respondents answered yes 
to all four, 314 replied yes to at least three, 
426 said yes to at least two, and all responded 
yes to at least one. How many had purchased 
exactly one, two, or three of these items in the 
last three years? 


9. A right triangle has short sides that measure 
6cm and 8 cm. The triangle is to be rotated in 
space about one of its three sides. What is the 
maximum possible volume of the resulting solid? 


10. If = 5° + 5° + 5% +5° +S, find an 
expression for the value of n’. 

11. If (2 — 1)(n — 2)(m — 3)(n — 4) = 95040, 
what is the value of 1? 

12. Twelve toothpicks are used to make a figure 
with 6 congruent regions, as shown. If one more 
toothpick is added, how can the toothpicks 

be rearranged to make another figure with 

6 congruent regions? 


L\/\ 
\LV/ 


13. In how many ways can you write the 
number 81 as the sum of consecutive whole 
numbers? 


14. About how many Canadians make a living 
writing fiction novels? 


15. Estimate the number of donut shops in 
Canada. 


16. About what percent of the land area in 
your city or town is covered by buildings? 


17. Estimate the total number of hours that 
college and university students in your 
province spend at lectures and laboratories 
in a year. 


18. About how many mailboxes are within 2 km 
of your school? 


19. How many loonies would you need to build 
a tower to the moon? 


20. How many whiskers are on all the cats in 
Ontario? 
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| Specific Expectations | Section | 
| 


Identify, through investigations, using graphing calculators or graphing software, the key 


properties of exponential functions of the form a" (a > 0, a # 1) and their graphs. aA 
Describe the graphical implications of changes in the parameters a, b, and c in the equation 7A 
y=ca‘+b. } 

. Determine the limit of an exponential function. 7A 
Determine, from the equation of an exponential function, the key features of the graph of 7A 
the function, using the techniques of differential calculus, and sketch the graph by hand. : 

| Define the logarithmic function log, x (a > 1) as the inverse of the exponential function a’, 72 
and compare the properties of the two functions. i 
Express logarithmic equations in exponential form, and vice versa. 7.2 
Simplify and evaluate expressions containing logarithms. 7.2, 7.3 
Solve exponential and logarithmic equations, using the laws of logarithms. 7.4 
Solve simple problems involving logarithmic scales. 75 
Pose and solve problems related to models of exponential functions drawn from a variety of PeOpyeGp 
applications, and communicate the solutions with clarity and justification. 7.7, 7.8 

17 
Identify e as lim (: + 4) and approximate the limit, using informal methods. 7.6 
nr 
Define In x as the inverse function of e*. 76 


Determine the derivatives of combinations of the basic polynomial, rational, exponential, and 
logarithmic functions, using the rules for sums, differences, products, quotients, and URE NATE 
compositions of functions, 


Determine the equation of the tangent to the graph of an exponential or a logarithmic function. T6770 


Determine, from the equation of a simple combination of polynomial, rational, or exponential 
functions, the key features of the graph of the combination of functions, using the 76 
techniques of differential calculus, and sketch the graph by hand. 


Determine the derivatives of the exponential functions a“ and e“ and the logarithmic 


functions log, x and In x. 7.6, 7.7 


Specific Expectations 


Describe the significance of exponential growth or decay within the context of applications 
represented by various mathematical models. 


Compare the rates of change of the graphs of exponential and non-exponential functions. 


Solve problems of rates of change drawn from a variety of applications involving exponential 
or logarithmic functions. 


a 
a 


What is the source of power for satellites that orbit Earth? Will that power ever run out? 
Why do mountain climbers need oxygen at high altitudes? Why do airplane cabins need to be 
pressurized? How can we compare the strength of earthquakes, and relate it to how much 
damage is done? You will investigate these and other questions in this chapter. All of the 
phenomena mentioned here involye changes that can be modelled by exponential functions. 
You will see that exponential models predict increases that are more and more rapid, or 
decreases that approach certain values asymptotically. Such models are widely applicable to 
many situations in nature. 


1. Exponent laws 
Simplify. 


a) (-5)° pb) 2* 


9 a 5 
d) 4*4(4] e) 125) f) 16 


c) (27) 


2. Writing numbers in exponential form 
Write each number as a power with the 
indicated base. 


a) 64,base2 b) 1, base 12 
c) V3, base 3 d) a base 4 


3. Exponent laws 
Simplify, using the exponent laws. 


a) a7xy( 5x) 


b) (fg yh 
fg'h 
o * ey 
(x+y)! 
d) 7 in® 
min? 
3 
e) _(9ed)? 
2 
(27s3t*)3 


f) (3a*b’)'(3a°b) * 


4. Transformations 
Describe the transformations performed on the 
graph of y = f(x). 


a) y = 2f(x) 
b) y= f(3x) 
c) y=-f(x) 
d) y= 4f(x) +2 


e) y=f(-4x) +1 
f) y=0.5f(-x) -7 
1 1 
9) y=t(F+)+4 
h) y=-7f(x) + 3 


5. Transformations 

Graph each function using transformations on 
the graph of y =x. 

a) y= x 
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b) y=(x—3)° 
c) y=4x° 
d) y=-3x7-1 


e) y=-2(x4+5) +7 

6. Compound interest 

Use the formula for compound interest, 
A= P(1 +i)", to find the amount of interest 
earned and the final amount for each 
investment. 

a) $300 invested at 5%, compounded annually, 
for 8 years 

b) $7000 invested at 7.25%, compounded 
annually, for 1.5 years 

c) $4000 invested at 3.25%, compounded 
semi-annually, for 12 years 

d) $2900 invested at 7.5%, compounded 
semi-annually, for 5 years 

e) $10000 invested at 2%, compounded 
quarterly, for 4 years 

f) $1600 invested at 4.75%, compounded 
monthly, for 7 years 


7. Inverses 

a) Find the inverse of each function. 
) y=x? i) y=2x4+3 

iii) y=x° 


b) Decide whether each inverse in part a) is a 
function, Explain. 


8. Limits (Sections 6.4, 6.5) Determine each 
limit. 


a) tim b) lim 4 
x20" x* x30 x 
6) tim Gh tim 2 
x0 x* ron x+1 
Ag 3 x +245 
a) Mae Baas 


9. Asymptotes (Sections 6.4, 6.5) Sketch a 
graph having the following properties. 

a) vertical asymptote at x = 0, horizontal 
asymptote at y = 0, function is increasing 
for x < 0 and increasing for x > 0 

b) vertical asymptote at x = 2, horizontal 
asymptote at y = —1, function is concave up 
c) vertical asymptote at x = —3, oblique 
asymptote y = x, function is concave down 
d) vertical asymptotes at x =—4 and x = 4, 
horizontal asymptotes at y = 2 and y = -2 


10. Polynomial equations (Section 2.5) Solve 
for x. 

a) x-1=0 

b) x°—7x°-8=0 

c) x*-17x'+16=0 

d) x°-4x4-x°+4=0 


11. Exponential equations William has $100 

to spend. He spends half of his money on 

the first day, half of the remaining amount on 
the second day, half of the remaining amount on 
the third day, and so on. (The amount he spends 
each day is rounded up to the nearest cent.) 
How long does his money last? 


12. Exponential equations Gwen performs one 
push-up this week, two the next week, and 
doubles the amount every week thereafter, After 
how many weeks is she performing more than 
1000 push-ups? 

13. Exponential equations Dilip and Sara start 
with no money. Dilip receives $10 the first day, 
$20 the second day, $30 the third day, and so 
on, with the amounts increasing by $10 each 
day. Sara receives $1 the first day, $2 the second 
day, $4 the third day, and so on, with the 
amounts doubling each day. 


a) Who receives at least $50 on a single day 
first? 

b) Who receives at least $100 on a single day 
first? 

c) Sketch a graph of the amount received on 
each day for both Dilip and Sara for the first 
10 days. 


14. Exponential equations You win a prize and 
are offered Option A, which is $1 000 000, or 
Option B, which is $0,01 on the first day, $0.02 
on the second day, and the amount doubles each 
subsequent day. 

a) Determine the accumulated amount 

for Option B after 2 days, 3 days, 4 days, and 

5 days. 

b) After how many days is the accumulated 
amount in Option B greater than the amount 
received in Option A? 

c) Repeat part b) if Option A is to receive 

$1 000 000 000. 

d) Repeat part b) if Option A is to receive 

$1 000 000 000 000. 

e) Repeat part b) if Option A is to receive 
$1000 000 000 000 000. 

f) Repeat part b) if Option A is to receive 
$1000 000 per day. 


The mathematician Paul Halmos (1916-) explains what a mathematician does: “The 
mathematician is interested in extreme cases—in this respect he is like the industrial 
experimenter who breaks lightbulbs, tears sheets, and bounces cars on ruts. How widely 

does reasoning apply, he wants to know, and what happens when it doesn’t? What happens 
when you weaken one of the assumptions, or under what conditions can you strengthen one of 
the conclusions? It is this perpetual asking of such questions that makes for a broader 
understanding, better technique, and greater elasticity for future problems.” 
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Exponential Functions 


x 


Exponential functions, such as y = 3° and y= ( +] , are used to model a wide variety of 


natural phenomena. For example, a bacterial culture that doubles in size every hour might 
be modelled by the function y = 2’, where ¢ is in hours. The amount of a radioactive isotope 
r 


1 


1000 
with a half-life of 1000 years might be modelled by the function y = ( +) . , where ¢ is in 


years, 


Exponential functions can be written in the form f(x) = a‘, where the base, a, is a 
positive constant not equal to 1, that is, a € (0, 1) or a € (1, »). The exponent, x, is a 
variable that can be any real number, unless there is some restriction on the domain. 
Exponential relationships are used to model compound interest, population growth, and 
resource consumption. 


We can perform all the usual transformations—translations, reflections, and stretches—on 
the graphs of exponential functions. The following investigation explores the effect of these 
transformations on exponential functions. 


Investigate & Inquire: Transforming Exponential 
Functions 


1. Graph the function y = 2". Then, graph each function below and use the information 
from the graphs to copy and complete the table. 


y=2*+3 


=(3)25 


=(-4)2" 43 


2. a) Describe the effect of c on the graph when transforming y = a" into y = ca‘. What 
happens to the graph if ¢ < 0? 

b) Describe the effect of b on the graph when transforming y = a" into y = a‘ +b 

i) ifb>0 i) ifb<0 

3. Without constructing a table of values, 

a) describe how to graph y = (2)3* + 3, given the graph of y = 3° 

b) describe how to graph y = (-3)5" —7, given the graph of y = 5* 

c) describe how to graph y = ba* + c, given the graph of y = 


Next, we will explore changing the value of the base, a 
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Investigate & Inquire: How the Base of an Exponential 
Function Influences Its Graph 


1. Use graphing technology to investigate the graphs of exponential functions with 
different bases. 


a) Graph y = 2*, y = 3*, y= 5", and y= 11°. 


b) Graph y= ( i y= ( 5 1 y= ( 4 ), and y= ( i ): 


2. a) Describe the changes to the graphs of y = a‘ as a increases, for a € (1, ©). 
b) Describe the changes to the graphs of y = a‘ as a decreases, for a € (0, 1). 


3. a) Compare the graphs in step 1, parts a) and b), in pairs. That is, compare the graphs 


of y=2* and y =( u , and then the graphs of y = 3° and y -( : } , and so on. How are 
3 


the graphs in each pair alike? How are they different? 
x 
b) Without graphing, describe how the graphs of y = 6° and y -( differ and what they 
6 


have in common. Use graphing technology to confirm your answer, 


4. What point do all exponential functions appear to have in common? Explain why this is so. 


5. a) Graph the functions y = 0° and y = 1*. Describe the graphs. Are these exponential 
functions? Explain. 

b) What happens if you try to graph y = (—2)* on a graphing calculator or graphing 
software? Set up a table of values of y = (-2)* using the TABLE SETUP screen, with a 
TbIStart value of -2 and a ATbl value of 0.1. Explain why we have the restriction 

ae (0, 1) or a € (1, ©) for the exponential function y = a". 


The graph of f (x) =a", where a € (1, ©) and 

x € (-00, 99), is continuous and always increasing. 
When a € (0, 1), the graph is continuous and 
always decreasing. 


Look at the graphs of the exponential functions 

f(x) =a" for various values of the base a. Notice that, 
regardless of the base, all of these graphs pass through 
the same point, (0, 1), because a’ = 1 for a # 0. Also, 
note that the x-axis is a horizontal asymptote and 
that the graphs never touch or cross the x-axis, +4 
since a* > 0) for all values of x. Thus, the 

exponential function f(x) = a‘ has domain (—%, ©) and 
range (0, ) for a> 0. 


Now, we take a closer look at the function y = a", where a € (0, 1) or a € (1, ©). 
aé (1, »): As x approaches infinity, the graph of y = a‘ increases rapidly, and as x 
approaches negative infinity, the graph is asymptotic to the x-axis. Thus: 


If ae (1, ~), Jim, a* =0 and lim a* = 0. 


x30 
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Furthermore, the larger the base a, the more rapidly the function increases as x approaches 
infinity. As x approaches negative infinity, the larger the base a, the more rapidly the graph 
of the function approaches its asymptote, the x-axis. 


x 


a i 


ae (0, 1): As x approaches infinity, the graph is asymptotic to the x-axis, and as 
x approaches negative infinity, the graph of y = a‘ increases rapidly. Thus: 


Ifae(0, 1), lim a* = © and lim a* =0. 
xa xn 
Furthermore, the smaller the base a, the more rapidly the graph of the function approaches 
its asymptote, the x-axis, as x approaches infinity. As x approaches negative infinity, the 
smaller the base a, the more rapidly the function increases. 
Can a be less than 0 for y = a‘? That is, can y = a‘ have a negative base? The answer is yes, 
but the resulting function is so badly discontinuous that it has no practical use. In the 


Investigation above, y = (~2)" was graphed. Note from the table of values that, for 
1 


many values of x, the function is not defined. For example, (—2)?, or V-2, is not 
1 ¥ 
defined in the real numbers. Neither are (-2)*, (-2)°, and so on. Since many expressions 


with negative bases cannot be evaluated, we restrict the definition of the exponential 
function to positive values of a. Since 1° = 1 for all values of x, f(x) = 1" is not considered 


an exponential function. Since 
0; x*x>0 

0* = 
undefined, x <0 


f(x) = 0° is not considered an exponential function either. Thus, we restrict a in the 
exponential function y = a‘ to positive real numbers not equal to 1, that is, a € (0, 1) 
or ae (1, ©), 


Example 1 Transformations of an Exponential Function 


Use the graph of y = 3° to sketch the graph of each function. Use technology to confirm 
your results, 

a) y=3*+4 

b) y= -3* (Note: this is not the same as y = (-3)", which is a discontinuous function.) 
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Solution 


a) The graph of y = 3* + 4 is obtained by starting with the graph of y = 3° and translating it 
four units upward. We see from the graph that the line y = 4 is a horizontal asymptote. 
The asymptote has moved up 4 units from the original asymptote, y = 0. 


b) Again, we start with the graph of y = 3° and reflect it in the x-axis to get the graph of 
y =-3*. The horizontal asymptote is y = 0. 


Example 2 Transformations of an Exponential Function 


2 


a) Use the graph of y = 2* to sketch the graph of y = 2** — 3. 
b) State the asymptote, the domain, and the range of this function. 


Solution 

a) To graph y= 2" ° using the graph of y = 2°, we translate 
the original graph 2 units to the right. Then, we graph 
y=2* *—3 by translating y = 2° > downward 3 units. To 
summarize, we graph y = 2° * — 3 by translating the graph 
of y = 2* to the right 2 units and downward 3 units. 

b) We see from the graph that the horizontal asymptote is 
y =—3. It has been translated downward 3 units along 
with the graph. 

The domain is R and the range is (—3, »). 


Example 3 An Exponential Model for Light Transmitted by Water 


The equation s = 0.8" models the fraction of sunlight, s, that reaches a scuba diver under 
water, where d is the depth of the diver, in metres. 

a) Use graphing technology to graph the sunlight, s = 0.8", that reaches a scuba diver, using 
a suitable domain and range. 

b) Determine what percent of sunlight reaches a diver 3 m below the surface of the water. 
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Solution serrate 
a) The graph of s = 0.8" is shown. For Window variables, we use 
the domain [0, 20] because depth cannot be negative. We use trial 
and error to find a suitable upper limit of the domain. Since s is a 
proportion, we use the range [0, 1]. 


b) Use the [TRACE] key to find the value of s when d = 3. ener Mere 
Confirm the solution algebraically. 
s=d° 

= 0,8" 

= 0.512 
This means that only about 50% of the sunlight above the 
water will reach a diver 3 m below the surface of the water. 


Example 4 Limit of an Exponential Function 
1 


Find lim 4°°°. 


x2 


Solution 1 Graphing Calculator Method 
1 


Since the function f(x) = 4" is not continuous at x = 2, we cannot substitute x = 2 to find 
the limit. We will use a table of values to determine the limit. Enter the function in the 

Y= editor of a graphing calculator. Then, set up a table using the FABLE SETUP screen. 
Use Ask mode for the independent variable (x, in this case). 


GnAPHING CALOULATOR GRAPHING CALCULATOR GRAPWING CALOULATOR 


Floti Plot2 Plot? TABLE SETUP 
Feyelchaten ees 2F Tetotar tae 


a alt 
Indent? Auto ned 
Ss 


Derend: 


1 
Enter x-values that approach 2 from the left. From the table, it appears that 4*-? 
approaches zero very quickly as x approaches 2 from the left. Thus, it appears that 
1 


lim 4° =0. 
Solution 2 Paper and Pencil Method 


As x approaches 2 from the left, x — 2 approaches zero, and is negative. Thus, —_! 
x-2 


1 
rere of: <a ‘ ‘ 1 
approaches negative infinity. We can rewrite lim 4°? as lim 4°, where z= xo? Recall 


x2 


ail. 
from earlier that, if a € (1, ©), then lim a* =0. Thus, lim 4° =0,so lim 4°? =0. 


x0 z-m e2har 
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Key Concepts 


e Ifae(1,~), then lim a* =0 and lim a* =. The function f(x) = a* has domain 


x € (-%, 0) and range y € (0, ~). ws) 
e Ifae(0, 1), then lim a* = © and lim a* =0. The function f(x) = a" has domain 


x € (-00, 0) and range (0, ©). : 
e The graph of y =—a’ is a reflection of the graph of y = a" in the x-axis. 
¢ The graph of y = ca‘ ’ + b is obtained by graphing the original function y = a‘, and 
transforming it as follows: 
a) Stretch the graph vertically by a factor of c if |c| > 1; compress the graph 
vertically by a factor of ¢ if 0 <|c| <1. 
b) If c <0, reflect the graph in the x-axis. 
c) Translate the graph left p units if p > 0, and right p units if p < 0. 
d) Translate the graph up 6 units if b > 0, and down b units if b < 0. 


Communicate Your Understanding 


1. a) Is the domain of every exponential function the same? Explain. 
b) Is the range of every exponential function the same? Explain. 


2. a) Given the graph of y = 3°, explain how to graph y= f 5) without using 


technology or a table of values. 


b) Given the graph of y = 6°, describe how to graph y = (-4)6* — S. 
3. Explain why the function y = a" is not considered an exponential function 
when a <0 


a) whena=1 


b) whena=0 c) 


Practise 


1. a) Explain the simi 


arities and differences 


among the graphs of y = 2°, y = 6‘, and y= 9". 


In your explanation, pa 
y-intercepts and the lim 
positive and negative in 
b) Repeat part a) for t 


(Som): 


2. Graph each pair of 


y attention to the 
its as x approaches 


finity. 1y 
(2): 


he graphs of y= 


functions on the same set 


of axes. First, use a tab! 


le of values to graph f(x), 


and then, use your graph of f(x) to graph g(x). 
Check your work using graphing technology. 


a) f(x) =3* and g(x) = 


(3) 


b) f(x) = 5* and g(x) -( 5 

c) f(x) =6* and g(x) -| : } 
Cla) — 1% - ge 2 : 
d) f(x) = 10° and as)=(75] 
3. a) Use a table of values to graph f(x) = 2". 
b) Describe how to graph g(x) -( 5)e and 
h(x) = (3)2* using the graph of f(x) = 2". 

c) Graph g(x) -( 5a) and h(x) = (3)2* on 


the same set of axes as f(x). Confirm your results 
with graphing technology. 
d) State the domain and range of each function. 
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4. Use the given graphs to sketch a graph of 
each of the following functions without using a 
table of values or technology. State the 
y-intercept, domain, range, and equation of the 
asymptote of each function. 


L+4 | 2 lo 2 | 4% 


a) f(x) =-2" b) gix)=3""? 
c) A(x) =2"+3 d) f(x) = (3)3*-5 
e) y=-(4) f) fx)=(5) +3 


h) y=0)(4) #2 


5. For each function, 

i) state the y-intercept 

ii) state the domain and range 

iii) state the equation of the asymptote 
iv) draw a graph of the function 
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a) f(x)=3°+2 b) g(x) =-4" 
c) h(x) =(-2)7* -5 d) w= ; } +1 
2 


a) lim 3* b) lim 8" 
c) lim 4* d) lim 2* 
1 1 
e) lim 3* f) lim 3* oe 
x0 ) xo! 
1 & 
g) lim 6* h) lim 5 
x0 1-09 6 
i) lim (2* +1) j) lim 34 
xu 544 


Apply, Solve, Communicate 


7. Application In Example 3 on page 417, it 
would be almost completely dark underwater if 
only 0.1% of the sunlight above the water 
reached a diver. At what depth does this 

occur? 


8. Inquiry/Problem Solving Randolf bought 
a computer system for $4000. The 

system depreciates at a rate of 20% 

each year. 

a) Determine an exponential function to model 
the value of the system over time. 

b) Graph the function you found in 

part a). 

c) Use your graph to determine the value 
of Randolf’s computer system 3 years from 
now. 

d) Verify your result from part c) 
algebraically. 


9. Inquiry/Problem Solving Roy bought an 
antique slide rule in 2001 for $25. The value of 
the collector’s item is increasing and can be 
approximately determined by the expression 

y = 25(1.03)', where ¢ is the number of 

years since 2001, and y is the value, 

in dollars. 

a) Graph the value of the slide rule over 

time. 


b) Find the approximate value of the slide rule 
in 2015. 

c) Determine approximately when the slide rule 
will have a value of $50. 


10. Collette bought a $1500 compound 
interest savings bond with a 5% annual 
interest rate, 

a) Graph the growth of Collette’s 
over time. 

b) Use your graph to determine the value of her 
bond when it matures 15 years from now. 


avings bond 


Web Connection ‘ 
To find current and historical values for the 
Bank of Canada prime lending rate, go to 

www.mcegrawhill.ca/links/CAF12 and follow the 
link. 


11. Application If f(x).= 4°, show that 
f(x+h)~flx) _ 4s 4'-1 
h - ko 


12. Communication A sample of radioactive 
iodine-131 atoms has a half-life of about 8 days. 
This means that after 8 days, half of the atoms 
will have transformed into some other type of 
atom. A formula that models the number of 


iodine-131 atoms that remain is P = P,(2 *), 
where P is the number of iodine-131 atoms that 
remain after time ¢, in days, and P, is the 
number of iodine-131 atoms that are initially 
present. Suppose that 1000000 iodine-131 
atoms are initially present. 

a) How many iodine-131 atoms remain after 
24 days? 
b) How many iodine-131 atoms remain after 
80 days? 
c) How many iodine-131 atoms remain after 
360 days? 


d) Does the result in part c) make sense? 
Comment on the domain of validity of the model. 
e) According to nuclear physics, the 
transformation of radioactive atoms is a discrete 
process, that is, every so often an individual 
atom transforms. There is always a whole 
number of untransformed atoms remaining. 
Thus, a graph of this process would not be 
continuous. Yet the exponential model is 
continuous. Comment on the validity of using 

a continuous model for a phenomenon that is 
essentially discrete. Explain why the model is 
nevertheless a good one. Over what domain is 
the model good? 


13. Explain how you would graph the following 
functions given the graph of y = 2". Then, graph 
each function and state its domain and range. 


a) y= Qh - b) y = 2 Axl 
14. Evaluate each limit. 

a) lim 5* b) lim 5! 
c) lim 3" d) lim 3° 


15. In this section, we stated that exponential 
functions with positive bases are continuous 
functions. In this exercise, you will explore 
the meaning of exponential expressions with 
irrational exponents. 3 

a) Explain the meaning of 5? in terms of 
powers and roots. 

b) Explain the meaning of 5' in terms 

of powers and roots. 

c) Explain the meaning of 5'* 
of powers and roots. 

d) Explain the meaning of 
of powers and roots. 

e) Explain the meaning of 5'*'” in terms of 
powers and roots. 

f) Use the idea behind parts a) to e), and 
the idea of the limit, to explain the meaning 
of §%. 


ls 
In terms 


Lala 
5 in terms 
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Logarithmic Functions 


Suppose you have an investment and would like to determine how long it will take to 
double. If you start with $500 invested at 6% per year, compounded annually, the value, 
A, in dollars, of your investment after t years is given by A = 500(1.06)'. To find out how 
long the investment will take to double, you need to solve the equation 1000 = 500(1.06) 
or 2 = (1.06)'. 


1 


This equation can be solved by using trial and error on a scientific calculator, by using a 
graphical approximation, or by using logarithms. Logarithmic functions are related to 
exponential functions in a special way. In the following investigation, you will discover 
how they are related. 


Investigate & Inquire: Inverse of an Exponential Function 


4. a) The number of bacteria in a culture starts at 1, and doubles every hour. Let y 
represent the number of bacteria, and x represent the time, in hours. Make a table of 
values relating x and y. 

b) What exponential function relates y to x? 


2. To determine when there will be 15 bacteria in the culture, what equation would have 
to be solved? 


3. a) Graph y = 2" and its inverse on the same set of axes. Recall that, to find the inverse 
function, interchange the x- and y-values. 

b) Describe the graphical relationship between a function and its inve 
relationship to the line y = x. 

c) Explain how the graph of the inverse can be used to approximate the solution to the 
equation determined in step 2. 


, and their 


4. Find an approximate solution for each equation by carefully graphing an appropriate 
function and its inverse. 
a) 3*=12 b) 6°=17 c) 2*=-9 


5. Make a general statement explaining how to solve exponential equations graphically. 


To find the inverse of the exponential function y = a‘, we exchange x and y to obtain x = a’. 
The resulting inverse function is called a logarithmic function. If x = a’, then the logarithm 
of x to base a, y = log, x, is defined as the exponent to which the base a must be raised to 
obtain x. For example, if we want to evaluate log,9, the question is, “To what exponent 
must 3 be raised to give 9?” The answer is 2, so log,9 = 2. In exponential form, log,9 = 2 
is written 3° = 9. 


y = log, x is equivalent to x = a” 


exponent base base exponent 
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Example 1 Evaluating Logarithms 


Evaluate. 1 
a) log, 32 b) log, 81 c) log, i6 


Solution 

a) We can evaluate log, 32 by determining to what exponent the base 2 must be raised to 
get the result 32. Since 2° = 32, the exponent is 5. Thus, log, 32 = 5. 

b) We can evaluate log, 81 by determining to what exponent the base 3 must be raised to 
get the result 81. Since 3‘ = 81, the exponent is 4. Thus, log, 81 = 4. 


I ay F 
c) We can evaluate log, 16 by determining to what exponent the base 4 must be raised to 
6 


Uo Ls : 
get the result 6° Since ig 8 between zero and one, the exponent must be negative. We 
O 6 


know that 4? = a Thus, log, te =-2, 


The results of Example 1 can be summarized in the following table. 


2° = 32 
SREY aaa eats) 


fete neces 
1 


“16 


42 


Since the functions y = a‘ and y = log, x are inver 
each other, their graphs are reflections of each other in the 
line y = x. Note also the intercepts. For y = a‘, we see that 
a’ = 1, so the y-intercept is 1. Since a’ = 1 can also be 
written as log, 1 = 0, we see that the x-intercept of 

y = log, x is 1. 


From Section 7.1, we know that the domain of y = a* is the 
set of all real numbers, or x € (-2, ©), and the range is 

y € (0, «). In general, for inverses, the domain and range 
are reversed. That is, the domain of f(x) is equal to the 
range of f '(x), and the range of f(x) is equal to the 
domain of f '(x). So, the domain of y = log, x is x € (0, %) 
and the range is y € (—», »). 


Look carefully at the domain of the function y = log, x and note that x > 0. 
Another way of looking at this is by rewriting y = log, x as x = a’. Since a” is always 
positive, x > 0. 


Since a € (0, 1) or a € (1, ~) for the function y = a‘, a € (0, 1) or a € (1, %) for its 
inverse y = log, x. In this section, we will be looking only at values of a in the interval 
(1, ©). 
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Since the graph of y = a‘ has a horizontal asymptote (the x-axis), its inverse, y = log, x, has 
a vertical asymptote (the y-axis). We can also see this by looking at the ranges of the two 
functions. 


Observing the behaviour of the graphs, we note that lim log, x = —. It is more difficult 


x0 
to tell the behaviour of y = log, x as x — & from the graph. Is there a horizontal 
asymptote? If y = log, x had a horizontal asymptote, then its inverse, y = a’, 
would have a vertical asymptote. Since y = a* does not have a vertical asymptote, 
y = log, x does not have a horizontal asymptote. Thus, lim log, x = , ifa> 1. 


Properties of Logarithms 
If we rewrite the logarithmic function y = log, x as x = a’, we can discover other properties 
of logarithms. 


Investigate & Inquire: Exploring Logarithms 


4. Rewrite each logarithm as an exponential, and then determine y. 
a) y=log,1 b) y=log,1 c) y=log,1 d) y=logyy)1 


2. Make and test a conjecture about the value of log, 1, for any a > 1. 


3. Repeat step | for the following logarithms. 
a) y=log,3 b) y=log,8 c) y=log,,13 d) y=log,,, 302 


4. Make and test a conjecture about the value of log, a, for any a> 1. 


5. Repeat step 1 for the following logarithms. 
a) y= log, (4°) b) y= log, (7°) °) y= log,,(1 1 si | d) y= jog, (9°) 


6. Make and test a conjecture about the value of log, a’, for any a > 1 and 
any xe R, 


7. The equation y= 2'"'' can be rewritten using logarithms. First, let z = log, 11. 
Then, - 
y= 
z =log,y 
log, 11 = log, y 


Rewrite each power as a logarithm, and then determine y. 
a) y= gion? b) y= low 38 °) y= pzienes d) y= gions 853 


log, x 


8. Make and test a conjecture about the value of a’*, if a> 1 and x > 0. 


9. Make a list of your conjectures from steps 2, 4, 6, and 8. These are four very important 
properties of logarithms. 
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Example 2 Transformations of Logarithmic Functions 


Graph each function and its inverse on the same set of axes. 
a) y=log,x b) y=-—log, x c) y= log, (-x) 


Solution 

a) The inverse of y = log, x is y = 2°. 

Graph y = log, x. Then, reflect the graph in 

the line y = x to obtain the graph of its inverse, 
yan 


b) To graph y =—log, x, we start with the graph ma 
: ? 2 ares ’ 
of y = log, x from part a), and reflect it in VY 
ed i 
the x-axis. vat—lbp.lx | 4 =be 
? 


To find the inverse of y = —log, x, switch the x- and 
y-coordinates and solve for y. 

x =-log, y 

-x = log, y 

y=2" 


To graph y = 2", reflect the graph of y = -log, x in 
the line y = x. 


c) To graph y = log, (—x), we start with the graph 
of y = log, x from part a), and then, reflect it in 


the y-axis. 


To find the inverse of y = log, (—x), reverse the x- and 
y-coordinates. : 

x = log, (-y) 

-y = 2" 


To graph y = —2", reflect the graph of y = log, (—x) in the 
line y = x. 
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Example 3 Graphing Logarithmic Functions 


Graph each function and state the domain, the range, and the equation of the vertical 
asymptote. 

a) y=log,,(x - 1) 

b) f(x) =2 + log, x 


Solution 


a) We obtain the graph of y = log,,(x — 1) by translating the graph of y = log,, x to the 
right | unit. From the graph, we observe that the domain is x € (1, ©), the range is 
y € (9, 0), and the vertical asymptote is the line x = 1. 


y=2+logy x 


b) The graph of f(x) = 2 + log, x is obtained by translating the graph of f(x) = log, x 
upward 2 units. From the graph, we observe that the domain is x € (0, %), the range is 
y € (-%, »), and the vertical asymptote is the y-axis. 


Example 4 Determining the Doubling Time for an Investment 


Solve the equation 1000 = 500(1.06)' to determine how long it will take to double $500 
invested at 6%, compounded annually. 


Solution 

We use graphing technology to graph 

y = 500(1.06)*. 

We are trying to determine the x-value for 


which y = 1000. So, we graph y = 1000 on the 
same screen, and find the point of intersection. 


N=50004,06)°H 

Window 
variables: 
xe[0, 15], 
y €|0, 1200] 


GHAPHING CALCULATOR 


Plot Plot Plot? 


GRAPHING CALCULATOR GRAPHING CALCULATOR 


We use the Intersect operation to determine that y = 1000 when x = 11.90. Therefore, the 
investment doubles in about 12 years. 
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In Example 4, we solved the equation 1000 = 500(1.06)*, by graphing. This equation can be 
rewritten as 2 = (1.06)", or x = log, ,,2. Unfortunately, the (L0G) key on a calculator 
determines the logarithm only to base 10, so we cannot use it (yet) to evaluate a logarithm 
to base 1.06. In Section 7.3, we will obtain a formula for changing the base of a logarithm. 
With the help of this formula and a calculator, logarithms to any base can be determined. 
For now, we will solve equations such as the one in Example 4 by graphing. 


Example 5 Domain of a Logarithmic Function 
Without graphing, find the domain of the function f(x) = log, (9 — x°). 


Solution 


The function f(x) = log, x is defined only when x > 0, This means that the function 
f(x) = log, (9 - x’) is defined only when (9 — x’) > 0. 
(9-x’)>0 
(3 -—x)(3+x)>0 
Use an interval chart to determine when this inequality is true. 
(3x) (3 +x) 
-3 3 
Interval (-~,-3) | (3, 3) | (3, 00) 


Test value 


Sign of (3-x)(3 +x) 
The product is positive when x € (—3, 3). 


Thus, the domain of f(x) = log, (9 — x’) is x € (-3, 3). 


Key Concepts 


Communicate Your Understanding 
Me 
2. a) Explain how to obtain the graph of y = log, x given the graph of y =a’. 

b) Explain the relationship between exponential functions and logarithmic functions. 
3. Given y = log, x, explain what happens if the base is 1. 

4. Compare and contrast the domain, range, intercepts, and asymptotes for 
exponential and logarithmic functions. 


The inverse of y = a" is y = log, x. 

y = log, x is equivalent to a” = x. 

The function y = log, x has domain x € (0, 2%) and range y € (-, «). 
Four important properties of logarithms are 

log, 1 =0 

log, a = 1 

log, (a°) =x 

log, x 


a 
The (LOG) key on a calculator determines the logarithm to base 10, 


=x 


Compare and contrast the graphs of y = 5* and y = log, x. 
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Practise 


8 4. Copy and complete the table. 


Logarithmic Form Exponential Form 
10° = 100 
log, 64 = 6 
28 = 8 
log, 9 =2 
1 
log, Wea 2 
i a pS 
oie, 
log,1=0 
1 
log, 2= z 7 
3 
42=0.125 
ul 
367 =6 
2. Evaluate. 
a) log, 3° b) log,, 11 
c) log, 1 d) log, 16 
e) log, 5 f) log,, V4 
9) gloss 25 h) lew 


3. Use graphing technology to graph each pair 
of functions on the same set of axes. State the 
domain and range of each function. 

a) y=2* and y=log,x 

b) y=4* and y= log, x 

c) f(x) = 8" and g(x) = log, x 


4. Determine the equation of the inverse of 
each function. Graph each equation and its 
inverse. 

a) y=3* b) y=log,x 


5. Graph each function using transformations. 
State the domain, the range, and the equation 
of the vertical asymptote. 


a) f(x) =-log,x b) y=log,(-x) 
c) f(x)= 2+log,,x  d) f(x) =log,(x - 1) 
e) y=log,(x +2) f) y=log,(x+1)-2 
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6. Without graphing, determine the domain of 
each function. 

a) f(x) =log,(25-—x°*) b) y=log,(27 - x’) 
c) y=log,(x - 1) d) y=log,,(x - 4) 


Apply, Solve, Communicate 


7. How long will it take to triple an investment 
of $1000 at 7.5%, compounded annually? 


8. Communication a) Write an equation to 
represent the accumulated amount of a $1500 
mutual fund invested at 8%, compounded 
annually. Determine how long it will take for 
the investment to 

i) increase to $2000 

ii) double 

b) If the interest rate is doubled, how is the 
doubling time of the investment affected? 
Explain. 


9. Application Wyatt invested $1500 at 8.5%, 
compounded annually, when he was 18 years 
old. Use a graph to determine Wyatt’s age when 
his original investment has doubled. 


10. Communication a) The number of gophers 
living in a field in the summer can be modelled 
by the equation y = 100(1.1)", where 7 is the 
number of years from the present. Plot the graph 
of the gopher population to determine how long 
it will take for the gopher population to 

i) increase to 150 

ii) double 

b) i) Using the equation in part a), determine 
the number of gophers after 1000 years. Is this 
realistic? 

i) What do you think is the domain of validity 
of the equation in part a)? Explain. 

ii) What might affect the gopher population 

so that the equation in part a) is no longer 
valid? 

11. Application The intensity of light in a 
particular river is reduced by 4% for each metre 
below the surface of the water. This relationship 
can be modelled by the equation [(d) = 1,(0.96)', 
where I(d) is the intensity of light, in lumens, at 
depth d, in metres, and J, is the original 
intensity. Use a graph to determine how far 


below the water’s surface the light has to travel 
so that the intensity is 
a) 0.81, ) 0.51, ) O21, 


12. Inquiry/Problem Solving Pollution affects the 
clarity of water. The intensity of light below a 
particular polluted river’s surface is reduced by 
5% for each metre below the surface of the 
water. Write an exponential equation to model 
this relationship, using question 11 as a guide. 
a) What percent of the original intensity of 
light penetrates to 4 m below the surface of the 
water? 

b) At what depth does 40% of the original 
intensity of light remain? 

c) What implications does the reduction of the 
sun’s intensity have for plant life under water? 


13. How long will it take, to the nearest month, 
for $2500 to grow to $4000, if it is invested at 
7%, compounded monthly? 


14. During the 1990s, the world’s population 
was growing at a rate of 1.4% per year. In 
1999, the world’s population reached 6 billion. 
a) Assuming the growth rate remains constant, 
write an equation relating the population to the 
time in years after 1999, 

b) Sketch a graph of the relation in part a). 

c) Use the graph to determine the world’s 
population in 2015. 

d) Use the graph to predict the year in which 
the world’s population will have doubled since 
1999. 


15. Inquiry/Problem Solving The formula 

K = [[log ,,()]] + 1 is useful in computer 
programming. (The function [[x]] truncates x 
by removing the decimal part; for example, 


{[3]] = 3, [[2.79]] = 2.) Apply this formula with 
a few positive integers (both large and small) 
and state a hypothesis about what the formula 
determines. 


16. There are initially 2000 bacteria in a culture. 
The number of bacteria doubles every hour, 

so the number of bacteria after ¢ hours will be 
N= 2000(2)'. 

a) Plot a graph of this relation. 

b) When does the formula cease to be valid? 


17. The pH of a chemical solution is a measure 
of its acidity and is defined as pH = —log ,,[H'], 
where H' is the concentration of hydrogen ions 
in moles per litre. 

a) Graph the relation. 

b) What is the pH value of a solution 

with a hydrogen concentration of 

0.000 38 mol/L? 

c) Find the hydrogen concentration for a pH 
value of 7. 


Gg 18. a) Find the domain of the function 


f(x) = log, (log,, x). 
b) Find f '(x). 


19. In this section, we have discussed only 
logarithms with positive integer bases, such 
as 2, 3, 4, and so on. Can logarithms have 
other bases? Graph each function and 

its inverse. Is the inverse a continuous 
function? 


a) fix) -( 
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Laws of Logarithms 


With the properties of logarithms learned in Section 7.2, we can work with only a limited 
number of logarithmic situations. There are other properties of logarithms that are useful 
for solving exponential and logarithmic equations. Such equations arise in a variety of 
contexts, such as investments and bacterial growth. 


In the following investigation, you will explore three very important properties of 
logarithms, dealing with products, powers, and quotients. 


Investigate & Inquire: Laws of Logarithms 
1. a) Copy and complete the table. 


log, 4= | log, 8 = log, 32 = 


log, 16 = log, 32 = log, 512 = 


log, 25 = log, 5 = log, 125 = 


b) Examine the results of each row. Make a conjecture about the product law for 
logarithms. 

c) Test your conjecture by evaluating log, (36 x 216), and make any necessary adjustments 
to your original conjecture. 

2. Make and test a conjecture about the power law of logarithms: log, p= c log, p. 


3. a) Copy and complete the table. 


log, 32 = ‘ log, 8 = log, 2 = 
log, 32 = log, 16 = log, 2 a 
log, 25 = log, 5 = log, 28 = 


b) Examine the results of each row. Make a conjecture about the quotient law for 
logarithms. 


, , 243 . 
c) Test your conjecture by evaluating log, a7? and make any necessary adjustments to 


your original conjecture. 
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The patterns in the investigation show three laws of logarithms. 


Product law: log, (pq) = log, p + log, q 
Power law: log, (p*) = clog, p 


Quotient law: log, q 


= log, p — log, q 


Because logarithms can be written as exponents, the laws of exponents can be used to 
justify corresponding laws of logarithms. To show the product law, we let log, p = X and 
log, q = Y. Then, rewriting in exponential form, 


log, p = X becomes a‘ =p and 
log, q = Y becomes a’=q 
So, 
log, (pq) = log, (a\a") 
= log, (a*"’) 
=X+Y 
Substituting for X and Y, 
log, (pq) = log, p + log, q. 


(substitution) 
(exponents law) 
(log, a* = x) 


Web Connection 
For a visual explanation of the product law 
of logarithms, go to 
www.mcgrawhill.ca/links/CAF12 
and follow the link. 


In questions 13 and 14 on page 435, you will show how to derive the power law for 


logarithms and the quotient 
Since logarithms with base 10 
mentioned in Section 7.2, the 


LOG 


Example 1 The Laws of Logarithms 


Evaluate each expression using t 
a) log, 4+ log, 9 
d) log2 + log 50 


b) 2 log, 3 
e) log, 112 — log, 7 


Solution 
a) log, 4 + log, 9 = log, (4 = 9) (product law) 
= log, 36 


= log, (6°) 
=2 


2 
log, 324-log, 4=log, a4 


= log, 81 
=4 


c) 


are very common, 


aw for logarithms. 


log,) x is usually written as log x. As we 


key on a calculator determines logarithms to base 10. 


he laws of logarithms. 


c) log, 324 — log, 4 
f) log, V9 


, 
b) 2 log, 3 = log, (3°) (power law) 
= log, 9 
=1 
This expression can be evaluated 
without using the power law. 
1 


2log,3 = 2log, 9? 


d) Remember, log x means log,, x. 

log 2 + log 50 = log (2)(50) (product law) 
= log 100 

log 10° 

p 
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1 
e) log, 112-log, 7 =log, 2 (quotient law) f) log, V9 =log,(9°) 


=log, 16 = 5 log, 9 (power law) 
=4 2 
3 


Example 2 Using the Laws of Logarithms 

Express as a single logarithm. 

a) log,30-log,10 b) log 12+4 log 7 —log2 ©) log, (x? - 1) — log (x + 1) 
Solution 


a) log, 30-log, 10 = log, of (quotient law) 


= log, 3 
b) Remember, log x means log,, x. 
1 
log 1245 log 7—log 2 =log 12+log 7? —log 2 (power law) 


(12)(V7) 
8 a 


=lo (product and quotient laws) 


= log 6V7 


c) log,(x* -1)—log,(x +1) = log, ar 


(x + 1)(x -1) 
x+1 
=log,(x-1),  x>1 


= log; 


Example 3 Using the Laws of Logarithms 


Expand. ta 

a) log, (x*y’) b) log, Ps 

Solution 4 

a) log, (x°y’) = log, x° + log, y° b) log, =log, Va log, (bc) 


= 2 log, x + 3 log, y 1 
= log, at —(log, b+log, c) 


E ; log, a—log, b-log, c 


Recall Example 4 in Section 7.2 (page 426), which we could solve only by graphing because 
the calculator (L0G) key determines logarithms only to base 10. With a simple formula, we 
can change the base of the logarithm, and use the calculator to evaluate it. For example, 
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suppose we want to evaluate log, 11 on a calculator. To change the base to 10, we start 
with y = log, 11 and proceed as follows. 


y = log, 11 
Write in exponential form. ?=11 
Take the logarithm to base 10 of each side of the equation. log, (2”) = log,, 11 
Use the power law. y log,, 2 = log,, 11 
— logo 1 
Solve for y. Tao 
log,) 11 
Thus, log, 11 =—2"—. 
Be Tog 2 


We can now evaluate the logarithm on a calculator. 


The general formula for converting a logarithm from one base to another, called the 
log, x 
fi 


log, b° 


change of base formula, is log, x = 


Example 4 Using the Change of Base Formula 


Write each logarithm with base 10, and then evaluate it on a calculator. Round your results 
to four decimal places. 
a) log, 14 b) log, 7 


Solution 
a) log, 14= Te ? b) log, 7 = Horn t 
; po e logio 3 
= 1.6397 
=-1.7712 


Example 5 Doubling Time for an Investment 


How long does it take for an investment of $500 to double at 7% interest, compounded 
annually? 


Solution 


The amount, A, in dollars, of an investment of $500 at 7% interest, compounded annually, 
for t years, is A = 500(1.07)'. For the investment to double, A = $1000. Thus, 
1000 = 500(1.07)' 


2 = (1.07)' 
t= log, o, 2 
Use the change of base formula to change to base 10. 
es log 2 
~ log 1.07 
= 10.2448 


It takes approximately 10 years and 3 months for an investment of $500 to double at 7% 
interest, compounded annually. 
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Key Concepts 


© For ae(l, ), p,q € (0, %), c © (-», «), 


p 
q 
c) Power Law: log, (p*) = c log, p. 
¢ log x means log,, x. 


I 
log, x =7 


a) Product Law: log, (pq) = log, p + log, q 
b) Quotient Law: log, ~ = log, p—log, 4 


¢ Tochange the base of a logarithm from b to a, use the change of base formula 


Communicate Your Understanding 3 
1. Is it possible to use the quotient law of logarithms to evaluate log at Explain. 
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2. Is it possible to use the product law of logarithms to evaluate log, 7 + log, 8? Explain. 
| Pp 2 3 
] 3. Explain why the base must be changed to evaluate log, 11 using a calculator. 
4. Is there more than one way to evaluate log, 9 + log, 3? Explain. 
| 5. Is log, 5 equal to log, 3? Explain. 
| Practise 3. Express as a single logarithm. 
a) log,5 + log,8 + log, 15 
Al 1. Copy and complete the table. b) log, 8 — log, 10 + log, 3 
ee F Sum or Difference of c) log, 19 + log, 4 — log, 31 
Single Logarithm 2 2 2 
" _— Leone d) 1 10g17-log 5 
log, (12 x 5) 2 
log,2 + log, 11 e) log (a+b) + log (a’) 
f) log (x + y) — log (x — y) 
log, (kg) g) 4 log x —3 log y 
log, 14 — log, 3 h) log, ab + log, be 
i hr 4. Rewrite each expression with no logarithms 
813 Fis of products, quotients, or powers. 
log, 7 — log, 5 a) log, (Sx) b) log, (mr) 
log; 1- log. 7 ©) log, (abe) a) log, Vy" +y) 
2 log,, x + 6 log, x fn : 
E e) log, > f) log, (xy) 
log,. 3 +log,, 4 3 
BS: BGS log, 22 toe als 
g) log, Te h) log; AGE 
2. Rewrite each expression using the power law. I 
a) 1 b) log. 9° 5. Evaluate. 
2 log, 5 86 a) log,32 + log,2 b) log, 72 — log, 9 
1 5 c) log, 192 — log, 3 d) log,, 9 + log,, 16 
9) 5 log, 18 d) log, 7 e) log,6 + log, 8 —log,3 f) log, 108 — log, 4 
1 log, 6 — log, 3 + log, 4h) log, 80 — log, 5 
e) log, ¥22 f) log, —= 9) log, 6 — log, Bx 2, 80 — log, 
) loR. ) 8 Fg i) log 1.25 + log80 j) log, 8? 


6. Evaluate to four decimal places using a 
calculator. 

a) log,12_b) log,13 c) log, 9 

d) log,1S e) log, 8 f) log,6 

g) log,7 h) log, 4 


Apply, Solve, Communicate 


7. Application Driving in fog at night greatly 
reduces the intensity of light from an 
approaching car. The relationship between the 
distance, d, in metres, that your car is from the 
approaching car and the intensity of light, [(d), 
in lumens (Im), at distance d, is given by 

i I(d) 
d =~-166.67 log 135 
a) Solve the equation for I(d). 
b) How far away from you is an approaching 
car if I(d) = 40 Im? 


8. Inquiry/Problem Solving Energy is needed to 
transport a substance from outside a living cell 
to inside the cell. This energy is measured in 
kilocalories per gram molecule, and is given by 


the relationship E = 1.4 log a , where C, 


represents the concentration of the substance 
outside the cell, and C, represents the 
concentration inside the cell. 

a) Find the energy needed to transport the 
exterior substance into the cell if the 
concentration of the substance inside the cell is 
i) double the concentration outside the cell 
ii) triple the concentration outside the cell 

b) What is the sign of E if C, < C,? Explain 
what this means in terms of the cell. 


9. Communication Which is greater, log, 7 or 
log, 9? Explain. 

10. The formula for the gain in voltage of an 
electronic device is A, = 20(log V, — log V,), 
where V, is the output voltage and V; is the 
input voltage. 

a) Rewrite the formula as a single logarithm. 
b) Verify the gain in voltage for V, = 22.8 and 
V, = 14 using both versions of the formula. 


11. When a rope is wrapped around a fixed 
circular object, the relationship between the 


larger tension T, and the smaller tension T, is 


modelled by 0.4340= log 2 , where pz is the 
§ 


friction coefficient and @ is the wrap angle in 
radians. 


iy T 


a) Rewrite the formula using the laws of 
logarithms. 

b) If the wrap angle is 7 (in radians), and a 
200 N force is balancing a 250 N force, what 
is the friction coefficient? 

c) If the rope is wrapped around the object 
2.5 times, what force is now needed to balance 
the 250 N force? 


12. Show that if log, a = ¢ and log, b = c, then 
i D y 
log, y=c". 


13. Use the product law of logarithms to prove 
the quotient law of logarithms, 

D 

: =log, p—log, q 

G 

where a € (1, ©), p, q € (0, %). 


log, 


14. Use the product and quotient laws of 
logarithms to prove the power law of logarithms 
log, (p') = ¢ log, p, where a € (1, ), p, 

gq € (0, %), c € (—, 0), 


15. Derive the change of base formula, 


16. Find the error in the following calculation. 
log, 0.1 <2 log, 0.1 
= log, (0.1) 
= log, 0.01 
log, 0.1 < log, 0.01 
Thus, 0.1 < 0.01. 


2 
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Exponential and Logarithmic Equations 


There are many applications of exponential and logarithmic equations, including problems 
involving atmospheric pressure, the intensity of light passing through glass or water, and the 
power source for satellites. 

In order to solve exponential equations that model such applications, we need to solve for 
the variable in the exponent. We do this by rewriting the equation in terms of logarithms, 
usually to base 10 to make using a calculator easier. (Recall that log x means log,, x.) 
Consider Example 1. 


Example 1 An Exponential Equation 


Solve the equation 3* = 11. 


Solution 1 Paper and Pencil Method 
a 
log 3* = log 11 (base 10 logarithm of each side) 
x log 3 = log 11 (power law) 


oe es 
22.1827 
We can check the solution by substituting x = 2.1827 into the original equation. 
3 = 3% 1827 
=11 


Solution 2 Graphing Calculator Method 

We can also find the solution to 3° = 11 graphically, as we did in 
Section 7.2. First, we input y = 3° and y = 11 in the Y= editor 
of a graphing calculator or graphing software. 


Then, we use the Intersect operation to find the x-coordinate of 
the point of intersection of the two graphs. 


Intersection Window variables: 
ae x €[-4.7, 4.7], y © [-12.4, 12.4] 


The solution is x = 2.1827, to four decimal places. 
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Example 2 Solving Exponential Equations Using Logarithms 


2 


Solve a) 5***=30 b) 3°*°=7 oc) 4(7*-*)=8 
Solution 
a) 5+ 3 30 


log 5° ** = log 30 
(2x + 3) log 5 = log 30 


(base 10 logarithm of each side) 
(power law) 


ie 1( log30)_ 3 
“2 log 5 2 


= -0.4434 


bre 0 4 
log 3°'° = log 7 


(x + 6) log 3 = log 7 log 7°" = log 2 


(x — 2) log 7 = log 2 


x = 1087 _¢ __ log 2 
log 3 ** Tog 7 
+ -4,2288 + 2.3562 


Here are guidelines for solving exponential equations similar to those 
in Example 2. 


1. Isolate the term containing the variable on one side of the equation. 

2. Take the base 10 logarithm of each side of the equation. 

3. Apply the power law of logarithms to rewrite the equation without exponents. 
4. Solve for the variable and check the result. 


We will use these steps to solve the problem in Example 3. 


Example 3 Satellite Power Supply 


The power source used by satellites is called a radioisotope. The power output 
of the radioisotope is given by the equation P = 50(0.996'), where P is the power, 
in watts, and ¢ is the time, in years. If the equipment in the satellite needs at least 
15 W of power to function, for how long can the satellite operate before needing 
recharging? 


7.4 Exponential and Logarithmic Equations MHR 437 


Solution 
We need to determine the value of ¢ when P = 15, 
P = 50(0.996') 
15 = 50(0.996') 
15 
='0.996' 
50 996 
0.3 = 0.996' 
log 0.3 = log 0.996' 
log 0.3 = t log 0.996 
_ log 0.3 
~ log 0.996 
= 300.39 
Thus, in theory, the satellite can operate for 
about 300 years. 


We can also solve logarithmic equations using the laws of logarithms. 


Example 4 A Logarithmic Equation 


Solve the equation log,(x + 3) = 2. 


Solution 
We can solve this equation algebraically using the laws of logarithms. 
Using the property y log, x <> x =a’, we can rewrite the equation log, (x + 3) = 2 in 
exponential form, and then solve. 
a 2 
log, (x +3)=2 


(x +3)=4 
x+3=16 
x= 13 


The solution is x = 13. 
Example 5 Solving Logarithmic Equations 


Solve and check. 


a) logx=S5 b) log, (x — 5) + log, (x +3) =1 c) log x =3 log7 
Solution 
a) logx= 


10° =x 
= 100000 
y <x = 100000: 
LS. = log x R.S. = 5 


= log 100000 
= log 10° 
= 
LS. = RS; 
The solution is x = 100000. 
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b) log, (x — 5) + x+3)=1 
log, [(x — 5)(x + 3)] =1 
log, (x? — 25 —15)=1 
x’ -2x-15=9 
z 2x -24=0 
(x — 6)(x + 4) =0 LS. = log x RS. = 3 log 7 
x=6o0rx=-4 = log 343 
Check x = 6: = log 7° 
L.S. = log, (x — 5) + log, (x +3)  R.S.=1 =3log 7 
= log, (6 — 5) + log, (6 + 3) LS. = RS: 
= log, 1 + log, 9 The root is x = 343. 
=0+1 
= 1 
L.S..= R.S. 
Check x = - 


L.S. = log, (x — 5) + log, (x + 3) RS.=1 

= log, (-4 — 5) + log, (-4 + 3) 

= log, (—9) + log, (-1) 

This cannot be evaluated, because the logarithm of a negative number is undefined. 
Thus, x = —4 is an extraneous solution. 

The solution is x = 6. 


Here are guidelines for solving logarithmic equations such as those in Examples 4 and 5. 
1. Isolate the terms with variables to one side of the equation. 


2. Use the laws of logarithms to express each side of the equation as a single 
logarithm. 


3. Simplify each side of the equation. 


4. Solve and check. 


Example 6 The Relationship Between Altitude and Atmospheric Pressure 


Atmospheric pressure, P, depends on the 
altitude above level, and is measured 
in kilopascals (kPa). For altitudes 

up to 10 km above sea level, the 
atmospheric pressure is approximately 
P = 101.3(1.133)*, where x is the 
altitude, in kilometres. A mountain 
climber is experiencing atmospheric 
pressure of 89 kPa. How high above sea 
level is the mountain climber, to the 
nearest 10 m? 
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Solution 


P = 101.3(1.133)* 
89 = 101.3(1.133) * 
89 


To13 7 1133" 


~~ log 1.133 
=1.037 
The mountain climber is 1040 m above sea level, to the nearest 10 m. 


Next, we will solve a more complex exponential equation. 


Example 7 Solving an Exponential Equation by Factoring 
Solve 3**— 3° — 12 = 0, and illustrate your results graphically. 
Solution 


First, we factor to isolate the exponential term. 
If we let z = 3°, it becomes clearer that the equation is quadratic and can be factored. 
¢-z-12=0 
(z- 4)(z + 3) =0 
Substituting z = 3° back into the equation, we get 
(3° = 4)(3" +3) =0 
3*-4=0o0r3*+3=0 


3*=4 3* =-3 
log 3° = log 4 Since 3° > 0, there is no solution for 3° = -3. 
x log 3 = log 4 
_ log 4 
** Tog 3 
=1.2619 


The solution is x + 1.2619. 


We can also represent the solution graphically, using the “ero operation. 


Plotd Foe Tots 
RVIBS*C2K)~S°R—I 


Window 
variables: 

x € [-2, 2], 
y €[-20, 50] 


440 MRR Chapter 7 


Key Concepts 


e ‘To solve exponential equations of the form found in Examples 1 and 2, first isolate 
the term containing the exponential variable on one side of the equation, then take 
the logarithm of each side of the equation, and apply the laws of logarithms to 


solve for the variable. 


e To solve logarithmic equations of the form found in Examples 4 and 5, first isolate 
the terms with variables on one side of the equation, then use the laws of 
logarithms to express each side of the equation as a single logarithm, and simplify 


to solve for the variable, 


Communicate Your Understanding 


1. Describe two ways to verify the solution(s) to a logarithmic equation or an 


exponential equation. 


2. Explain why logarithms are helpful in solving exponential equations. 
3. Give an example of an exponential equation that cannot be solved exactly using the 
laws of logarithms. How would you solve the equation in this case? 


Practise 
Round your solutions to four decimal 
places, if necessary. 


14. Determine if x = 0.6 is a root of 4° = 5, and 
justify the result. 


2. Solve for x and check your solution. 


a) logx=0 b) el 9 
ae d) log, x 
e) log. 49 = f) log,,x=3 


h) log,, 0.1 =x 


3. a) Solve each equation using the properties 
of logarithms. 

b) Illustrate each solution graphically. 

i) log, (x +6) =3 ii) log, («+3)=1 


4. Solve. 
b) 6 =10 
d) 3°**=5 
f) 7 Ria 9° 1 


5. Solve and check. 
a) 4 log, x = log, 625 
b) —log, 1 = log,7 — log, x 


c) log, n= ; log, 16 


d) -log, x — log, 3 = log, 12 
e) log 12 =log8 -logx 

f) log 2** = log 35 

g) 4 log, x = log, 25 

h) 2 log, x = log, 81 


6. Solve for x. Use a graphing calculator to 
verify your solution. 

a) logx =-3 

b) log(x - 11) = 20 

c) log(4x - 1) =39 

d) log,(5—x)=3 

e) log, (x + 6) + log, 3 = log, 30 
f) log,x + log, (x — 1) = log, (2x) 
g) log, (x +3) + log.(x-2)=1 

) log, (x — 1) + log, (x +2) =1 
i) log, (x + 1) — log, (x -1)=1 
j) 1 = log (x — 4) = log (x + 5) 


= 


7. Communication a) Show that x = log, 4 isa 
root of the equation 5** + 5* — 20 = 0. 
b) Are there any other roots? Explain. 


8. Solve for x and check your solution. 

a) 2*-2*-6=0 b) 3° + 2(3*)- 15 =0 
c) 7*+3(7/'-10=0 d) 10%+5(10)"+4=0 
e) 6*—2(6)"-15=0 f) 4+ 9(4)"+14=0 
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Apply, Solve, Communicate 
iB 9. The function A = P(1.06)” represents the 


amount, A, in dollars, in an investment 7 years 
from now, where P is the original investment, or 
principal, in dollars. If Seth invests $1000 now, 
find how long it will take to accumulate to 

a) $1226.23 b) $1664.08 

c) double his original investment 

d) $5000.00 


10. Application The intensity of light, J, in lumens, 
passing through a certain type of glass is given by 
I(t) = 1,(0.97)", where I, is the initial intensity and 
x is the thickness of the glass, in centimetres. 

a) What thickness of the glass will reduce the 
intensity of light to half its initial value? 

b) What effect does doubling the thickness of 
the glass have on the intensity of light passing 
through it? 


11. Application The average annual salary, S, in 
dollars, of employees at a particular job in a 
manufacturing company is modelled by the 
equation § = 25000(1.05)", where $25 000 is the 
initial salary, which increases at 5% per year. 

a) How long will it take the salary to increase 
by 50%? 

b) If the starting salary is $35 000, how long 
will it take the salary to increase by 50%? 
Explain your answer. 


12. How long, to the nearest month, will it 
take for an investment of $600 at 5.5%, 
compounded annually, to 

a) double? b) 
c) accumulate to $900? 


13. Inquiry/Problem Solving The speed, v, in 
kilometres per hour, of a water skier who drops 
the towrope, can be given by the formula 

v= v(10)°?*, where v, is the skier’s speed at 
the time she drops the rope, and f is the time, in 
seconds, after she drops the rope. If the skier 
drops the rope when travelling at a speed of 

65 km/h, how long will it take her to slow to a 
speed of 13 km/h? 


triple? 
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14. Inquiry/Problem Solving On average, the 
number of items, N, per day, on an assembly 
line, that a quality assurance trainee can inspect 
is N = 40 — 24(0.74)', where t is the number of 
days worked. 

a) After how many days of training will the 
employee be able to inspect 32 items? 

b) The company expects an experienced quality 
assurance employee to inspect 45 items per day. 
After the training period of 15 days is complete, 
how close will the trainee be to the experienced 
employee’s quota? 


15. The number of hours, H(t), that cheese will 
remain safe to eat decreases exponentially as the 
temperature of the surrounding air, ¢, in degrees 
Celsius, increases. For a particular type of 
cheese, this relationship is represented by 

H(t) = 140(10) °°", To the nearest hour, how 
long will the cheese remain safe to eat if it is 
stored at 

a) 0°C? bb) -*16°C? —) 


16. Use the formula from Example 6 (page 439) 
to determine the altitude of a rock climber, if 
the atmospheric pressure is approximately 

95 kPa. 


17. The designers of aircraft must know the 
external pressure in order to control the 
pressure inside the aircraft. What range of 
external pressure must be controlled for 

a small airplane with a maximum altitude of 
10 km? 


18. The intensity of the sunlight below the 
surface of a large body of water is reduced by 
4.6% for every metre below the surface. Show 
that the depth at which the sunlight has 
intensity [(d), in lumens, is given by 


d+-48.9 log Hd) 


25°C? 


, where [, is the initial 
0 

intensity and d is the depth, in metres. 
19. Solve for x and check your solution. 
a) log, x + log, x + log, x + log,, x = 25 
b) 2(5%) — 9(5*) + 13(57) - 6 =0 


A 


Logarithmic Scales 


Logarithmic scales are useful for measuring quantities that can have a very large range, 
because logarithms enable us to make large or small numbers more manageable to work 
with, Examples of logarithmic scales include the Richter scale, which measures earthquakes, 
the pH scale, which measures acidity, and the decibel scale, which measures sound. 


The intensities of earthquakes vary over an extremely wide range. To make such a wide 
range more manageable, a compressed range, called the Richter scale, is used. To make the 
scale convenient, a “standard earthquake,” with a certain intensity I, is given a magnitude 
of 0, Earthquakes with intensities weaker than this standard are so weak that they are 
hardly ever discussed. Only magnitudes greater than 0 are used in practice. 


The magnitude, M, of an earthquake is given by the equation M = log I? where / is the 
0 


intensity of the earthquake, and J, is the intensity of a standard earthquake. Thus, a range 
of earthquake intensities from [,, to about 800 000 0001, corresponds to a range in 
magnitudes on the Richter scale from 0 to about 8.9. 


3 I : Mp , a 
The equation M = log 7, can also be written J = [, x 10". From this equation, you can see 
0 


that, for every increase in the intensity of an earthquake by a factor of 10, the magnitude 
on the Richter scale increases by 1. For example, an earthquake of magnitude 4 is 10 times 
as intense as an earthquake of magnitude 3, and 100 times as intense as an earthquake of 
magnitude 2. 


ely, Example 1 The Richter Scale 

= () 

D> 2G a) On September 26, 2001, an earthquake in North Bay measured 5.0 on the Richter scale. 
TAT 


What is the magnitude of an earthquake 3 times as intense as North Bay’s earthquake? 


b) On February 10, 2000, Welland experienced an earthquake of magnitude 2.3 on the 
Richter scale. On July 22, 2001, St. Catharines experienced an earthquake of magnitude 
1.1. How many times more intense was the earthquake in Welland? 
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Solution 
a) We use the formula M = log ; , and let I, be the intensity of North Bay’s earthquake. 
0 


Thus, log i =5.0. 
0 


An earthquake three times as intense as North Bay’s earthquake has an intensity of 31,. 
So, the magnitude of an earthquake three times as intense as North Bay’s earthquake is 
M =log i 

I, 
31, 


= log 2 
I, 


=log 3 +1og tt 
0 


= log 3+5.0 Substitute the magnitude of North Bay’s earthquake. 
=5.477 
So, an earthquake of magnitude 5.5 is three times as intense as an earthquake of 
magnitude 5.0. 
b) Let M, = 2.3, the magnitude of the earthquake in Welland, and let M, = 1.1, 


: ; re! 
the magnitude of the earthquake in St. Catharines. We want to find L . We use 


the exponential form of the Richter scale equation, I = I, x 10”. 


f._ Apo" 
I, 1,x10" 
10" M. 
es 10°" iat 
=15.8489 


Therefore, the earthquake in Welland was almost 16 times as intense as the earthquake in 
St. Catharines. 


The pH scale, which measures the acidity of substances, is another logarithmic scale. The pH 
of a solution is a measure of relative acidity in moles per litre, mol/L, compared with neutral 
water, which has a pH of 7. If pH <7, the solution is classified as acidic, and if pH > 7, the 
solution is basic or alkaline. The pH scale ranges from 0 to 14. 


The pH scale is widely used by chemists, for example, who regularly test the pH level of 
drinking water to ensure that it is safe from contaminants. The pH of a solution can be 


represented by the equation pH = log a where [H’] is the number of moles of hydrogen 
ions per litre. This can be rewritten as follows to eliminate the fraction. 
1 
pH = log —— 
[H"} 
= logfH'}' 


=-log[H*] (power law) 
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The pH scale makes very small numbers manageable. For example, if [H”] = 0.000001 mol/L, 
pH = 6. The equation pH = log [H"] can be rewritten as [H*] = 10". Thus, when the 


PH level increases by 1, [H'] is divided by 10. For example, a substance with pH = 4 
1 

10 
a substance with pH = 2. 


has the H’ concentration of a substance with pH = 3, and 1 the H* concentration of 


100 


Example 2 Liquids and pH 


a) The hydrogen concentration of a sample of water is 6.82 x 10° moles of H’ per litre of 
water. What is the pH level of the water? 
b) A sample of orange juice has a pH level of 3.5. Find its hydrogen ion concentration. 


Solution 

a) To solve for pH, we use the formula pH = log [H'] and substitute [H'] = 6.82 x 10°. 

pH =-log[H' ; 

-log (6.82 x 10°*) 

= 7.166 

Therefore, the water has a pH level of approximately 7.2, which means it is slightly basic. 
b) We use the formula pH = —log [H’] and solve for [H"] to determine the hydrogen ion 


concentration of the juice. 
pH =-log[H'] 


3.5 =-log[H' 
-3.5 = log [H’] 
[H’] = 10°° 

= 3.16 x 107 


Thus, the hydrogen ion concentration of the orange juice is about 3.2 x 10 ‘mol/L. 


The decibel scale, dB, also a logarithmic scale, The decibel is one tenth of a bel, which is 
measures sound levels. The human ear can detect a named after the inventor Alexander Graham 
very wide range of sounds, ranging from a soft Bell. Bell is most famous for having invented 


whisper to loud machinery. The threshold of pain is the telephone, but he worked on many 


about 120 dB. Examples of other decibel other projects throughout his life, including 


measurements include normal conversation at about 
50 dB, and a jet takeoff at about 140 dB. developing hydrofolls and teaching people 
with hearing disabilities to speak. 


The minimum intensity detectable by the human ear is I, = 10’? W/m? (watts per square 
metre), and is used as the reference point. The sound level corresponding to an 


intensity | watts per square metre is L = 10 log i. 
0 


Example 3 Sound Levels and Risk of Hearing Damage 


Damage to the ear can occur with sound levels that are greater than or equal to 85 dB. Find 
i ; ; 2 baat 

the sound level of a rock concert with an intensity of 80 W/m’ to determine if fans at the 

concert are at risk for hearing damage. 
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Solution 


We use the decibel formula, and substitute 
I = 80 and [,= 10°. 


L=10log i 


80 
=10 log 25; 
mo T gD 


=139.03 


Therefore, the concert has a sound level of 139 dB, which 
means that people attending the concert may be at risk for 


hearing damage. 


Key Concepts 


ranges of numbers. 


which applies to sound levels. 


kind of an earthquake would it be? 


5 is as an earthquake of magnitude 4. 
8. a) Describe what pH measures. 


worker on the ground? 


e Logarithmic scales convert large ranges of numbers into smaller, more manageable 


¢ Some applications of logarithmic scales are the Richter scale, which applies to 
earthquakes; the pH scale, which applies to acidity levels; and the decibel scale, 


Communicate Your Understanding 


4. Can an earthquake have a negative magnitude on the Richter scale? If so, what 
2. Explain how to determine how many times as intense an earthquake of magnitude 
b) Which would you expect to have a higher pH level, baking soda or vinegar? Explain. 


4. Ifthe pain threshold for sound is 120 dB, and a jet engine has a sound intensity 
level of 140 dB, what does this imply for an air traffic controller? a maintenance 


Apply, Solve, Communicate 


1. In 1995, Japan had an earthquake of 
magnitude 7,2. What is the magnitude of an 
earthquake that is 


ely, a) twice as intense? : 

= © b) 1.5 times as intense? 
. . . : 3 
Maw cc) 3 times as intense? 


2. Application Human blood must be 
maintained in a pH range of 7.35 to 7.45. 
Calculate the corresponding [H’] range. 
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3. a) Show that, if one sound is 10 decibels 
louder than a second sound, then the first sound 
is 10 times as intense as the second sound. 

b) A hair dryer has a sound intensity level of 
70 dB and an air conditioner has a sound 
intensity level of 50 dB. How many times as 
intense is the sound from the hair dryer as the 
sound from the air conditioner? 


tude 7.0 or greater can cause metal buildings to 


4. Inquiry/Problem Solving Earthquakes of magni- e 
collapse. On December 23, 1985, in Mackenzie 


aA 


Region, Northwest Territories, an earthquake of 
magnitude 6.9 occurred. On Vancouver Island, 
on June 23, 1946, an earthquake about 2.5 
times as intense occurred. Was the Vancouver 
Island earthquake strong enough to cause metal 
buildings to collapse? 


5, The absolute magnitude of a star, M, is 
related to its luminosity, L, by the formula 
M =4.72-log - 
M4) 
of the sun. The luminosity is the rate at 

which the star emits light, and is measured 

in watts. 

a) Determine the absolute magnitude of the sun. 
b) The absolute magnitude of Sirius, the star 
that, other than the sun, appears brightest from 
Earth, is 1.41. Is Sirius more or less luminous 
than the sun? By what factor? 

c) Repeat part b) for Canopus, the star that 
appears second brightest from Earth, which has 
an absolute magnitude of —4.7. 

d) A distant object called a quasar has a 
luminosity of about 10° W. The sun’s luminosity 
is about 4 x 10°° W. Determine the absolute 
magnitude of the quasar. 


, where L, is the luminosity 


Web Connection hs 
For more on solar eclipses, and some 
spectacular photos, go to 
www.mcgrawhill.ca/links/CAF12 
and follow the links. 


6. Communication An The height of aircraft is still 
airplane altimeter is a _ usually measured in feet, 
gauge that indicates the pot metres. 

height of the plane 

above ground. It works based on air pressure, 
according to the formula h = 18400 log 4, 
where / is the height of the airplane above 
the ground, in metres, P is the air pressure 
at height h, and P, is the air pressure at 
ground level. Air pressure is measured in 
kilopascals. 


a) Air pressure at the ground is 102 kPa. 

If the air pressure outside the 

airplane is 32.5 kPa, what is the height of 

the airplane? 

b) How high would the airplane have to 

be flying for the outside air pressure at 

that height to be half of the air pressure at 
ground level? 

c) If the weather changes, then the air pressure 
at ground level may change. How do pilots take 
this into account? 


7. Communication a) Estimate the typical air Eley, 
pressure at the peak of Mount Everest. Use the ig 
formula from question 6. a 
b) Do research to determine whether your 
estimate in part a) is reasonable. 

c) Use the results of part a) to explain why 
climbers of tall mountains often use oxygen 
tanks to help them breathe. 


8. Inquiry/Problem Solving Another logarithmic 
scale is used for welding glasses, which protect 
the eyes from bright light. The shade number of 
welding glasses is given by the equation 


7(-log,) T) 
3 


shade # = +1, where T is 


the fraction of visible light that the glass 
transmits. 

a) When there is a solar eclipse, it is safe 
to look at it through #14 welding glasses. 
What fraction of visible light is transmitted 
by #14 welding glasses? 
b) A furnace repair person should wear #2 
welding glasses. What fraction of visible light 
is transmitted by #2 welding glasses? 

c) How many times as much visible light is 
transmitted by #2 welding glasses as by #14 
welding glasses? 


9. For electric welding, a safe fraction of visible 
light is 5.1795 x 10°. What shade number of 
welding glasses, to the nearest unit, should an 
electric welder use? 


410. Application Johannes Kepler (1571-1630) 
discovered a relationship between the average 
distance of a planet to the sun, in millions of 
kilometres, and the time, in days, it takes the 
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planet to orbit the sun. Data for some planets 
are recorded in the table. 


Mercury 58 88 
is 


Earth 149 36. 


Jupiter 773 4329 


a) Construct a scatter plot of the data on 

a graphing calculator or graphing software. 

b) Copy and complete the following table by 
taking the logarithm to base 10 of the values in 
the table above. 


Mercury 


Earth 


Jupiter 


c) Construct a scatter plot of the data in part 
b) on a graphing calculator or graphing 
software. What type of function is best for 
modelling these data? 

d) Use regression to find the equation of best fit 
for your scatterplot in part c). Write the equation 
using log d and logt as the variables. 

e) Rewrite your equation in part d) without 
using logarithms. This is the relationship 
between the time of orbit and the distance from 
the sun. 

f) Use your equation from part e) to calculate 
the time it takes for Saturn, where d = 1430, 

to orbit the sun. 
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11. Inquiry/Problem Solving In the days before 
electronic calculators were widely available, 
students used tables of logarithms and 
antilogarithms to facilitate calculations. These 
methods originated about 400 years ago, at a 
time when certain mathematicians and scientists 
were searching for methods to simplify 
complicated calculations. 

A logarithm table allows you to estimate logx, 
where x € [1, 10]. An antilogarithm table allows 
you to estimate 10’, where y € [0, 1]. 

a) Use the properties of logarithms to explain 
a method for using tables of logarithms and 
antilogarithms to determine each quantity. 

i) 2469 x 491 

ii) 181 

iii) 4830 + 21.73 

b) Verify the method you explained in part a) 
by testing it, using a calculator, on the problems 
in part a). 

c) Estimate how much time would be saved, 
for someone doing calculations by hand, by 
using the method you outlined in part a). 


12. Communication The Weber—Fechner law 
states that the amount of a perception is 
proportional to the logarithm of the stimulus. 

a) Write a paragraph to explain why this feature 
of perception is helpful for humans or animals. 
Consider sight, smell, hearing, and taste. 

b) The Weber—Fechner law seems to say that 
perception is inherently logarithmic. Does this 
mean that logarithmic scales for perceived 
quantities (such as sound and light) are more 
natural than others? Or are logarithmic scales for 
such quantities only helpful in certain 
circumstances? Write a paragraph to explain your 
thoughts on this issue. 


Derivatives of Exponential Functions 


When we use exponential functions to model realistic situations, we need to be able to 
determine their rates of change. Thus, in this section, we study the derivatives of 
exponential functions. 


You will need a graphing calculator or graphing software for the two investigations that 
follow. 


Investigate & Inquire: Derivatives of Exponential 
Functions 


In this activity, you will explore the derivatives of exponential functions using a graphing 
calculator or graphing software. 

4. a) Graph each exponential function and its derivative on the same 
Use the nDeriy function on the graphing calculator or graphing softw 
i) y=2" i) y=3* ii) y=4 i) y=5* 

b) What type of function does the derivative appear to be in each case? 


set of axes. 
are, 


2. a) Conjecture what the graph of the derivative of y = 6° looks like. 

b) Test your conjecture using graphing technology. 

c) Make a general statement about the derivatives of exponential functions. 
3. Without graphing, describe the graph of the derivative of y = 7°. 


4. For each function in step 1, is the graph of the derivative above or below the graph of 
the function? 


It seems that the derivative of an exponential function is also an exponential function. 
We can verify this by computing the derivative of the exponential function f(x) = a* using 
the definition of the derivative: 


ta — fin fe +h) — Ff lx) 
le 
xh x 
= lim 4% =2 
hood h 
_ 4, aa" -1) | 
= 
h iat 
a 


We can factor a* from the limit because it does not depend on h. Provided that the limit on 
the previous line exists, we have shown that the derivative of an exponential function is 


' ‘ ‘ Bae 2. @ 
proportional to itself. How do we determine the proportionality constant, lim — 
+0 


We can get an idea of what the limit might be by using tables. 
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We start with the limits for y = 2“ and y= 3°. Input the functions GnApuing CALCULATOR 
Plot Plotz Plot? 


2'—4 


7 - _3h-l, 
i=: and y= 


_— the Y= editor of a graphing 


calculator or graphing software. 


We set up a table on the TABLE SETUP screen to estimate the 
limits as h approaches 0 from both sides, 
hs 
From the table, it appears that lim 2 =0.69 and 
h 


‘ ol. 
imo 


bh 

So, from f"(x) =a" fim Le appears that cs (2°) =(0.69)2* and é (3*) = (1.1)3". 

In your work in the previous investigation, notice that the graph of y = 2* is above the 
graph of its derivative, and the graph of y = 3° is below the graph of its derivative. This is 
verified by the approximate derivatives of y = 2* and y = 3*. You will investigate graphs of 
exponential functions with bases a € [2, 3] next. 


Investigate & Inquire: A Special Exponential Function 


1. Since the graph of y = 2° is above the graph of its derivative, and the graph of y = 3* is 
below the graph of its derivative, do you think there is a function whose graph coincides 
with the graph of its derivative? Explain. 

2. a) Using a graphing calculator or graphing software, graph y = 2.5* and its derivative 
on the same set of axes. 

b) Is the graph of the derivative above or below the graph of the function? If you cannot 
tell from your graph, zoom in until you can. 


3. a) Continue to graph y = a’* and its derivative for values of a €[2, 3} until you find 
the base, to two decimal places, for which the graphs of the function and the derivative 
coincide as nearly as possible. 

b) In part a), how many values of a did you have to test? Compare your result with 

a classmate’s. Do you think your method, or your classmate’s method, was more 
efficient? 

c) Write an expression for the derivative of f(x) =a‘, where a is the value you found in 
part a). 


As seen above, 


h 
. - a-i 
-—a* =a" lim 


dx hao oh 


There is a special number, denoted e, for which the limit in the previous equation is 1. 


im 
nao oh 
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The derivative formula for an exponential function with e as the base is simply 


Aety=e 


dx 


The graph of the function y = e* coincides with the graph of its derivative. The number e is 
irrational, and its value is approximately 2.718282. You can use a calculator to display 


more decimal places. 
Thus, the exponential function f(x) = e* has the 


Every function of the form f(x) = ke’, 


property that it is its own derivative. The slope of a where k is a constant, is equal to its 
tangent to the curve y = e* is equal to the y-coordinate of own derivative. These are the only 
the point of tangency. In particular, if f(x) = e*, then f'(0) functions that have this property. 


=e? = 1. This means that, of all the possible 

exponential functions y = a", y = e* is only one that crosses 
the y-axis with a slope of 1. 

Graphically, the relationship between y = e*, y = 2", and y = 3* is 
shown. Recall that, for the function y = a", where a > 1, the larger 
the base, the more rapidly the function increases as x increases. 


[4 ol Tetaty (CTT 


In Example 1, we will determine the limits at infinity of exponential functions with base e. 


Example 1 Limits of Exponential Functions With Base e 


Evaluate. 
a) lim e* b) lime“ 
Solution 


Since f(x) = e* is an exponential function, we can use what we learned in Section 7.1 about 
infinite limits of exponential functions. 
a) Since e € (1, »), lim e* = ». 
rm 
b) Since ee (1, ), lim e* =0. 


xn 


The two limits are also clear from the graphs of the functions. 


Window variables: 
x € [-4.7, 4.7], y € [-3.1, 3.1] 
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Example 2 Derivatives of Exponential Functions 


Differentiate. 
a) y=xe* b) y=e* 


Solution 
a) Using the product rule, we have b) To use the chain rule, we let 
y=x'e" u = 7x. Then, we have y = e” 
dy 33 de x «dis y=e" 
ae * Gx te a) dy_ dy du 
= x3e* + 3x26" dx du dx 
=o" d(7x) 
~ dx 
=7e" 
7e* 
In general, using the chain rule, if y = e*”’, 
dy _ dy dg 
dx dg dx 
= eX'g"(x) 


In order to solve exponential equations involving e, we 
need to know the inverse of the function y = e*. We know 
that the inverse of y = a" is y = log, x. Since e is just a 
special case of an exponential function, the inverse of 

y = e' is just y = log, x. Because this function is frequently 
used in mathematics and the sciences, it has a special name 
and notation. It is called the natural logarithm function, 
and is written y = Inx. Use the key on a calculator to 
evaluate the natural logarithm (the logarithm to base e). 


All the properties of logarithms also apply to the natural 
logarithm. 


1. Inl=0 because we must raise e to the exponent 0 to get 1 
2. Ine=1 because we must raise e to the exponent | to get ¢ 
3. Ine‘=x because we must raise e to the exponent x to get e 
4. e"*=x because Inx is the exponent to which we must raise e to get x 


The product, quotient, and power laws also apply to the natural logarithm. 
Inxy = Inx + Iny 


In =Inx-Iny 


Inx’ = plnx 

A very common application of exponential functions is to model growth and decay. For 
example, a population of bacteria with plenty of food, water, and oxygen may grow 
exponentially. A collection of radioactive atoms typically transforms (“decays”) into 
another type according to an exponential model. The rate at which exponential growth or 
decay occurs is proportional to the amount of the quantity that is growing or decaying. 
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: F dn A 
If 7 represents the quantity at time ¢, then de TePresents the instantaneous rate of 


: : dn ‘ 
change of 7. So, for exponential growth or decay, Bo kn, where k is the growth 

a 
constant. If k < 0, then the quantity is decaying. If k > 0, then the quantity is growing. 
The solution of this equation is 7 = n,e“', where n, is the initial amount, that is 2(0) = 1). 
We can verify that 7 = nye! is a solution to this equation. 


LS. = R.S. = kn 


Ae 
=£ (ne!) 


Thus, exponential growth and decay can be modelled by an equation of the form m= ne", 
where n, is the initial amount, and k is the growth constant, where k > 0 for growth and 
k <0 for decay. 


Example 3 Bacterial Growth 


The bacteria in a tuna sandwich left out of the refrigerator grows exponentially. There are 
600 bacteria initially, and time is measured in minutes. The growth constant is k = 0.012 in 
this situation. 

a) Determine an exponential equation that models this situation. 

b) When will there be 1800 bacteria in the sandwich? 


Solution 

a) Let P represent the number of bacteria in the sandwich, Then, P = Pe, 
where P, is the initial number of bacteria, k is the growth constant, and ¢ is time, 
in minutes. 


We are given that P, = 600 and k = 0.012. Thus, 
P = 60020" 


b) Solution 1 Paper and Pencil Method 
P = 6002" 

1800 = 600e"""" 
3 = pus 


We rewrite the equation in logarithmic form. 
In3 = 0.012¢ 
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Solution 2 Graphing Calculator Method 


P = 6000" 
1800 = 600e"""* 


0.012 
jag? 


Use the Intersect operation ona graphing calculator, or graphing software, to find the solution. 


"Proth Plotz Plats 
s¥W1de*¢,. 12%) 
<¥283 


Titersection Window variables: 
#291.551024 _¥=3 xe {0, 186], ye [0, 6.2] 


From the screen, in about 91.6 min, or 1h 32 min, the population of bacteria will have 
tripled. 


Example 4 Graphing Exponential Functions 


Graph the function y = xe". 


Solution 
e Frame the curve 
Since y =x and y = e* are both defined for x € (-2, ©), the domain of y = xe" is x € (-o, ~). 


Since the function is defined for all x, it does not have a vertical asymptote. As x 
approaches positive infinity, both x and e* increase without bound, so there is no horizontal 
asympote in that direction. As x approaches negative infinity, 
e* approaches zero very quickly. So even though the magnitude 
of x is increasing without bound, it is overpowered by the 
behaviour of e*. Thus, lim xe* =0. The x-axis is a 

xy-m 
horizontal asymptote. We can verify this by setting up a table 
using the TABLE SETUP screen of a graphing calculator. 


« Find important points 

The y-intercept is 0, (Let x = 0.) 

The x-intercepts occur when y = 0. 

y=xe* 

0 = xe* 

x = 0 (since e* > 0) 

Thus, both the x- and y-intercepts occur at the origin. 


Next, we determine the coordinates of any local extrema. 


dy _d | is 

da met 
gel T yg st ob 
=x 7 le") +e dx *) 
= xe* +e“ 
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5 a3 d 
To find the critical numbers, we set ce =0. 


xe +e°=0 
x+1=0 (divide by e’) 
x=-1 


To determine whether a maximum or a minimum occurs at this critical number, we 
determine the second derivative. 


d 


ot). 4 (0% 
= Fy (te )+ay le ) 


= xe* +e* +e" 


= xe* +2e* 


Then, we substitute the critical number. 
(-l)e'+2e'=e'>0 


Thus, a minimum occurs at x = —1. The y-value of the minimum point is -e' + -0.368. 
The final important points are the points of inflection. We must determine where the second 

soo , d° 
derivative changes sign, so we let a =(0. 

ig? 

xe + 2e°=0 

x+2=0 

x=-2 


Since the second derivative is negative to the 
left of x = -2 and positive to the right, this 

is a point of inflection. The y-value of the J 
point of inflection is -2e*, or approximately it 
— 0.271. ai 


© Add details a | “LL 7 


Since there is a minimum at x = -1, the | + 
function is decreasing for x € (-90, —1) and eee 
increasing for x € (-1, ©). i? 
From above, the second derivative is as an =i ke . . 

negative to the left of x = —2 and positive yao <i 
to the right. Thus, the graph is | 
concave downward for x € (—«, —2) 
and concave upward for x € (-2, ») 


Since f(—x) # -f(x) and f(—x) # f(x), the = =f 


function is neither even nor odd. 


] 
+ 

| 

| 
= 
} 

] 

| 

| 

| 
<<) 
| 
1 


cal| mihiniu 


l,te |) 


e Sketch the curve 


The completed sketch is shown. 
————— 
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Example 5 Determining the Equation of a Tangent to an Exponential Function 
Find an equation of the tangent to the graph of y =e at the point where x = 0.5. 


Solution é 
First, we find 2 : 
dy me 1k 
AY _ ands me 
dx * dg! ae) 
=-2e* 
When x = 0.5, 
dy = 9720.5) 
qn ee 
=-2e' 


Since we are finding the equation of the tangent when x = 0.5, we need to know the value 
, 
of y =e when x = 0.5. 


ye" 
=. e! 
Therefore, the equation of the TRC 
Plot Plotz_ Plot? 


tangent at (0.5, e')is 
y-e'=-2e "(x - 0.5) 
y=-2e'x+e'+e" 
—2e "(x - 1) 
or y = -0.736x + 0.736 


RES. 
VS". P36R¢.738 


Window variables: 
x e{-1, 2], ye[-1, 1] 


Compound Interest and Exponential Functions 


In the following investigation, you will explore the relation between compound interest and 
exponential functions with base e. 


Investigate & Inquire: Compound Interest and e 


1. Suppose P dollars is invested at i% per year, compounded annually. Write an equation 
to represent the amount of money, A, in dollars, in the investment after 1 year. In your 
equation, let r represent the interest rate, 1%, written as a decimal. 

2. Repeat step 1 for compounding twice per year. 

3. Repeat step 1 if the interest is compounded three times per year. 

4. Repeat step 1 if the interest is compounded m times per year. 

5. Suppose you invested $1 at 10% interest, compounded n times per year. Copy and 
complete the table. 


eS a ae 
1 1.10 


1000 
10 10000 
100 100000 
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6. Evaluate e’', What number do the values in the A column appear to be approaching? 


7. Considering the results of steps 4 to 6, what do you think is the value 
of lim [1+ O14) ? 
na n 


8. Complete the table in step 5 for several other values of the interest rate, r. Compare 


1" 
‘ a ie r 
your results to the value of e’. Make a conjecture about the value of lim (1 sige } F 


nw 


1 
From the investigation, note that e* can be written as a limit: e* = lim] 1+— ] . 
8 > " 


n> 


nw 


By setting x = 1, it follows that e itself can be written as e = lim [1 + 4 . 


4 
2 d : ihead r 
The final amount, A, in dollars, of a 1-year investment is given by A = | 1+ = } , where 


P is the principal, or initial investment, r is the interest rate written as a decimal, and 77 is 
the number of compounding periods per year. The more compounding periods there are, 
the higher the return on the investment. In fact, with continuous compounding, the number 
of compounding periods approaches infinity, and we have 


A= lim P{ 4 r) 
noe n 


=P im (1+ - 
na n 
= Pe’ 


If the investment lasts for f years, then A(t) = Pe”. 


Example 6 Comparing Compounding Frequency 


Sari invests $1000 for 10 years at a rate of 5%. 

a) How much will her investment be worth after 10 years with each type of 
compounding? 

i) yearly ii) monthly iii) daily iv) continuous 

b) Compare your results from part a). 


Solution 


a) i) For yearly compounding, we have 


mt 
A=P(1+ 4 
n 


= 1000 (1+0.05) 
= 1628.89 


Her investment will be worth $1628.89 with yearly compounding. 


10 
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1] 


i) For monthly compounding, we have 


fi 
A=P(1+ =] 
n 
12* 10 
=1000(1+ 095) 
12 


= 1647.01 
Her investment will be worth $1647.01 with monthly compounding. 
ii) For daily compounding, we have 


A=p(1+") 
n 


= 1648.66 F 
Her investment will be worth $1648.66 with daily compounding. 
iv) For continuous compounding, we have 
A = Pe" ; 

= 1000e°°%") 

= 1648.72 
Her investment will be worth $1648.72 with continuous compounding. 
b) There is a significant difference between yearly compounding and monthly 
compounding. But after that, the differences become much smaller for the time periods 
discussed here. The difference between daily and continuous compounding is only 6 cents 
over 10 years! 


In Example 6, continuous compounding represents a limiting value for the amount of 
interest an investment can earn. In general, financial institutions do not actually offer this 
type of compounding. 


Key Concepts 


a 
© eis the number such that lim, © —* =1, and ¢ has an infinite decimal expansion for 
sr 


h 
which e = 2.718 282 is an approximation. 


e If f(x) =e*, then f'(x) =e’, or 4. (e*)=e*. 
dw _ gu du Se (x) _ 8%) Gh 
ase =e Sf One = e§) 9"(x) 
¢ Exponential growth and decay can be modelled by an equation of the form 
n= nye, where 1, is the initial amount, and k is the growth constant, where k > 0 


for growth and k < 0 for decay. 


non nn 


e e=lim (1+) > which means that e = lim (+4) 
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Communicate Your Understanding 


1. Describe the graph of y = e*. 


2. Explain the geometrical significance of the property that 4 (e*)= e. bay a sketch 


to support your explanation. 


3. What can you say about the rate of change of a quantity that ae or decays 


exponentially? 
Practise 8. Find the point(s) of inflection for each 
ici function. 
1. Evaluate. a) f(x)= xe” b) f(x) = xe 
1) a) lim e* © b) lim e* f 
meen pea : 9. For each function, identify the domain, 
c) lim e* d) lime” | range, intercepts, symmetry, asymptotes, 
F . intervals of increase or decrease, local extrema, 
2. Deepa. / concavity, and points of inflection. Then, sketch 
a y=— b) g(x) = x°e* the curve. 
- a _ fix) =(x°-1)e* —b) g(x) = x"e" 
- ok d) y=x’e . ; 
c) pe)sre ) yax'e . c) y=xe™ d) y=xe* 
_@ Se ee 1 
e) y= x f) g(x)= 1-e2 e) h(x)=e" f) y=4 
g) y=(1+5e")? hy) A(x)=Vx+e"™ 9) y=xe™ h) y= a 
3. a) Rewrite 2" in the form e*. 
b) Differentiate y = 2°. 10. a) Find the first, second, third, and fourth 
c) Differentiate y =a", where a> 1. derivatives of y =e". 
4. Find th ti fthet atoith b) State a formula for the nth derivative, y"”. 
. Find the equation of the tangent to the 
function at the given point. 14. Determine each of the following limits. 
a) y=e' at (0, 1) a) lim (145) b) lim (1+ 
b) y=e* when x=2 ne n noe n 
c) f(x) = e** when x = 3 ©) lim 14 6X Mi 
d) g(x)=e" when x =4 n> n 
e) y=e*'* when x =2 
f) f(x) = e'e* when x = 5 Apply, Solve, Communicate 
Find y' ife” =x +y. 12. Communication How can you use 
6. Find the local extrema of each function. transformations and the solution to Example 4 
a) h(x) =e-x (page 454) to determine all the important 
b) f (x)= ‘ = information about the graph of y = xe *? 
vie ~ 13. Inquiry/Problem Solving The equation 
O) ne) Sake P =250e represents the number 
7. Find the intervals of increase and decrease of bacteria present in a sink, where P is 


for each function. 


a) 


g(x) =xe™ b) h(x) = 
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the population of bacteria and t is time, 
in hours. 


a) How many bacteria are there at ¢ = 0? 
Explain how you know. 

b) Estimate how long it will take the 
population to 

i) double 

ii) triple 

iii) grow to 20000 

c) At what rate is the bacteria population 
growing after 10h? 20 h? 

d) Why would you want to make sure you keep 
your sink clean? Explain. 


14, Inquiry/Problem Solving The public works 
department of a town counted 400 rats one year. 
It is predicted that the rat population will grow 
exponentially for the next few years. If ¢ is time, 
in years, then the growth constant for the rat 
population is estimated to be 0.018. 

a) Write an equation to model the rat 
population in the town. 

b) How long will it take the population to 

i) double? ii) triple? 

c) Find the rate of change of the rat population 
after 

i) 10 years ii) 25 years 

d) How important is it to control the rat 
population earlier rather than later? Explain. 


15. Application Erika bought a computer system 
for $5000. The value of the system decreases 
exponentially with the decay constant k =—0.11 
if time is measured in years. 

a) Write an equation to model the value of 

the computer system over the years. 

b) How long will it take for the value of 

the computer system to decrease to 

i) $2500? ii) 10% of its original value? 


16. a) Heather invested $2000 at 7%, 
compounded annually. How long, to three 
decimal places, will it take her investment to 
i) double? ii) triple? 

b) Heather used continuous compounding to 
estimate the doubling and tripling times in 
part a). How close were her estimates to the 
actual times? 


17. Communication a) Repeat question 16 a) i) 
for each type of compounding. 
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i) semi-annual i) monthly — iii) daily 
b) Compare the results of question 16 a) with 
the results of question 17 a). Does continuous 
compounding make a big difference in the 
doubling time of the investment in this case? 
Is there a situation for which continuous 
compounding is much better than any other 
type of compounding? 


18. The position function of an object moving 
through a resisting medium has equation 

y =20t + 400e 0.05" where y is in millimetres and 
t is in seconds. 

a) Determine expressions for the velocity and 
acceleration, 

b) What are the object’s position, velocity, and 
acceleration after 5 s? 


19. The value, in dollars, of a machine is 
modelled by the equation V(t) = 50 000e°", 
after ¢ years, t € [0, 10]. 

a) What is the value of the machine after 

5 years? 10 years? 

b) What is the rate of change of the machine’s 
value after 5 years? 10 years? 


20. In a particular circuit, the current, in 
amperes, can be found using the formula 
1=0.6(1 —e°"), after ¢ seconds. 

a) What value does the current approach, as ¢ 
increases without bound? 

b) Find the rate of change of the current 

after 40s. 

c) Find the rate of change of the current 

after 60s. 


21. Telephone wires hang between two poles 
20 m apart. The wires hang in a curve modelled 


-x 


by the equation y = 30 ( e +e )- 50, where 


the x- and y-coordinates are measured in metres 
and the origin is on the ground below the lowest 
point on the curve. 

a) Sketch a graph of this curve. What is the 
domain? 

b) How much do the telephone wires sag 
between the two support poles? 


22. Investors use something called the rule of 70 
to decide how long it will take an investment to 


double. To find the approximate time needed for 
an investment to double, divide 70 by the interest 
rate (neglecting the percent symbol). So, an 
investment will double in approximately 

~7 years if it is invested at 10% interest. 
a) Use the continuous compounding equation 
A(t) = Pe" to derive the rule of 70. 
b) Use the rule of 70 to determine how long it 
would take an investment to double at each 
interest rate. 


i) 5% ii) 14% iii) 8% 


c) Use the equation A(t) = P [ 1+ ‘4 > where P 


is the principal, r is the interest rate expressed as 
a decimal, 7 is the number of compounding 
periods per year, and ¢ is time, in years, to 
determine how long it would take each 
investment in part b) to double with annual 
compounding. How accurate is the rule of 70? 


Leonhard Euler (1707~1783) introduced the symbol e for the base of the natural logarithm, 
at the end of 1727 or the beginning of 1728. Euler was also the first, in 1777, to use the 


letter i for V1. 
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Technology Extension 


Graphs of Exponentials and Logarithms Using 


TI InterActive!™ 


Sk) =a" "Done" 
ng) = G)) 


"Done" 


Graph of y = a* 
es: ean Seamed 


$4324 


123 465 


Create a graph with equation yl (x) := f(x) and 
y2(x) := f1(x). Format the graph with the 
following window settings: xMin =—S, 

xMax = 5, yMin = 0 and yMax = 10. Use a 
slider to control the variable a. Let the value of 
a vary from —1 to 5 in steps of 0.1. Add a math 
box near your slider to show the value of a. 

1. Move the slider to the right. What is the 
effect of increasing the value of a? 


2. What happens to the graph when the value 
of ais 1? Explain. 

3. What happens to the graph when the value 
of a is between 0 and 1? 


4. What happens to the graph when the value 
of a is 0? Explain. 


5. What happens to the graph when the value 
of a is less than 0? Explain. 


Web Connection S| 
A trial version of TI InterActive! is 
provided by the manufacturer. Go to 
www.mcgrawhill.ca/links/CAF12 and 
follow the instructions there. 
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6. Using the slider, find a value for a so that the 
two graphs are identical. If necessary, change the 
controls on the slider to get more accuracy. 


Graph of y = log, x 


Create a graph with equation y1(x) := log(x, b). 
Format the graph with the following window 
settings: xMin =—5, xMax = 5, yMin =—S and 
yMax = 5. Add a slider to control the variable 
b, the base of the logarithm. Let the value of b 
vary from —1 to 5 in steps of 0.1. Add a math 
box near your slider to show the value of b. 


1. Using your graph, find each value. 

a) log,4 b) log,2 

2. Move the slider to the right. What is the 
effect of increasing the value of b? 

3. What happens to the graph when the value 
of b is 12 Why does this happen? 


4. What happens to the graph when the value 
of b is between 0 and 1? 


5. What happens to the graph when the value 
of b is 0? Why does this happen? 


6. What happens to the graph when 
the value of b is less than 0? Why does this 
happen? 


7. Based on your findings, how would you 
change the window settings? 


Derivatives of Logarithmic Functions 


Earlier in this chapter, we worked with logarithmic functions. Now, we will find 
the derivatives of these functions. 


We start with the simplest derivative, that of the function y = Inx. First, we rewrite the 
equation y = Inx in the form e” = x. 


We take the derivative of each side of e” = x with respect to x. 


De nye = TU ge 

dx“ )= dx (x) 

y dy =1 (implicit differentiation) 
dx 

dy_ 1 

dx e 


But e’ = x, from above. Thus, 


dy _1 
dx x 


This derivative can be illustrated graphically. 


Vi Blncx 
Pee he 


Window variables: 
xe [-4.7, 4.7], ye [-3.1, 3.1] 


W=.26236426 * . . 
or use the ZDecimal instruction, 


Note that the derivative is defined only for x > 0, since the function is defined only 
for x > 0. 

We can use natural logarithms to find the derivative of an exponential function or a 
logarithmic function with any base. Example | shows this. 


Example 1 Derivatives of Exponential and Logarithmic Functions 


Differentiate each function. 
a) y=2* b) y=log,x 


Solution 
a) y=2* 
We take the natural logarithm of both sides. 
In y =In2* 
=xIn2 
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Differentiating both sides with respect to x, we obtain 


4 iny)= 4 (xin) 


1 dy _ 
i ae \n 2 
dy _ 
ae. In2 
Substituting y = 2* gives us 
dy 
bat: I hed 2 
ae 2* In2 
b)  y=log,x 
We rewrite in exponential form. 
good 
Taking the natural logarithm of both sides, we get 
In3” = Inx 
yln3 =Inx 
Differentiating both sides with respect to x gives us 
dy 1 
3 == 
In ee 
dy _(_1\1 
x \In3)}x 


Here are guidelines for determining the derivative of an exponential function with base a # e. 
4. Take the natural logarithm of both sides. 
2. Rewrite the equation with no exponents. 


3. Differentiate both sides with respect to x. 


dy 
4. Solve for ae 


To determine the derivative of a logarithmic function with base a # e, rewrite the function in 
exponential form and proceed as above. 


Exponential, Logarithmic, and Power Functions 


In the following investigation you will compare the rates of change of exponential functions 
and power functions. 


Investigate & Inquire: Comparing Rates of Change 


1 
1. Consider the functions f(x) = 2" and g(x) =x?- 
a) Sketch the derivative of each function on the same set of axes. 
b) Determine the value of x for which f'(x) = g’(x). 
c) Determine the values of x for which f'(x) > g’(x). 
d) Determine the values of x for which f’(x) < g’(x). 
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2. Repeat step 1 for the same f and for the function g(x) = 

3. Repeat step 1 for the same f and for the function g(x) = x”. 

4. Repeat step 1 for the same fand for the function g(x) = x’. 

5. Summarize the results of steps 1 to 4. Make some general comments _— 
¢ the rates of change of power functions and the exponential function f(x) = 


6. Do your conclusions in step 5 also apply to other power functions and other 
exponential functions? Explain. How would you confirm these more general 
conclusions? 


7. There is a saying that eventually any exponential function beats any power function. 
Explain what this saying means. Do your conclusions in steps 5 and 6 support this saying? 
Explain. 


Example 2 Differentiating Exponential and Logarithmic Functions 


Differentiate with respect to x. 


a) y=xInx b) y=log (x* +1) coc) P=x'4+1 
Solution 

a) y=xlInx 

dy _ 


=x 4 (inx)+Inx 4 (x) 


=x} — |+Inx 
% 


=1+Inx 


dx 


b) y=log(x* +1) 

We rewrite the function as an exponential equation. 
10° =x +1 

Taking the natural logarithm of both sides, we get 
In 10” = In (x* + 1) 

yIn 10 = In(x* + 1) 

Differentiating both sides with respect to x gives us 


dy 1 d 
In nl0 = ad a +1) 
. dy 
Finally, we solve for aa? 
dy _ 8x” 


dx ~ (x*+1)In 10 


c) P=x74+1 

We take the natural logarithm of both sides. 
In3” = In(x° +1) 

Y yln3= In (x? + 1) 
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Then, we differentiate both sides with respect to x. 


dy_ 1 da 
In ag as 1 ae +1) 
dy_ 2x 


Example 3 Maximum and Minimum Values 


Determine the maximum and minimum values of y = x? Inx. 


Solution 
First, we find the derivative of y = x? Inx. 
dy = GS de 2 
aa ae (In x) + In x ag (x?) 
2 
=~ 42x Inx 
x 
=x+2x Inx a 
Now, we determine when dy =0. 
dx 
dy _ 
ae 


x+2x Inx=0 
x(1 +2 Inx)=0 
x=0 or 14+2Inx=0 
Since x = 0 is not in the domain of the function, we reject it. 


2Inx =-1 
Inx=-4 
a 
x=e2 


Next, we determine at the critical number. 


2 


SF =1422/ | Jv In x 
Pa C7 
=3+2 Inx 
2 1 
as 1 Boe Ine 2 
1 
-342(-3 | 
=2) 
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d’y 


2 


; 


>0, there is a local minimum at x =e 2. The y-value at this point is 


Since 


yeeros 


given by 


1 
Thus, there is a local minimum at the point (- 5 ) or approximately 
(0.607, —0.184). 


We illustrate the solution using a graphing calculator. 


HORESANa Y= 1839397 beeen cioane a 13.1] 


Example 4 Analysis of a Population of Algae 


A population of algae in a swimming pool starts at 2500. After 15 min, the 
population is 5000. This population can be modelled by an equation of the 
form P = P,(a’), where P is the population after t hours, and P, is the 

initial population. 

a) Determine the values of P, and a. 

b) Find the algae population after 10 min. 

c) Find the rate of change of the algae population after 

i) th i) 3h 


Solution | 
a) The initial population of algae is 2500, so P, = 2500. After 15 min, the population is 
5000. Thus, 

P = 2500q' | 
5000 = 2500a"* 15 min is 0.25 h. 

2) = a> 

oe = (a)? 

a=16 


Thus, the population can be modelled by the equation P = 2500(16)', where t is time, 
in hours. 
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b) 10 min is equivalent to : h. 
P =2500(16)' 


1 
= 2500(16)* 
= 3968.50 


The population after 10 min is approximately 3969, 


c) To find the rate of change of the algae population, we determine the derivative of P 
with respect to t. 
P = 2500(16)' 
In P = In [2500(16)'] 
= In 2500 +t In 16 
Differentiate both sides with respect to t. 


1 dP_ 
Bao le 
dP_y 
ae =P\n16 


= 2500(16)' In 16 


i) After 1h, the rate of change is given by 

dP | 

ae 2500(16) In 16 
=110903.5 


The algae are increasing at a rate of about 110000 per hour after 1 h. 
ii) After 2 h, the rate of change is given by 
dP 2 
a ad ? 
or 2500(16)° In 16 
+1774 456.8 


The algae are increasing at a rate of almost 1.8 million per hour after 2 h. 


Key Concepts 
d f 


e -—(Inx)=— 
dx ea x 
¢ Steps for determining the derivative,of an exponential function with base a + e: 
a) Take the natural logarithm of both sides. 
b) Rewrite the equation with no exponents. 


c) Differentiate both sides with respect to x. 
d) Solve for dy 
dx 


¢ To determine the derivative of a logarithmic function with base a # e, rewrite the 


function in exponential form and proceed as for an exponential function. 
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Communicate Your Understanding 


1. Explain why 4 (In x) =i makes sense geometrically. 


2. Is it possible to draw a tangent with slope -} on the curve y = In x? 


Explain. 

3. Explain what is wrong with the following reasoning: 

y=2" 

d pi 

& = x(2"") 
Practise 
1. Differentiate. 
a) y=In (9x — 2) b) y=log,(9x —7) 
° y=3* d) y=log,(x* +3) 
e) h(x) =In 2x° f) f(x) =—x Inx 
g) g(x) =x°5* h) h(x) =4* In x 
) y=2" 
2. Differentiate. 

1 = [aie ‘ 

a) f(x)= iaiae b) y=In(x + In x) 


c) g(x)=VInx 
3. Find the local extrema of each function. 


a) f(x)=!2* 


x 


d) y=log, vx 


b) y=xInx 


4. For the function f(x) = x (In x)’, determine 
a) the local extrema 
b) the points of inflection 


5. Sketch the graph of each function. 
a) y=In x b) g(x) = In (2x + 3) 


Inx 

c) alan d) y=xlInx 

6. Find the equation of the tangent to the curve 

at the given point. 

a) y=x" Inx, (1, 0) 

b) y=log x, (100, 2) 

c) y=In(x’ - 3), (2, 0) 

7. a) Find the first, second, third, and fourth 

derivatives of y = Inx. 

b) Determine a formula for the nth derivative, 
in) 

ae 


Apply, Solve, Communicate 


8. Communication The population, P, of algae 
in a fish tank can be modelled by a function of 
the form P = P,a', where P, is the 

initial population and ¢ is time, in hours. 

At t= 0, the algae population is measured 

to be 200. At t = 3, the population 

is 800. 

a) Determine the values of P, and a. 

b) How long will it take the population to 
double? 

c) Determine the rate of change of the algae 
population after each time. 

i) th 

i) 6h 

d) Will this model hold true for all time? 


9. Application The number of bacteria in a 
petri dish is initially 1000, but reaches 10000 
in2h. 

a) If the number of bacteria grows 
exponentially, determine an equation to model 
the growth. 

b) Find the rate of growth after 5 h. 


10. The mass, m, in grams, that remains of a 

radioactive substance after t hours is given by 
t 

the equation m = 2(2) ©. 

a) Determine the initial mass of the radioactive 

substance. 

b) Determine the half-life of the substance. 

c) Find the rate of decrease of the mass 


after Sh. 
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11. Application Use graphing technology 
to show that the tangent to the curve 

y = In x at the point (e, 1) also passes 
through (0, 0). 


12. The population of foxes in a provincial 
park has been modelled using the equation 


P(t) = SOL 


+40, where ¢ is the time in 


years. 

a) Determine the maximum population of foxes. 
b) What is the predicted long-term stable fox 
population? 


13. An automatic door has been programmed so 
that the angle, in degrees, that the door is open 


has equation a(t) = 1804(2)‘, where t is the time G 


in seconds, ¢ € [0, 8]. 

a) Determine an equation for the speed at 
which the angle is changing. 

b) Use technology to determine the maximum 
door angle. When does this occur? 

c) How quickly is the door closing after 5 s? 


14. As lava from a volcano cools, it flows more 
slowly. The distance, in kilometres, from the 
crater to the leading edge of lava during a 
particular volcanic eruption is modelled with the 
equation s(t) = 12(2 — 0.8'), where ¢ is in hours. 
a) Determine the derivative s'(t). What does it 
represent? 

b) How fast is the lava travelling down the 
mountain after 1h? 4h? 


c) Rewrite the given equation, solving for ¢. 

d) Determine the derivative of t with respect 
to s. What does it represent? 

e) Determine the value of f'(s) when the lava is 
5 km from the crater. 


15. Inquiry/Problem Solving 
a) Show that 


Bp jey _¥ 
de t= 4 Ina 


b) Show that s (In x") = - 


c) Show that 4. (In nx) = g (In x). 


16. Find y’ if y=x 


Inx 


17. Sketch the graph of x” = y*, where x > 0 and 
y>0. 


18. Consider the functions f(x) =e" and 

g(x) =x", where k and m are positive constants. 
a) Show that, for large enough values of x, 
f(x) > g(x), no matter what the values of k 

and m are. (Hint: Using logarithms may be 
helpful.) 

b) Show that, for large enough values of x, 
f'(x) > g'(x), no matter what the values of 

k and mare. 

c) There is a saying that eventually 
exponentials beat powers. Do your results 

in parts a) and b) support this saying? Explain. 


Achievement Check 


dollars. 


The value of a certain car purchased in 2001 can be approximated 
by the function V(t) = 25(0.85)' + 10, where ¢ is the time, in years, 
from the date of purchase, and V is the value, in thousands of 


a) Evaluate and interpret V(3). 

b) Find an expression for V’(t), including units. 

c) Evaluate and interpret V'(3). 

d) Use V(t), V'(t), and any other considerations you think are 
relevant to write a paragraph in support of, or in opposition to, 
the following statement. 


From a monetary point of view, it is best to keep this vehicle as 
long as possible. 
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Applications of Exponential 
and Logarithmic Functions 


Since logarithms are inverses of exponential functions, they are helpful in solving 
exponential equations. In this section, we apply properties of logarithms to solve 
exponential growth and decay problems, such as bacterial growth, the growth of financial 
investments, and the cooling of hot objects. 


Quantities growing exponentially increase at a rate proportional to their size. Quantities 
decaying exponentially decrease at a rate proportional to their size. In both cases, the rate 
of change of the quantity with respect to time is proportional to the value of the quantity at 
that time. 


Exponential growth can be modelled by an equation of the form P = Pye", k > 0, where P is 
the amount at time f, P, is the initial amount, and the constant k is the relative growth rate. 


Pp 


P=Pye",k > 0, 


0 


Exponential decay can be modelled by the same equation, the only difference being 
that k <0. 


An exponential model of bacterial growth is appropriate for a colony of bacteria 
that has plenty of resources (food, water, oxygen) and plenty of room to grow, without 
the presence of competing populations or predators. 


Example 1 Growth of a Bacterial Population 


A population of 800 E. coli bacteria doubles every 15 min. 
a) Determine a formula for the number of bacteria at time ¢. 
b) Interpret the value of k obtained in part a). 


c) How long will it take for the 
population to reach 10200 cells? Web Connection 

In 2000, Walkerton, Ontario suffered a fatal ~ 
Solution E. coli outbreak due to a polluted water supply. 


For more information on the disaster, and how the 

community of Walkerton has come to terms with it, 
go to www.mcgrawhill.ca/links/CAF12 
and follow the links. 


a) We use the formula for exponential 
population growth, P = Pie". From our 
given information, we substitute P = 1600, 


P, = 800, and ¢ = 15 in the formula to solve 
for k. 


y 
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P= Pye" 
15k 
1600 = 800e 


2=e'% 

In2 =15k 

In 2 

ia 15 
= 0.046 21 


So, the number of E. coli bacteria at time ¢ is represented by P = 8002" *", 


b) We interpret k as the relative growth rate. This means that the bacteria population is 
growing at a relative rate of about 4.6% per minute. This is much like compound interest. 
Here the “interest rate” is 4.6% per minute, but the compounding is continuous. 


c) We use the formula P = 800e""*?", substitute P = 10 200, and then solve for t. 


P = 800062!" 
10 200 a 800e"""* 2 
12:75 = grits: lt 
In 12.75 = 0.046 21¢ 
= In 12.75 
~ 0,046 21 
= 55.086 


So, in about 55.1 min, the population of E. coli bacteria will have grown to 10200. 


The cooling of an object can be modelled by an exponential decay equation. According 
to Newton’s law of cooling, the difference between the temperature of an object and 
the temperature of its surroundings decreases exponentially according to the formula 
T-T,=(T,- T,)e" , where T is the temperature of the object at time ¢, T, is the 
temperature of the object’s surroundings, T, is the initial temperature of the object, and 
the constant k is the relative rate of cooling of the object. In other words, Newton’s law 
of cooling states that the temperature difference between an object and its surroundings 
changes at a rate proportional to the temperature difference at the current time. Note 
that, since the temperature difference is decreasing, k is negative. 


Example 2 Forensic Medicine 


The temperature of a recently deceased body is measured and found to be 28°C at 
3:30 p.m., and 25°C at 4:30 p.m. The air temperature in the room is 20°C. Assuming that 
the body temperature was 37°C at the time of death, when did the individual die? 


Solution 


Assume that Newton’s law of cooling applies: 
Bs Ts = (Ty - Tie 
First, we use the given information to determine the value of k. We are given that T, = 20 


and T, = 37. Thus, - 
T — 20 = (37 — 20)e 
T = 20+ 17" 
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Let ¢ be measured in hours. Let ¢ = s represent 3:30 p.m., and let ¢ = s + 1 represent 4:30 p.m. 
When t = s, T= 28, and when t= s + 1, T = 25. Substituting this information into the 
previous equation results in the two equations 

28 = 20+ 17¢* 

25 =20+17¢"” 

which simplify to 


8 = 17e 
Saiz" 
Dividing the second equation by the first results in 
3 _ jkisti-s) 
gue 
5 _ ok 
gue 
Thus, 
5 

k=In ( 3] 

=-0.47 


The value of k means that the difference between the body temperature and room 
temperature is decreasing by about 47% every hour. 


Finally, we find the value of t at 3:30 p.m. by substituting the value 28 for T in 
T=20+17¢°*" 


28 =20+17¢"" 


8 eos 
van 
_ 8 
-0.47t =In (3) 
8 
(a) 
-0.47° 
=1.6 


Thus, at 3:30 p.m., 1.6 hours (1h and 36 min) have passed since death. Therefore, the 
individual died at about 2:00 p.m. 


Radioactive decay is another phenomenon that can be accurately modelled with exponential 
functions. 


Example 3 Carbon Dating 


Carbon-14 is a radioactive substance with a half-life of 5730 years. It is used to determine 
the age of artifacts. An archaeologist discovers that the burial cloth on an Egyptian mummy 
has 45% of the carbon-14 that it contained originally. How long ago was the mummy 
buried? 
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Solution 


We use the formula P = Pig First we determine the value of k using the half-life. 
When t = 5730, P = 0.5P,. Thus, 


P= Pet 
0.5P, = Pee 
In 0.5 =5730k 
In0.5 
R= 5730 
+-1.21x10" 


Having determined the value of k, we can now substitute the data for the present, 
P=0.45P,, and determine the value of ¢. 


0.45P, = Pre Web Connection 
In0.45=kt Carbon dating is critical for archaeological 
In 0.45 research work of all kinds. For more information, 
a k go to www. mcgrawhill.ca/links/CAF12 
In 0.45 and follow the links. 
~ =1.21x10" 
= 6600 


Therefore, the mummy was buried about 6600 years ago. 


Key Concepts 


¢ Exponential growth and decay can be modelled by an equation of the form 
eS Bree where P is the amount at time ¢, P, is the initial amount, and the constant 
k is the relative growth rate. For growth, the constant k is positive, and for decay, 
the constant k is negative. 

¢ For a quantity that grows or decays exponentially, the rate of change of the 
quantity with respect to time is proportional to the value of the quantity at that 
time. 


Communicate Your Understanding 


1. Explain the relationship between exponential growth and exponential decay. How 
are they similar? How do they differ? 

2. Explain how the laws of logarithms can be used to help solve exponential growth 
and decay problems. 

3. How do you know when an exponential model is appropriate? Discuss limitations 
of the model in your explanation. 
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Practise 


At 1. Solve for the variable in each of the following. 
a) 5000 = 4000(1 + 0.075)" 

b) 2600 = 1900(1 + 0.0575)" 

c) 8500= s800{ 14 eae ) 


1 40.0875 )" 
4 


d) 3000= 1700( 
e) 10000 = 2500e" 
f) 12000 = 9000e""" 
g) 7000 = 1200e'" 
h) 2400 = 400e' 


Apply, Solve, Communicate 


2. A cup of hot chocolate, in a room 
temperature of 21°C, cools according 

to Newton’s law of cooling. Determine the 
rate of cooling, k, of the hot chocolate if it 
cools from 86°C to 65°C in 15 min. 


3. A population of termites is increasing 
according to the formula P = Pe. Determine 
the length of time, ¢, that it takes this population 
to triple its initial population of 1800 if it 
doubles in 0.035 days. 


4. How long will it take $6500 to double if it 
is invested 
a) at 9%, compounded annually? 

b) at 8.75%, compounded quarterly? 

c) at 6.5%, compounded semi-annually? 
d) at 6%, compounded monthly? 

e) at 8%, compounded continuously? 

f) at 9.5%, compounded continuously? 


5. A population of 1500 algae doubles every 8 h. 
a) Determine a formula for the number of 
algae at time ¢. 
b) How long will it take for the population to 
reach 25000? 


6. Inquiry/Problem Solving Helena would like to 
amass $11000 to give to her nephew Fritz for a 
high school graduation present. Fritz will be 
graduating in 12 years, and Helena plans to 
invest $4000 now, compounded annually. 

a) What interest rate is necessary for Helena to 
realize her plans? 


b) If Helena would like to give the same gift to 
her niece Simone, who will be graduating in 15 
years, what interest rate would be necessary for 
a similar investment of $4000? 


7. Communication, Inquiry/Problem Solving A piece 
of steel will be forged into a turbine. The steel is 
held in a furnace at a temperature of 1250°C, 
and once it is taken from the furnace it can be 
worked until it reaches a temperature of 1100°C, 
after which time it will become too hard to forge 
successfully. Experiments have shown that the 
relative cooling rate for this grade of steel is 
about k = 1.4% per minute. Suppose that the 
temperature of the forge shop is 30°C. 

a) Determine a formula for the temperature of 
the steel ¢ minutes after it is taken out of the 
urnace. 

b) How long can the workers forge 

the steel before it must be returned to the 
urnace for reheating? 

c) Suppose that the room temperature in the 
forge shop were 15°C instead of 30°C. 
Determine if the result of part b) would change 
in this case, and if so, by how much. 

d) According to the formula of part a), 

if the steel were left out of the furnace, how 
jong would it take to reach the temperature of 
the forge shop? Is this realistic? Comment on 
the validity of the model. 


8. A van’s engine has overheated to 190°C, 

so the driver pulls over to the side of the road 
and shuts off the engine. The engine cools to 
150°C in 5 min, The engine must cool to 80°C 
before the driver can start the van again. If the 
outside temperature is 28°C, how long will it be 
before the driver can restart the van? 

9. A sample of 700 cells in a medical research 
lab triples every 30 min. 

a) Determine a formula for the number of cells 
at time ¢. 

b) How long will it take for the population to 
reach 18 000? 

10. Thorium-234 has a half-life of 25 days. 

a) How long would it take for 30000 g of 
thorium-234 to decay to 500 g? 

b) How long until there is no thorium-234 left? 
Explain. 
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11. Richard has $12000 and wants it to grow 15. The half life of radium is 1656 years. How 
to $30000. Is it better for him to invest his long will it take for 50 g of radium to decay to 
money at 7%, compounded continuously, or 12g? 

at 7.25%, compounded quarterly? Justify your fc] 


; : 16. Application The tabl sents th k 
answiertwithetillaclucous: Application e table represents the number 


of bacteria in a researcher’s sample at various 
12. The population of a city doubles every times. 

25 years. At this rate, how long will it take for 
the population to triple? 


13. Communication Suppose the rate of increase 
of a population is proportional to the current 
population. 

a) The population of Mississauga increased 
from 33310 to 315056 from 1951 to 1981. Use 
this information to predict the population of 
Mississauga in 2021. How confident are you in 
your prediction? 

b) The population of Caledon increased from 
8767 to 26645 in the same 30-year period. 
Predict the population of Caledon in 2031. 

Is your prediction realistic? Explain. 


a) Use graphing technology to graph the data. 
b) Use your graph to estimate the doubling 
time of these cells. 

c) Use your graph to estimate the tripling time 
14, Application Hot bricks lose heat according to of these cells. 


Newton’s law of cooling. d) Use your graph to estimate the number of 
a) If the bricks have an initial temperature cells after 60 min. 

of 350°C, the air temperature is 20°C, and e) Use graphing technology to find a function 
the cooling constant is 0.2, determine that models this data. 

the temperature of the bricks after 10 min. f) Determine an equation in the form P = Pe’ 
b) How long it will take for the bricks to cool that represents this data, Use the data from the 
to 75°C? table or your graph to verify your equation. 


Achievement Check 


The electric charge of a capacitor in a circuit decays exponentially 
ql 
according to the formula Q = Qye"“ , where R and C are positive 


constants depending on the circuit, and QO, is the charge at time 
t = 0, where Q, # 0. Recall that half-life is the time it takes to 
reduce a quantity to half its initial amount. The time constant is 


the time to decay to 1 times the original value. Show that the 
3 


, d ; 
charge, O, and the electrical current, | = “ , have the same time 


constant. Describe the time constant graphically. 
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nvestigate & Apply: Local Linearization 


The following exploration examines a technique for 
obtaining function values when the derivative is more 
readily available than the function values. 


For a function that has a smooth graph, the tangent line 
to the graph at a point is a good approximation to the 
graph for nearby points. This means we can approximate 
values of the function at such points with values of the 
tangent. 


1. The slope of the tangent to the graph of y = f(x) 
at x =a is f’(a). Show that the equation of the tangent 
line is y = f(a) + f'(a)(x — a). 


> 


0 


2. For a fixed value of a, show from first principles that, for values of x close 
to a, f (x) + f(a) + f'(a)(x — a). 
This expression is a linear function that approximates f(x) near a quite well. 
It is called the local linearization of f(x) near x = a. We looked at local linearity in 
Section 1.2. After zooming in a sufficient number of times, every smooth graph 
starts to look like a straight line. 


x 
seat ra pall saved ye AND 

3. Suppose we want to calculate the exact value of the limit lim wore Direct 
x0 


substitution gives us is which is undefined. By representing the numerator by f(x) 


| 

ee pe: 1 | 

and the denominator by g(x), use local linearity to find lim | 
x 

| 


4. Confirm your result using a graphing calculator. 


5. Create a new example to demonstrate your understanding of this technique. 
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Review of Key Concepts 


7.1 Exponential Functions 
Refer to the Key Concepts on page 419. 


1. a) Explain the similarities and 
differences between the graphs of y = 3* 
and y = 5°, In your explanation, pay 
attention to the y-intercepts and the 
limits as x approaches positive and negative 
infinity. ; 
b) Repeat part a) for the graphs of y =( 3) 
and y= ay 

4 5" 
2. a) Use a table of values to graph f(x) = 4". 
b) Graph g(x) = 4~* and A(x) = —4* using the 
graph of f(x) = 4". 
c) State the y-intercept, the domain and range, 


and an equation of the vertical asymptote of 
each function, 


3. For each function, 

i) draw a graph 

ii) state the y-intercept 

iii) state the domain and range 

iv) state an equation of the horizontal 


asymptote 
a) h(x) = (3)4* 
b) y=2*-5 


c) e)=4(3) +2 


4. Evaluate. , 
a) lim 5* b) lim 7 * 


x-0 x0 
1 


1 
c) tim 6* d) lim, 4x3 
5. Louisa bought a rookie baseball card in 
2001 for $2.50. The value of the card is 
expected to increase and can be approximated 
by the expression y = 2.5(1.07)', where ¢ is the 
number of years since 2001, and y is the value, 
in dollars. 
a) Graph the value of the card over time. 
b) Find the approximate value of the card 
in 2007. 
c) Determine approximately when the card will 
have a value of $70. 
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7.2 Logarithmic Functions 
Refer to the Key Concepts on page 427. 
6. Copy and complete the table. 


7. Evaluate. 
a) log,64 


b) log, 1 

8. Use graphing technology to graph the 
functions y = 5‘ and y = log, x on the same set 
of axes. State the domain and range of each 
function. 

9. Determine the equation of the inverse of 
each function. Graph each equation and its 
inverse. 

a) y=log,x b) Fe) = 3" 

10. Graph each function. State the domain, 
the range, and the equation of the asymptote. 
a) y=log,(x + 3) b) y=3logx-2 

11, Without graphing, determine the domain of 
each function. 

a) y=log, x 


1 
b) ftx)=log( +) 
©) g(x) = log, (1 ~ x’) 
12. How long will it take to double an invest- 
ment of $500 at 12%, compounded quarterly? 
7.3 Laws of Logarithms 
Refer to the Key Concepts on page 434. 


13. Write as a sum or difference of logarithms. 
a) log, (xy) b) log, (x — 1)(x + 5) 


a tC) 


14. Express as a single logarithm. 
a) log, 21 —log,7 + log, 2 
b) Slog m+ 6logn 


d) log, 5 


c) ; log, 27-log, 9 
d) log,(x — 2) + 2log,(x + 2) 


15. Evaluate. 
a) log,32 —log,2 
c) log, V3 


b) log, 27 + log,8 
d) log,4 


16. Evaluate to four decimal places using a 
calculator. 


a) log,S b) log7 c) log,8 


17. Is log, 5 the same as log, 2? Explain. 


18. Kepler’s third law of planetary motion 
relates P, the period of a planet’s orbit, to R, the 
planet’s mean distance from the sun, through the 


equation log P = ; (log k +3 log R), where k is 


a constant. 

a) Rewrite the formula as a single logarithm. 
b) Rewrite the formula in exponential form. 
c) Rewrite the formula, solving for P. 


7.4 Exponential and Logarithmic 
Equations 


Refer to the Key Concepts on page 441. 


19. Solve for x and check your solution, 
a) 2log,x = log, 64 

b) ix 2iges 

c) 3(4)**5 = 25 

d) log (x + 8) + log(x -1)=1 
e) (5) - (5)"-20=0 

f) log, x + log, 3 = log, 24 


20. Emilio invests $1000 at 7.5%, compounded 
semi-annually. How long, to the nearest month, 
will it take for the investment to 

a) accumulate to $1500? 

b) double? c) triple? 


21. Canada’s population has been increasing at a 
rate of about 1.17% per year since 1971, when 
the population was 21 962 082. 

a) Write an equation that models the 
population of Canada in year x. 

b) Use the formula in part a) to determine the 
population in 2001. 


c) Write an equation to calculate the 

time it takes for the population to reach 

P people. 

d) In what year should Canada’s population 
reach 50 000 000? 


22. There are initially 5000 bacteria in a culture. 
The number of bacteria doubles every 2 h, 
so the number of bacteria after ¢ hours will be 


fi 
N =5000 (2), 

a) How many bacteria are present after 
12 h? 

b) How long will it take until there are 
1.000 000 bacteria present? 


23, The population of a city increases at a rate 
of r% per annum. The population at any time is 
P(t) with initial population, P,. 

a) Write a formula for P(t). 

b) Solve the formula in part a) for t, using base 
10 logarithms. 


24, In a particular circuit, the current J, in 
amperes, can be found using the formula 
1=0.8(1 — 10°"), after t seconds. 

a) What is the current in the circuit after 5s? 
b) Rewrite the equation for I, solving for t. 
c) Use the equation in part b) to 

determine the time it takes for the current 

to reach 0.5 A. 


7.5 Logarithmic Scales 


Refer to the Key Concepts on page 446. 

25. a) Determine the pH level of a cheese for 
which [H*] = 3.3 x 10 mol/L. 

b) Is the cheese acidic or basic? 


26. A subway train has a sound level of 100 dB 
and normal conversation has a sound level of 
50 dB. How many times as intense as the 
conversation at the subway station is the sound 
of the subway train? 


27. Japan had an earthquake of magnitude 4.8 
on the Richter scale in 1906, and an earthquake eo fo} 
of magnitude 7.2 in 1995. How many times as “toe 
intense as the earthquake in 1906 was the 1995 
earthquake? 
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28. The A notes on a piano have frequencies 
according to the following table. Let f, in Hertz 
(Hz), represent the frequency of A note 7, where 
x = | corresponds to the lowest A note on the 
piano. 


1 Dis 
Hae ese 
3 110 
a 
5 440 
6 880 — 
7 1760 


a) Construct a scatter plot with x on the 
horizontal axis and log, f on the vertical 

axis, 

b) What type of curve would fit the data on 
the scatter plot? Do a regression to determine 
an equation relating log, f to x. 

c) Write the equation you determined in part b) 
in exponential form. 

d) Determine the frequency of the 8th A note. 


7.6 Derivatives of Exponential Functions 
Refer to the Key Concepts on page 458. 


29. Differentiate. 
a) y= 


b) y=x'e* 
©) f(x) =x°e* i 


d) yao 


e) h(x) =e" 
2 


1) ale) = ae 


a) y= h) fle) =(1- 


e 


ek 


) kxl= i) y=xe™ 
30. Find an equation of the tangent to the curve 
y =e* at the point where x = 1. 


31. The atmospheric pressure, p, in kilopascals, 
for distances up to 10 km above sea level, is 
given by the formula p = 101.3e°"?*, where x 
is the altitude, in kilometres, above sea level. At 
what altitude will the atmospheric pressure be 
approximately 70 kPa? 
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32. Determine the local extrema, inflection 
points, and all asymptotes of each function. 
Then, sketch a graph of each function. 

x 


b) y=—© 


a) yexve Pare) 


33. The power output, in watts, of a certain 
battery system decreases at a rate proportional 
to the power, and is defined by the equation 
P(t) = 50¢°", where t is the time in days. 

a) Determine the equation representing the rate 
of change of the power output. 

b) At what rate is the power output decreasing 
after 100 days? 


34. The cost, in dollars, of producing 

x CDs is given by the equation 

C(x) = 10x — 75x’e* + 1500. 

a) Determine an equation for the marginal cost. 
b) Determine the marginal cost of producing 
100 CDs. 

c) Determine the marginal cost of producing 
1000 CDs. 


7.7 Derivatives of Logarithmic Functions 


Refer to the Key Concepts on page 468. 
35. Differentiate. 

a) g(x)=In x" 

c) h(x) =In(Sx + 1) 
e) y= 2" log, (x - 8) 


a) fle)= 7 


b) y=8* 
d) g(x) = log (4x + 15) 
f) y= log,(7x* +2) 

1 


h =. 
yy xInx 


36. Sketch the graph of f(x) = In(x + 1). 


37. Find the equation of the tangent to each 
curve at the given point. 

a) y=5*,at the point where x = 5 

b) g(x) = 3°, (3, 27) 

@ fad=(3).-38 


d) y=7", (2, 49) 


38. The population, P, of a certain kind of 
bacteria, after ¢ hours, is represented by an 
equation of the form P = P,a'. There were 6400 
bacteria after 90 min and 12800 bacteria after 
2h. Find the rate of growth after 90 min. 


39. Determine the local extrema, 
inflection points, and all asymptotes of the 
function y = x° — Inx. Graph the function. 


40. When a particular medication is swallowed 
by a patient, the concentration of the active 
ingredient, in parts per million, in the blood- 
stream is given by the equation C(t) = 1502(0.5)', 
after t hours. 

a) Estimate the highest concentration of the 
medicine. 

b) How fast is the concentration decreasing, 
after 2 h? 


7.8 Applications of Exponential 
and Logarithmic Functions 


Refer to the Key Concepts on page 474. 


41. How long will it take $7000 to triple if it is 
invested at 

a) 8.5%, compounded semi-annually 

b) 9%, compounded continuously 


42. Over a span of 20 years, the population of 
Brampton increased from 51003 to 149030. The 
population of Brampton in 2000 was 310792. 

a) Assuming that the same population model 
applies for the entire relevant domain, when was 
the population 51003? 

b) Research population statistics for Brampton. 
When was its population 51003? 

c) Compare your results from parts a) and b). 
Explain any differences or similarities. 

43. Stainless steel (300 grade) is water 
quenched so that it will be soft enough to be 
milled easily. In the water-quenching process, 
steel at a temperature of 1070°C is placed in a 
tank full of water. Fresh water is circulated into 
the tank to maintain the water temperature at 
about 27°C. After 1 min, the temperature of 
the steel has decreased to 850°C. When the 
steel has reached a temperature of 38°C, it is 


removed from the tank. Determine when the 
steel should be removed from the tank. 


44. A population of mould doubles every 3h. 
If the initial population was 600, how long will 
it take to reach a population of 40000? 


45. The rate of growth of the world’s urban 
population varies at a rate proportional to the 
existing population. In 1989, the world’s urban 
population was approximately 2.3 billion. In 
1999, it had reached 3 billion. 

a) Determine an equation representing the 
world’s urban population between 1989 and 
1999, 

b) Assuming the same model applies for a 
further 20 years, what would the world’s urban 
population be in 2019? 


46. Atmospheric pressure varies exponentially 


Eley 
up to an altitude of about 10 km above sea Spent 
level. The pressure at sea level is 100 kPa . 

Ua 


and at an altitude of 2 km the pressure is 
75.73 kPa. 

a) Determine a formula for the atmospheric 
pressure at an altitude of x km. 

b) What is the atmospheric pressure at an 
altitude of 5 km? 

c) What is the atmospheric pressure at the 
altitude where the model ceases to be accurate? 


47. The intensity of light passing through glass 
varies exponentially with the thickness of the 
glass. Light with intensity of 2 lumens is shone 
through a 5-mm-thick piece of glass and passes 
through with an intensity of 0.736 lumens. 

a) Determine a formula for the intensity of 
light passing through a sample of this type of 
glass with thickness x mm. 

b) Determine a formula for the intensity of 
light, with initial intensity of J, passing 
through this type of glass with thickness x mm. 
c) What effect will doubling the thickness have? 
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Chapter Test 


Achievement Chart 


Questions 


1. Graph the function f(x) = 
a) What is the relationship between 


f(x) = 3° and g(x) = (3 } ? 
b) Use your graph of f(x) to graph g(x). 


2. Use the graph of f(x) = 5‘ to sketch a graph 
of each function. 


Hae 
Coe Pe 
seaneeel 
ti | Yt | 
EHP 
Ee 


3. Evaluate. 


a) lim 2°* b) lim 4°" 
c) log, 32 d) log, 12 
e) log,9 + log,4 f) Flog, 25 


4. Solve for x and check your solution, Round 


your solution to four decimal places, if necessary. 


a) 3°-*=27 

b) log, (x + 7) = log, (x + 2) + 
c) 2**- 3(2")+2=0 

d) 2log,(x + 1) + log,(x — 2) = 


5. Differentiate. 


a) f(x)== 


b) y=xe* 
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10, 11, 16, 21 


1,12,20,21 2,8, 14, 15, 17-19, 21 


c) y=ex? d) g(x) =Inx° 
e) h(x) =log(8x +7) f) y=log,(x — 2) 


6. Find an equation of the tangent at the given 
point. 

a) y=4*, (2, 16) 

b) f(x) =e, at the point where x = 2 


7. The atmospheric pressure, p, in kilopascals, 
Einar -0.125x . 

is given by p = 101.3e , where x is 

the altitude in kilometres above sea level. 

How high above sea level would you have to go 
to have an atmospheric pressure of 59 kPa? 


8. a) Graph the function y = log, (x + 3) + 4. 
b) State the domain, the range, and the 
equation of the vertical asymptote. 


9. How long will it take $500 to double if it is 
invested 

a) at 8%, compounded annually? 

b) at 8%, compounded continuously? 


10. Iodine-135 has a half-life of 8 days. How 
long would it take for 28 kg of iodine-135 to 
decay to 200 g? 


11. In 1994, California had an earthquake with J 
magnitude 6.8. What would the magnitude be = = 
of an earthquake that is 1.8 times as intense? “uae 


12. The power gain of an amplifier, in decibels, 
is the difference between the output and input 
sound levels. By what ratio does an amplifier 
increase the power of a sound signal if the 
power gain is 55 dB? 


13. Sketch the graph of y = x In(4x — 5), 
showing all the important information. 


14. Determine the local extrema, inflection 
points, and all asymptotes of each function. 
Then, sketch a graph of the function. 


1 


a) y=e-x* b) al 


15. Strontium-87 is used in the study of bones. 
After one hour, 78.1 mg remains of a 100 mg 
sample. What is the half-life of strontium-87, 
to the nearest tenth? 


16. The intensity of the sunlight below the 
surface of a river is reduced by 4.6% for every 
metre below the surface. Show that the intensity 
of the sunlight I(d) is related to the depth d by 
d=-48.9 log 4 
0 
intensity at the surface. 


), where J, is the light 


17. The total cost, in dollars, to produce x litres 
of insecticide is modelled by the equation 


C(x) = 200.2,J1n (10x + 1), 


a) Determine the equation representing the 
marginal cost. 

b) What are the total cost and marginal cost of 
producing 1000 L of the insecticide? 


18. The mass, in kilograms, of salt in a brine 
solution as a solution of different concentration 

is being poured into the container, is 

M=20(1.5 +e 8.021) where t is the time 

in minutes. 

a) Determine an equation for the rate of change 
of the mass of salt in the brine solution. 


b) After 5 min, what is the rate of change of 
the mass of the salt in the solution? 


19. An object is taken from room temperature of 
20°C to the refrigerator, where the temperature 
is 5°C. After one hour, the temperature of the 
object is 12°C. 

a) What will the temperature be after one more 
hour? 

b) What will the temperature be after two more 
hours? 

c) When will the temperature reach 7°C? 


20. A model for growth of a population that is 
appropriate in certain circumstances is known 
as the logistic model, which has equation 


P(t) = , where M is the 


1+ p (M- Rem 


0 
maximum sustainable population, P, is the 
initial population, and k is a constant relative to 
the growth rate of the population being studied. 
A model for the world’s population, in billions, 
= 50 

is given a8 PC) Ons 
number of years after 2000. 
Use a graph to help explain why this model would 
be more appropriate than an exponential model. 


, where ¢ is the 


Achievement Check 


will the temperature of the body be decreasing at a rate of 5 i 


per hour? 


c) Using the value of & found in part a), show that, 24h after 
death, the coroner’s rule gives approximately the same 
temperature as the formula. 


21. Coroners estimate the time of death from body temperature 
using the simple rule that a body cools about 1°C in the first hour 


after death and about J °C for each additional hour. The 


temperature is measured using a small probe inserted into the 
liver, which holds body heat well. Assuming an air temperature of 
20°C and a living body temperature of 37°C, the temperature, 
T(t), in degrees Celsius, is given by T(t) = 20 + 17e Mt where t = 0 
is the instant that death occurred. 

a) For what value of k will the body cool by 1°C in the first hour? 
b) Using the value of k found in part a), after how many hours 


2 
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Challenge Problems 


1. If the following expression continues indefinitely, find the value for the expression. 
Give the answer correct to two decimal places. 


Vie Vi4Vi4Vi4... 


2. A quantity modelled by the equation f(x) = 10“ decreases 40% in value as x changes from 3 to 
7.5. Determine the value of k. 


3. Graph each pair of functions on the same set of axes. State the domain and range of each 
function. 

a) y=2"! and y=2-! 

b) y=e™ and y=e™ 

4. It is observed that the activity of a radioactive element decreases exponentially according to the 


formula A = A,(10) " and decreases to 0.35 of its original quantity in 5h. Find the half-life of the 
element. 


5. Ifa=log, (11 ~6V2) and b = log, (45+ 2942), find 3a + 2b in simplest form. 
6. For what values of x is the graph of y =e * concave downward? 


7. Find the quadratic polynomial f(x) = ax* + bx +c that best fits the function g(x) = e* near x = 0 in 
the sense that f(0) = g(0), f'(0) = g'(0), and f"(0) = g"(0). Using a graphing calculator or graphing soft- 
ware, sketch the graphs of fand g on the same axes. What do you notice? Repeat the procedure to 
find the cubic that best fits the function. For the cubic, you will need the property that f’"(0) = g’"(0). 
8. a) Continue the method of problem 7 to find the polynomial f, (x) of degree n that best fits the 
function g(x) =e. 


" 
b) Let S, (x)= >, x" be a geometric series with common ratio x. Evaluate S, (x), and show that, 
0 


if -1 <x <1, the limit S (x) = lim S,, (x) exists. This function is sometimes written as S(x) = > ey 
0 


tay. 


d) Write the function f(x) from part a) as a series (not necessarily geometric). Use the inequality in 
part c) to show that the series is bounded by an expression that includes a geometric series with 
common ratio s € (~1, 1), 

e) Based on parts a) and d), write an expression for the function g(x) = e“ as an infinite series. 


9. Let f, w=(1+2), 


a) Find f(x). 
b) Show that lim f,(x) = lim f,/ (x), if the limits exist. 


an infinite series. 


c) Suppose that -k <x <k <r. Show that 


c) Given that the limits in part b) do exist, explain why your conclusion in part b) is evidence for the 


fact that lim (1+) =e", 


nyo 
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Cumulative Review: 


1. A backyard hockey rink is to be built in the 
shape shown. The quarter circles at the corners 
must have radius 3 m. 


The boards for the rink have already been 
purchased, so the rink must have a perimeter 
of 75 m. 

a) Determine the dimensions of the rink that 
maximize the ice surface. Is this a useful shape 
for the game of hockey? Explain. 

b) Professional NHL rinks use dimensions 

61 m by 26 m (200 ft by 85 ft), so the ratio of the 
length to the width of the rink is approximately 
12:5. The radius of the quarter circles at the 
corners is 8.5 m (28 ft). Determine the surface 
area of a rink with a length to width ratio of 
12:5 and a perimeter of 75 m. How much ice is 
lost by not choosing the optimum shape 
determined in part a), as a percent of the 
optimum? 


2. A plastic candy container is in the shape of a 
square-based rectangular prism surmounted by 
a cylinder. The diameter of the cylinder is equal 
to the width of the prism’s base, and the heights 
of the prism and cylinder are equal. The volume 
of the container is 300 mL. Determine the 
dimensions of the container that minimize the 
amount of plastic used. 


3. The motion of a yo-yo can be described by 
the equation s(t) = 90¢° — 270 + 200, where s is 


Chapters 6 and 7 


the distance, in centimetres, that the yo-yo is 

above the floor ¢ seconds after it is dropped. 

a) From what height is the yo-yo dropped? 

b) Determine the minimum height of the yo-yo. 

c) At what time does the yo-yo return to the 

hand? 

d) Determine the intervals of increase and 

decrease of s(t). Explain what is happening with 

the yo-yo during each interval. 

4. Determine equations of all of the asymptotes 

of each function. 
1 


al =——_—_ 
yy x +6x4+9 
) , - Ox=1 

~ 1-2x 


5. Determine the local extrema and the points 
of inflection of each function. 


Rhys ght Gok = _* 
a) f(x)= 8x b) f(x) roma) 


6. Use the following information to sketch a 
possible graph of y = f(x). 

©  asymptotes: x = 0 and y= x + 1 

© points: local minimum at (1, 3), local 
maximum at (-1, —1), no intercepts, no points 
of inflection. 


7. A manufacturer of calculators estimates that 
the cost of making x units is C(x) = 50 000 + 35x. 
Market research has found that monthly 
demand is 2000 calculators when the price is set 
at $28. For every $2 drop in price, the number 
of calculators sold per month increases by 500. 
a) Determine the price function. 

b) Determine the manufacturing level that 
maximizes profit. 

c) Determine the manufacturing level that 
maximizes revenue. Explain why a company just 
starting might be more interested in maximizing 
revenue than maximizing profit. 


ed 
>. Include 
: (x — ) . c 
intercepts, asymptotes, extrema, points of 
inflection, and any other significant details. 


8. Sketch a graph of y= 


9. Given the function f(x 


a) find the intervals of increase or decrease 
b) find the local extrema 
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c) find the intervals of concavity 
d) find any points of inflection 
e) sketch the curve 


10. a) Graph the function f (x) = 3°. 
b) Use your graph of f(x) to graph g(x) = 2(3"), 


h(x) = 3° — 1, k(x) = -(3*), and r(x) = (3)- 


11. Evaluate. 
a) lim (4) b) lim a5 


12. Evaluate. 
a) log, 81 


c) log, 34(3) log, Slog, 2 


b) log,, 16 + log,, 9 


13. Solve for x. 

a) 3 log, x = log, 8 

b) 9! = 729 

c) log(x -— 5) + log (x +3)=1 

d) e*-e-6=0 

14. Graph the function y = In (x + 3) — 3. State 
the domain, the range, and the equation of the 
asymptote. 


15. How long, to the nearest month, will it take 
$5500 invested at 6%, compounded annually, to 
a) accumulate to $8000? 

b) double? 


16. In 1964, Alaska experienced an 
earthquake of magnitude 8.6 on the 

Richter scale. What is the magnitude of an 
earthquake that is twice as intense as Alaska’s 
earthquake? 


17. The brightness, [, of a star is the amount of 
visible light received from it. The magnitude 
scale is designed so two stars whose magnitudes, 
m, differ by 5 have a brightness ratio of 100, 


mms, 


That is; 4 =100 °° 
1 
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Notice that the exponent is m,—m, and not 
m, — m,, so that if m, > m,, star 1 is less bright 
than star 2. 

a) Verify this formula for two stars whose 
magnitude differs by 5. 

b) Star magnitudes can be negative. Sirius, 

the brightest star in the sky, has a magnitude of 
—1.42. The moon has a magnitude of —12.5. 
How much brighter is the moon than Sirius? 

c) The brightness ratio between our sun and 
Sirius is about 1.2 x 10°°. What is the magnitude 
of the sun? 


18. Differentiate. 


a) y=x'e* b) y=2xe 
. e 5 
ce) y= ae d) y= = 
e) y=In(x") f) y= log, (x + 1) 


19. Find the equation of the tangent to the 
graph of y = 4" at (3, 64). 


20. The equation P = 300e”"" represents the 
number of bacteria present in a hamburger not 
stored in the refrigerator, where P is the 
population of bacteria, and ¢ is time, in minutes. 
a) Determine the original population of 
bacteria. 

b) After how much time will there be approxi- 
mately 11000 bacteria in the hamburger? 


21. The population of a certain city doubles 
every 15 years. At this rate, how long will it 
take the population to triple? 


22. Metal loses heat according to the formula 
T=T,e 02 where T, is a the difference in 
temperature between the surrounding air and 
the initial temperature of the metal. 

a) If the initial temperature of the metal was 
300°C and the air temperature is 20°C, find the 
temperature of the metal after 5 min. 

b) How long will it take for the metal to cool 
to 100°C? 


Chapter 8 


Extension: Trigonometric 


Functions and Their Derivatives 


Many phenomena in nature are periodic, and so can be modelled using combinations 
of sine and cosine functions, which are the basic periodic functions. The rhythms of 
Earth, such as its daily rotation, the seasons, the tides, weather, and so on, can all be 
modelled using trigonometric functions. Many of our bodily rhythms can also be 
modelled using trigonometric functions. Examples are the rhythms of our heart beats, 
our breathing, the concentration of various substances in our bloodstreams, and the 
electrical and chemical rhythms in our brains. But trigonometric functions are used for 
many things other than modelling periodic phenomena. Wherever angles are essential 
in problems, such as when a baseball is hit and its initial path is inclined at a particular 
angle, trigonometric functions are helpful. 


1. Distance between two points Determine the 
distance between the points in each pair. 

a) (1, 2) and (3, 5) 

b) (2, 4) and (1, -7) 


2. Even functions (Section 1.1) a) State the 

definition of an even function. 

b) Determine whether each function is even. 
) fe)axt 

i) f(x)=x 
iii) f(x)=x -x 
iv) f(x) =cosx 


3 
—-x 
4 


3. Odd functions (Section 1.1) a) State the 
definition of an odd function. 
b) Determine whether each function is odd. 


i) f(x)=x° 
i) f(x) =x°-x° 
iil) f(x)=x-x' 


iv) f(x) =sinx 


4. Circle geometry A circular arc has length 
3.cm, and the radius of the circle is 2 cm. 
Determine the measure of the angle subtended 
by the are 

a) in radians 

b) in degrees 


5. Circle geometry Assume that Earth moves 
around the sun at a constant speed in a circle of 
radius 150000000 km. 

a) What angle does Earth’s path subtend in one 
day? 

b) How far does Earth travel in one day? 

c) What is the Earth’s speed of motion around 
the sun in kilometres per hour? 


6. Circle geometry As Earth rotates on its axis, 
each point on Earth travels in a circle. The 
radius of the circle depends on the latitude of 
the point. 

a) Look up the latitude of your location on 
Earth. 

b) Assuming that Earth is a sphere of 

radius 6400 km, calculate the radius of your 
path. 

c) Determine the circumference of your path. 
d) Determine the speed at which your 
location moves around Earth (in kilometres 
per hour). 
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Review of Prerequisite Skills 


Web Connection 
To review trigonometry interactively, go to 
www.mcgrawhill.ca/links/CAF12 
and follow the links. 


7. Angle measures Write each angle in degrees. 
a) am rad 


f) rad 


8. Angle measures Write each angle in radians. 
a) 15° 

b) 75° 

c) 105° 

d) 120° 

e) 150° 

f) 700° 


9. Trigonometric functions Determine the 
values of sin 0, cos @, and tan 0. 


10. Trigonometric functions Use appropriate 
right-angled triangles to determine exact values 
for the following quantities, 


30° or = 


6 
cas 
7 


60 ors 


11. Trigonometric functions Use a calculator to 
determine the sine, cosine, and tangent of the 
following angles, rounded to four decimal 
places. 

a) 27.7° 

b) 81.4° 

c) 0.8 rad 

d) = rad 


12. Trigonometric functions Use your calculator 
to determine an angle, in radians, rounded to 
two decimal places, for which 


a) sin@=0.34 
b) cos @= 0.6 
c) tand=4 


13. Trigonometric functions If sin 0 = 0.5 


and cos @= y determine tan @ without 


determining 0. 


14. Trigonometric identities Draw a unit circle 
centred at the origin O. Label a point A on the 
circle in the first quadrant. Drop a perpendicular 
from A to intersect the x-axis at B. Label ZAOB 
as 0. 

a) Consider the right-angled triangle OAB, 

and use the Pythagorean theorem to prove that 
sin’ 0+ cos = 1. 

b) Is there an angle @ for which sin @ = 0.8 and 
cos 0 = 0,2? If so, determine the angle. If not, 
explain why not. 


15. Determining angles Draw a unit circle 
centred at the origin. 

a) Sketch an angle @ in the first quadrant, 

Oe [0, I Then, sketch the related angles 

-0, 7 — 0, 27-0, and 7+ 0. 

b) Repeat part a) if the starting angle @ is in the 
second quadrant, 0€ [> i. 

c) Repeat part a) if the starting angle @ is in the 
third quadrant, 0 € [= 37), 

d) Repeat part a) if the starting angle @ is in the 


fourth quadrant, @€ [*. 2. 


16. Determining coordinates of points For each 
diagram, determine the coordinates of the 
point A. 


17. Determining angles For each diagram, 
determine the angle @, in radians. 


graph of two cycles of each function, 

a) y=sinx 

b) y=cosx 

c) y=tanx 

d) y=sin (x — 3) 

e) y=3cos (2x) 

19. Solving trigonometric equations Solve each 
equation for @<[0, 27]. Round your answers to 
the nearest hundredth, if necessary. 

a) 3cos@=cos#+2 

b) 2sin’@+sino-1=0 

c) 6sin’@-sind-5=0 

d) sin’6+sin@-6=0 
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20. Slopes of lines; Trigonometric functions 

a) Sketch the line joining the origin with the 
point (3, 4). 

b) Determine the slope of the line in part a). 

c) Determine the tangent of the angle that the 
line in part a) makes with the x-axis. 

d) Compare the results of parts b) and c). What 
conclusion can you draw? 

e) Is the conclusion you made in part d) true 
for all lines through the origin? If so, provide a 
convincing argument. If not, find an example for 
which it is not true. 


The Reciprocal Trigonometric Functions 
The following reciprocal trigonometric 
functions are defined. 


Cosecant: csc @ = pts 
sin@ 

Secant: sec = i 
cos @ 

i! 
Cotangent: cot@= AN 


21. Trigonometric identities Rewrite each 
expression so that no denominators remain. 


a) ———+ 


rer 
sin’ x cos’ x 


1 3 
tanx cosx 
1 4 
2cosx 3sinx 


) 
d) 


22. Trigonometric identities Simplify each 
expression so that no denominators remain. 


tanx 
a = 

sin x 

sin x 
b) 

tanx 

sin x 
°) 3 

sin’x 
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23. Trigonometric identities Write each 
expression in terms of sine and cosine only. 
a) secx cscx 

b) tanx secx 

c) sec’x 

d) cotx secx 


24. Trigonometric identities Show that each 
identity is valid. 


a) coté 


b) cotd= 


c) 


25. Trigonometric functions Determine the exact 
value of each quantity. 


a) csc 
b) sec 


c) cot 


d) secO 
e) cscO 
f) cota 
g) csc 30° 
h) sec 90° 
i) cot60d° 


26. Trigonometric identities Consider the 
identity sin’ @ + cos*@= 1. 

a) Divide each term of the identity by sin’ to 
obtain another relation. Express this relation 
using the reciprocal trigonometric functions. 
For which values of 6 is the resulting relation 
valid? 

b) Divide each term of the identity by cos’ @ to 
obtain another relation. Express this relation 
using the reciprocal trigonometric functions. 
For which values of @ is the resulting relation 
valid? 


Addition and Subtraction Formulas 


The main goal of this chapter is to determine the derivatives of the basic trigonometric 
functions. In order to use first principles to find the derivative of the function f(x) = sin x, 
we need to determine the following limit. 


f'lx)= = f (x) 


= ij pe 
= pa h 


It may not be clear how to determine this limit, because we are unfamiliar with expanding 
expressions such as sin(x + /). This requires an addition formula for the sine function. 


In this section, we develop addition and subtraction formulas for the sine, cosine, and 
tangent functions. Starting with the sine function, we want a formula that expresses 
sin(x + h) in terms of sinx and sinh. In general, we want a formula for sin(a + b) in 
terms of sina and sin b. Consider the diagram. 


The diagram has been constructed so that ZRQU, ZRUT, Ry 
ZUPS, and ZRST are all right angles. To simplify the 
calculations, we scale the diagram so that the measure of 
segment RT is 1 unit. The general strategy for developing the 
desired formulas is to express various segments in the diagram 
in terms of trigonometric functions of angles a, b, and a + b. 
Then, we use relations among the segments to determine 
relations among the trigonometric functions. 


QU 
To carry out this strategy, we need to determine ZRUQ. 
First note that, in ATUP, ZTUP = @ — a. Then, 


r 


since ZTUP + ZRUQ = > it follows that ZRUQ = a. cs S B 


Note that in ATRS, 
sin(a+b)= ne 


=RS (since RT = 1) 
Also, 
RS = QP 
= UP + QU 


Thus, 
sin (a + b) = UP + QU 


We can express UP and QU in terms of trigonometric functions of a and b. 


In ATRU, 
RU a i 
sin b= RT cos b= TR 
=RU (since RT = 1) =TU (since TR = 1) 
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‘ _ UP _ QU 
sin a=G cosa= Ry 
— (UP _ QU 
~ cos b sin b 
or or 
UP = sina cosb QU = cosa sinb 


Since sin(a + b) = UP + QU, we have the addition formula for sine, 
sin(a + b) = sina cosh + cosa sinb 


By following a similar strategy using the fact that TS = TP — SP, the following addition 
formula for cosine can be determined. 


cos (a + b) = cosa cos b - sin a sinb 


Once we have the basic identity sin(a + b) = sina cos b + cosa sin b, we can obtain an 
identity for the sine of the difference of two angles simply by substituting —b for b in the 
formula and recalling that sin(—b) = -sin b and cos(—b) = cos b. 
sin(a — b) = sin (a + [-b]) 

= sina cos (—b) + cosa sin (—b) 

= sina cos b + cosa (—sin b) 

= sina cos b — cosa sinb 
The formula for cos (a — b) can be obtained in the same way. 
cos(a — b) = cos(a + [-b]) 

= cosa cos (—b) — sina sin (—b) 

= cosa cos b — sina (- sin b) 

= cosa cos b + sina sinb 


The subtraction formulas for sine and cosine are 


sin (a — b) = sina cos b — cosa sinb 
cos (a — b) = cosa cosh + sina sinb 


Addition and subtraction formulas for tangent functions are obtained from the addition and 
subtraction formulas for sine and cosine. For instance, 
sin (a+b) 


tan(a+tb) = oo s(a#8) 


_ sina cosb+cosa sinb 
cosa cos b=sina sinb 


We would prefer to express tan (a + b) in terms of tana and tan b, so we divide the 
numerator and denominator by cosa cos b. 


sinacosb , cosasinb 
tan (a+b) = £08.acos b cos a cos b 
cosacosb — sinasinb 
cosacosb cosacosb 
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sina , sinb 

_ cosa" cosh_ 
sina sinb 

~ cosa cosb 

_ tana+tanb 


~ 1=tanatanb 


Recalling that tan(—b) = -tan b, we can find the subtraction formula for tangent using this 
addition formula, as we did with sine and cosine. 


tan (a—b) = tan[a+(-b)| 
_ tana+tan(-b) 
~ 1-tana tan (—b) 
_ tana—tanb 
~ 1+tanatanb 


Thus, the addition and subtraction formulas for tangent are 


tan(a + b) = fangs ean (tan a tan b #1) 
tan(a — b) = tan a—tanb (tan a tan b 4-1) 


1+tanatanb 


In Example 1, some of the addition formulas are verified with specific values. Testing 
values does not prove that the identities we derived are valid (for proof, we need the 
derivations above), but it is a useful habit to develop, as it is a good way to discover 
errors. 


Example 1 Testing Addition and Subtraction Formulas 


a) Test the formula cos(a + b) = cosa cos b - sina sin b for a = uA b= =: 
b) Test the formula sin(a + b) = sina cos b + cosa sin b for a = a b= = 


tana—tanb iva Oi 


c) Test the formula tan(a — b) = icGaweae 


Solution 
a) Consider the left side and the right side separately and verify that they are equal. 
L.S. = cos(a +b) R.S. = cosacosb—sinasinb 
= foc =cos| —™ |e 7 )~ sin} = |sin{ 2 
=cos| +5 = cos| 7 Jeos| -5- J—sin| 7 Jsin| > 
_ 3a mil st. my 
-o()— -(4o-(4) 
= el Seth 
V2 v2 
LS.=R:S. 
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$) R.S. = sina cosb+cosasinb 


“a = @-G—e 
: NUKE) 


=! 3 
44 
=1 
oo 
c) L.S.=tan(a— b) R.S.= oo 
= tan (0 — b) tan0—tanb 
= tan (—b) ~ 1+tanO0tanb 
=-tanb _ O-tanb 
~  1+0— 
=-tanb 
L:S.= RS; 


The addition and subtraction formulas can be useful tools for solving trigonometric equations. 


Example 2 Using Addition and Subtraction Formulas to Solve Trigonometric 
Equations 


Solve for x in the domain [0, 27]. 


a) sinx s = — cosx sin ™ : b) co: ® cosx in = sinx 1 
cos —¢ z=R cos 5 cosx—s = 
6 6 2 4 4 


c) tanx—tanl=1+tanxtan1 d) sin|x + 7) = V2 cosx 
Solution 
a) The left side of the equation, sin x cos a — cos x sin > z , is in the pattern of the sin(a — b) 


formula with a =x and b = 67 50 it can be simplified to a single trigonometric function. 


sinx cos = ~ cosx sin = : 
cos—> — == 
6 6 2 
sin| “| 
x-El=5 
6 


We need to wr x in the domain (0, 27]. This means we need to find angles [x airs 7, in the 
interval 2,12 “|, whose sine is 5 . The angles can be read from the graph of 


the sine Nand Remember to an Radians from the Vode settings. 


Trios Flot Plot 
WsViBsincx? 
s2Bl/2 


Window variables: 


xe[-% ol yel 1.5, 1.5] 


ToT a St 
tage g # ee 
7 
x= 3 x= 
The roots of the equation are a and z. 
b) The left side of the equation, cos | cos x — sin q sin x, is in the pattern of the 


cos(a + b) formula with a = zg and b=x. 


wr easiest 
cos 4 cosx — sin g sinx = 
7 
cos| 7 + x| =1 
We need to find x in the domain [0, 27]. This means we need to find angles G + x|, in the 
: 2 Aas P 
interval [t ah whose cosine is 1. The angles can be read from the graph of the cosine 
function. 


Ploti Plot2 Plot? 


Window variables: 
on 
xe [0, rah ye[-1.5, 1.5] 


qtxa2a 
_/m 
eae 


The required root is ein 


c) tanx—tan1=1 + tanx tan 1 
Each side of the equation has a familiar pattern. The left side is the numerator 


of the tan (a — b) formula and the right side is the denominator. Divide both sides by 
(1+ tan x tan 1). 


tanx—tanl 4 (tanx tan1#—1) 


1+tanxtanl 
tan(x-1)=1 

We need to find x in the interval [0, 27]. This means we need to find angles (x — 1), in the 

interval [—1, 27 — 1], that have a tangent of 1. The angles can be read from the graph of the 

tangent function. 


Window variables: 
x € [-1, 27-1], ye [-1.5, 1.5] 
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There are two values of (x — 1) in the interval [-1, 27— 1] that have a tangent of 1. 


Bus jai 2% 
%= 1S or x 1S 
=1+7 21422 
ele 4 x= 4 
= 1.7854 = 4.9270 


The roots of the equation are approximately 1.7854 and 4.9270. 
if we test these roots, neither violates the restriction tan x tan 1 4-1. 


d) sin( a+ 7 |= V2 cos 


Expand using the addition formula for sine. sin x cos a )* cos x sin [ 4 } = V2 cos x 


Dg 1 
—= sin x += cos x = V2 cos x 
v2 v2 
Multiply both sides by V2. sin x + cos x = 2 cos x 


sinx =cosx 
Divide both sides by cos x. tanx=1 


In the interval [0, 277], x = q orxs= 7 The roots of the equation are ; and “ae 


Key Concepts 


e Addition and subtraction identities for sine, cosine, and tangent: 
sin (a + b) = sina cosb + cosa sinb 
sin (a — b) = sina cos b — cosa sinb 
cos (a + b) = cosa cosb — sina sinb 
cos (a — b) = cosa cosb + sina sinb 
tana+tanb 
anaes 1-tanatanb 
tana—tanb 


NCSA I esiceene geey 


Communicate Your Understanding 


1. Note that the sign on the right side of the identity for sin (a — b) must be -, since, 

if a = b, the left side of the equation is sin 0 = 0, so the right side of the equation must 
be identically zero (i.e., zero no matter what values a and b have). Explain why the sign 
on the right side of the identity for sin (a + b) must be +. 

2. Using arguments like those of question 1, explain why the signs on the right sides 
of the identities for the addition and subtraction formulas for cosine must be what 

they are. 

3. Repeat question 2 for tangent. 
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Practise 


1. Express as a single trigonometric function, 
then evaluate. 
a) sin 45° cos 15° — cos 45° sin 15° 

b) sin 45° cos 15° + cos 45° sin 15° 

c) cos 45° cos 15° — sin 45° sin 15° 

d) cos 45° cos 15° + sin 45° sin 15° 

7 7 
tan = + tan — 


e) 12 6 
1-tan™ tan™ 
12, 6 


2. Express as a single trigonometric function. 
a) sinA cosB-—cosA sinB 
b) sin M cosN +cosN sinM 
c) cosA cos2A —sinA sin2A 
d) sin A sin B—cosA cos B 
e) sinx siny + cosx cosy 
2tanx 
1-tan’ x 
g) cos’x — sin’x 
h) cos’x + sin?x 


2 


3. Expand. Then, determine the exact value of 
each quantity. 


Apply, Solve, Communicate 


4. Application Solve for x where 
xe[0, 27]. 

a) sinx cos2 + cosx sin2 =-0.5 

b) cos x cos 1 — sinx sin 1 = 0.4 

c) cos 3x cosx — sin 3x sinx = 0 

d) sin 2x cos x — cos 2x sinx =0 

e) 2cos(2 +x) - V3 =0 

f) sin 2x cos 3x =-1 — cos 2x sin 3x 
g) cos 2x cos x = sin 2x sinx 


tanx+tan 3 
ee ee 


1—tanx tan 
3 


i) tan3x —tanx = 3(1 + tan 3x tanx) 
j) cos Sx cosx = sin Sx sinx — 0.5 


k) 4sin 2x cosx = 4 cos 2x sinx +2 
! 3(tanx+tan1) _ 
4(1—tanxtan1) 


m) 6sin 5x cos 3x = 3 + 6 cos Sx sin 3x 


5. Inquiry/Problem Solving The two lines 

y = 2x — 4 and y = 3x — 6 have the same 
x-intercept. Let the angle between the first 
line and the x-axis be a, the angle between 
the second line and the x-axis be B, and 

the acute angle between the two lines 

be 0. 

a) How are the slopes of the lines related to 
tana and tan B? 

b) Express tan 6 in terms of the slopes of the 
lines. 

c) Determine the measures of the angles a, B, 
and 6. 


6. Application Develop the addition formula for 
cosine: 

cos (a + b) = cosa cos b — sina sinb 

Model your development of this identity on 
the one used for the addition formula for sine. 


7. Communication Show that each statement is 
true. 

a) cos(w7+x) =-cosx 

b) sin(w+x) =-sinx 

c) cos(m7-—x) =-cosx 

d) sin(7-—x) =sinx 

e) tan(7+x)=tanx 

f) tan(a7-x)=-tanx 


9) sin( 37 +x) =—cos x 


h) cos (-F-x] =-sinx 
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8. Simplify. 


a)_sin(x ~30")+cos(60" ~x) 
sin x 

can( 7-*}-1an{ 7**] 

by) ay NE 
tanx 


9. Suppose that x and y are in the interval 
| stant a2 
[0, zh sinx = 5, and cosy = 3° 


a) Determine the value of cos x and sin y. 
b) Find the following. 
i) sin(x+y) ii) cos(x—y) ii) tan(x+y) 
10. If x is in the interval [o, 3h y is in the 
* 
interval ie. 7 sin x = 2 
L. 


3 
= and tany = — 


2 ry 


determine each value. 


a) sin(x—y) b) cos(x+y) c) tan(x—y) 


11. Inquiry/Problem Solving a) Write the following 
expression as a sum of two terms, where each 
term is a product in which x does not appear in 
one factor and fh does not appear in the other 
factor. 
cos(x + hk) —cos(x) 

h 
b) Repeat part a) for the expression 


sin(x +h) —sin(x) 


ci a) Derive the addition formula for secant. 
seca secb 

1—tana tanb 

b) Derive a similar formula for sec(a — b). 


sec(a +b) = 


43. a) Derive the addition formula for 


cosecant. 
esc acsc b 


esc(a+b) = 
cotat+tanb 


b) Derive a similar formula for csc(a — 6). 


14. a) Derive the addition formula for 


cotangent. 
cota cotb—1 


cot(a+b)= — 
cot a+cotb 


b) Derive a similar formula for cot(a — b). 


15. Communication Determine the conditions 
on angles x and y so that each equation is 
satisfied. 

a) sin (x + y) = sin (x — y) 

b) cos (x + y) = cos (x — y) 

c) sinx +siny =cosx + cosy 


16. a) Derive the following transformation 

formula for tangent. 

sin(x + 

tanx+tany=- lot) 
cos x cos y 

b) Derive a transformation formula for 


tan x — tany similar to the one in part a). 


Trigonometry has its roots in early mathematical descriptions of the heavens. |t was recognized 
that the apparent paths of stars and planets are often circles, or nearly circles. The earliest known 
table of values related to trigonometry was produced by the Greek mathematician Hipparchus 
(190-120 B.C.) in 150 BC. Ptolemy (85-165 A.D.) made use of identities that are equivalent to 
addition formula for sine, the sine law, and several others. Arabic mathematicians worked with 
sines and cosines, and by 980 A.D. made use of the double angle formula for sine. The Arab word 
jaib, meaning fold, was translated into Latin by European mathematicians as sinus, from which we 
get the modern word sine. !n 1542 the Polish astronomer Copernicus (1473-1543) summarized all 


of the trigonometry relevant for astronomy. 
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Double-Angle Formulas 


The double-angle formulas are formulas for sin 2a, cos 2a, and tan 2a. In this section, we 
use the addition formulas for the sine, cosine, and tangent functions to obtain these 
formulas. The double-angle formulas are quite useful for solving trigonometric equations 
and arise frequently in applications of trigonometry. 


Start with the addition formula for sine. 
sin (a + b) = sina cosb + cosa sinb 


Let b =a to obtain 
sin 2a = sin (a + a) 
= sind cosa + cosa sina 
which simplifies to the double-angle formula for sine: 


sin 2a =2 sina cosa 


The double-angle formula for cosine is obtained in the same way as that for sine. Set b = a 
in the addition formula for cosine: 
cos (a + b) = cos a cos b — sina sinb 
cos 2a = cos (a + a) 
os d cosd — sina sina 
cos’a — sin’a 


i) 


Using the Pythagorean identity sin’ a + cos’a = 1, we can write the double-angle formula for 
cosine in two other forms. For instance, if we solve the Pythagorean identity for sin’ a, 
sin’a = 1-cos’a 

and substitute the result into the double-angle formula, we get 

cos 2a = cos’a — (1- cos*a) 

cos’a— 1 + cos’a 

= 2cos*a- 1 


" 


1 


Alternatively, we could solve the Pythagorean identity for cos” a, 
cos’a = 1-sin’a 
and substitute the result into the original version of the double-angle formula to get 
cos 2a = cos*a —sin’a 
=1-sin’a-sin’a 
=1-2sin’a 


Thus, we have three versions of the double-angle formula for cosine. 


cos 2a = cos’a — sin’a 
cos 2a = 2cos’a—1 
cos 2a = 1 —2sin’a 


The three versions are equivalent, but, in particular situations, one form may be more 
convenient than the others. 
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Example 1 Simplifying a Trigonometric Expression 


Simplify _$!" 2x State any restrictions on the variable in the domain [0, 27]. 
—cos 2x 
Solution 
We use the double-angle formulas for sine The denominator cannot be equal 
and cosine. to 0, so 
sin2x _ 2sinxcosx 1—-cos2x #0 
I—cos 2x 1-(1—2 sin’ x) cos 2x #1 
_ 2sin x cos x aw 3a Sa 77 
~~ Qsin? x meee es Bk 
_ cos x 27 30 Sm 7m 
sin x 4° 4° 4° 4 
=cotx 


Example 2 Solving Trigonometric Equations 


Solve for x in the domain [0, 27]. 
a) 4sinxcosx-1=0 b) cos 2x +sinx =0 


Solution 
a) 4sinx cosx-1=0 
Rewrite 4 sin x cos x using the double-angle formula sin 2a = 2 sina cosa. 
2(2sin x cosx) - 1=0 

2(sin 2x) -1=0 

sin 2x = 3 

Since x is restricted to the domain [0, 27], 2x is restricted to the domain [0, 47]. The 
solutions for 2x in this domain are 

aw Sw 130 170 
2x = or — or ¢ or % 


Thus, 
7 Saw 130 = 177 


X= 77 OF 77 OF 4D OF 4a” 
P a Sa 137 177 
The roots of the equation are 12 12? 1278" 4a - 


b) cos 2x + sinx =0 

In trigonometric equations such as this one, where there are two different angles, it is 
usually a good strategy to make changes, if possible, so that only one angle appears. (This 
process is called matching arguments, since an angle is often called an argument of a 
trigonometric function.) Here we can use the double-angle formula to express cos 2x in 
terms of trigonometric functions of x. The double-angle formula of cosine has three 
versions from which to choose. We choose the one that matches the other term in the 
equation, sin x. 
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— —— —————oo COO 


cos 2x = 1 — 2 sin’x 

Thus, 

(1-2 sin’x) + sinx =0 
2 sin’x —sinx -1=0 

Factoring gives us 


(sin x —1)(2sinx+1)=0 


sinx=1 or diwee 
- a) 
v= 2 orxe ore = Ut 
a 6 6 
The roots of the equation are a = and um 


Having developed the double-angle formulas for sine and cosine, we now turn to the 
double-angle formula for tangent. It can be derived by starting with the addition formula 
for tangent and setting b = a. 
tan 2a = tan(a+a) 

_ tana+tana 

“7 Eee 


2tana 
1—tan’ a 
tan 2a = salle (tan a # +1) 
1-tan’ a 


Example 3 Spotlight Position 


A painting, 1 m tall, is to be hung 0.8 m down from the ceiling. A spotlight is to be 
mounted on the ceiling so that the angles marked @ in the diagram are equal. Determine 
the position on the ceiling where the spotlight must be mounted. 


Solution 
Using the two right triangles in the diagram and the tangent ratio OPPOSE | we have 
adjacent 
tan@ = ue 
L Spotlight 
18 ( L 

tan 20 = L 
ane ih (double-angle formula for tangent) 0.8m 
1-tan’9 = =L 
We can now substitute for tan @. 

1m 
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| The distance from the wall to the spotlight is 2.4 m. Note that we did not have to solve 
j for @ to find the solution to the problem. We needed only tan 6. 


Key Concepts 


¢ Double-angle formula for sine 

I sin 2a = 2 sina cosa 

¢ Double-angle formulas for cosine 

cos 2a = cosa ~ sin’a 

| cos 2a = 2cos’ a1 

| cos 2a = 1 - 2sin°a 

¢ Double-angle formula for tangent 
2tana 

1-tan’a 


| tan 2a= (tan a # +1) 


I}, Communicate Your Understanding 


| 1. Explain how to derive a double-angle formula starting from an addition formula. 
2. The strategy often used when solving trigonometric equations is to match 
arguments and express the equation in terms of one trigonometric function. Explain 
what this means and why the strategy is used. 
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Practise 


1. Express as a single sine or cosine function. 
a) 10 sinx cosx b) 5 sin (2x) cos (2x) 


c) sin (6x) cos (6x) d) 4sin 5 cos 5 
eee 2 . 

e) cos’ $ —sin®S f) 2cos 5@-1 

9) 1-2sin?28 h) 2cos?(30—2)-1 


2. Simplify each expression. State any 
restrictions on the variable in the domain [0, 27]. 
sin 2a 
a) 
cos a 
c) 2sin’a + cos 2a 


b) 2tana cos’a 


Apply, Solve, Communicate 


3. Inquiry/Problem Solving Expand using a 
double-angle formula. 


a) 3 sin 4x b) 6 cos 6x 
c) 1 —cos 8x d) tan 4x 
e) cos 2x —- sinidn 

sin x 


4. Communication a) If you know the values 
% 

. 2’ . . 
the value of sin x without calculating x? 


7. ‘ 
of sin 5 and cos 5, how can you determine 


b) If you know the value of sin ~ is it 


possible to determine the value of cos x without 
calculating x? If so, explain how. 


5. Solve for x in the domain [0, 27]. 
a) cos 2x+cosx+1=0 
b) cos 2x = sinx 

c) 3tanx=tan 2x 

d) sinx =6 sin 2x 

e) sin 2x cosx + sin’x = 1 
f) sin 2x +sinx=0 

g) sin 2x —cos 2x =0 

h) 3cos2x+2+cosx=0 
i) sin 2x = tanx 

j) 2 sinx cosx = cos 2x 

k) 3 sin 2x -cosx =0 

l) 3sinx +cos 2x =2 

m) 5-13 sinx =2 cos 2x 


6. Two ropes (2 m and 3 m long) used to 
stabilize a pole for a volleyball net are anchored 


to the ground. The angle between the two ropes 
is equal to the angle between the ground and the 
lower rope. Determine the distance from the 
base of the pole to the point at which the ropes 
are anchored to the ground. 


3m 


fe | 


7. Application a) Express sec 20 in terms of sec @ 
and tan @. 
b) Express csc 2@ in terms of csc @ and sec 0. 


8. Application Determine formulas for 
a) sin 3@in terms of sin @ 
b) cos 30 in terms of cos 0 
c) tan 36 in terms of tan @ 


9. Express sin 20 and cos 20 in terms of tan 0. 


10. Determine sin 26 if sin 0 + cos 0= 5. 


11. If cos 40 — cos 20= z, determine the 
possible values of cos @ in the domain [0, 277]. 


12. Inquiry/Problem Solving A right circular cone is 
inscribed in a sphere of radius 30 cm. The semi- 
vertical angle of the cone is x, as shown. 


a) Determine an expression for the volume of 
the cone in terms of x. 

b) When the volume of the cone is 90007 cm’, 
show that x satisfies the equation 

8cos’x — 8cos'x + 1 = 0. 

c) Use graphing technology to solve the 
equation of part b). Explain what the solutions 
mean. 
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Limits of Trigonometric Functions 


To determine the derivative of a trigonometric function using the definition of the 
derivative, we need to know certain basic limits of trigonometric functions. These limits 
are developed in this section. 


The first limits we need are the limits of sin @ and cos @ as 6 approaches 0. Since sine and 
cosine are continuous functions, these limits are just the values of the functions at 6= 0. 


yscos@ 


lim sin 0=0 lim cos @=1 

00 040 

The next limit we need, one of the most important for trigonometric functions, is 
a sin@ 

050 6 


Substituting @= 0 into the expression results in 9, which is undefined. In the following 


investigation, you will use a calculator to get a sense of whether this limit exists, and if so, 
what its value might be. It is not clear whether to use degrees or radians, so you will use both. 


Investigate & Inquire: An Important Trigonometric Limit 


1. Using angles in degrees, construct tables of values for Sin for values of @ approaching 0 
from the left and from the right. 


2. Examine the tables in step 1. Does it appear that lim = exists? If so, what 


appears to be the value of the limit when @ is in degrees? 


| 3. Repeat step 1 using angles in radians. 
sin @ 


4. Examine the tables in step 3. Does it appear that lim exists? If so, what 
a 


appears to be the value of the limit when @ is in radians? 
5. In the diagram, AO = 1 and @ is a small angle, in radians. Find the lengths of AB 


and the arc AC of the circle centred at O. How is this evidence for the statement 


. sin®@ 
=1? 
i ae 
ce | 
te) Bo 
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é 5 Bases i . sind. B mbet may seem 
From the investigation, it seems that lim Si exists, and is Leiaiteaned 
bk Mihm wiih 
equal to about 0.017 if @ is in degrees, and equal to 1 if @ is in 
radians. The number 1 is a lot simpler to work with, and the # ‘i 
10 in Section 8.4. 


resulting differentiation formulas are also much simpler, so 
when it comes to differentiating trigonometric functions, @ is always measured in radians. 
On a graphing calculator, the limit also appears to be 1 when 6 is measured in radians. 
The screen shows the graph without the axes showing, so we can see the function at 

x = 0 better. 


Plotd Plotz Plot3 
la SEG 
R= 


Window variables: 

x €[-27, 27a], y e[-1.5, 1.5] 
Use the Format settings to turn 
the axes off. 


. sind A 7 5 " 
lim a =1 (valid when @ is measured in radians) 


Web Connection ix) 


Now that we know the three basic For an animated demonstration of 


trigonometric limits, lim sin@=0, lim ae mi, gotta 

, . sin® Se 

lim cos @= 1, and lim ——— = 1, we are www.mcgrawhill.ca/links/CAF12 
a0 a0 6 and follow the links. 


able to determine many others. 


Example 1 Determining Another Important Trigonometric Limit 
Determine lim cos @ =1 


Solution 
Substituting @ = 0 into the expression fails, since the result, 2 is undefined. Before 


determining the limit using algebra, we get a sense for what it might be by setting up tables 
of values using the TABLE SETUP screen, Remember that we are using radians for the 
angle measure, as we anticipate that this might lead to a simpler result than using degrees. 


Approaching 0 from the right: Approaching 0 from the left: 


NiBCcos (Kh )-1)7K 
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Remember that 1E-6 means 1 x 10° or 0.000001. 
It seems that the limit is 0. Let us verify this with a convincing algebraic argument. 
ree cos —1_ fim | S085 —1 5 Sos 

7) cos@+1 


o0 00 
= tim £08 9-1 
~ 440 A(cos 0 +1) 
ae 
—sin 0 


= lim ———_— Since sin’@ +cos’@=1, then cos?@—1=-sin’6. 
#0 O(cos 0 + 1) 


> [" —sin@ | 
= lim x—— 


oo] @ (cos 0 +1) 
-0 es 
=1x Te We use the product law of limits. 
ieecsrreniliass, . cosd—1 ‘ ia mit 
The limits lim we =1and lim — = 0 are used in determining the derivative 
a 0 


formulas for sine and cosine in Section 8.4. We continue to explore limits of trigonometric 
functions in this section. 


Example 2 Determining More Trigonometric Limits 


Determine each limit. 

i . sin2x . 3tanx—sinx 
b) lim ——— ec) lim ————— 
x90 2x x0 Xx x0 x cos x 


a) Solution 1 Paper and Pencil Method 
The first method to try is to substitute x = 0 into the expression. This fails, since the nume- 


i oe feet ti SESS 
rator and denominator are both 0 when x = 0. Instead, look for the basic limit, lim "——. 
£0 


lim #9 = Jim 1)( sinx 
x30 2x x02 * 


Solution 2 Graphing Calculator Method 


We use the TABLE SETUP screen to set up tables of values for x approaching 0 from the 
right and from the left. 


[riots rrotz_ riots 
<Wibisin(X)7¢2X) 
W2= 


WiBsSin KI /C2K) 
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The result from the graphing calculator agrees with the result in Solution 1: 


lim sinx _1 
x30 2x 2° 
b) Solution 1 Use the Double-Angle Solution 2 Use First Principles 
Formula Matching the pattern for the basic limit, 
Using the double-angle formula for sine, . sin x 
: li , We get 
we obtain x40 
. sin 2x . 2sin x cos x . sin2x ,... | Sin2e 2 
lim —— = lim —————— lim ———— = lim x= 
x30) ox x0 x x30 Xx x0 2 
3 sin x s i 
= lim [ 2 cos x| =2 lim SUNZE (Note that as 
x0 Fo) 2x50 62x 
x2 0,2x > 0) 
=1x2x!1 =2x1 
= =2 
. 3tanx—sin x 
c) lim 
x90 xCOSX 
The strategy here is to express the function in terms of sine and cosine, simplify, and look 
for the basic limit lim “"*. 
x90 % 
SUN sin x 

lim 3 tan %—sinx = lim —S9S* 
x90  XCOSX x30 XCOSX 


3sin x —sin x cos x 


= lin ———; 
x30 x cos’ x 
. sin x(3—cos x) 
lim ws 


x70 % COS: %& 


. [sinx 3—cosx 
= lim) ——2-—; 
x cos’ x 


Example 3 Determining Another Trigonometric Limit 


a . cos@ 
Determine lim 3 
050 0 


Solution 
Substituting @= 0 into the expression produces uy which is undefined. There are no algebraic 
simplifications, so we suspect that the limit does not exist. 


As 0 gets closer and closer to 0, the numerator gets closer and closer to 1, whereas the 
denominator gets closer and closer to 0, so that the entire expression gets larger and larger 
in magnitude. Thus, the limit does not exist. 
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As @ approaches 0 through positive values, the expression is positive, whereas when @ 
approaches 0) through negative values, the expression is negative. So, we can express more 


precisely that the limit does not exist as follows: 
=. COS0. cos 4 
lim =00 lim =- 
ooo 090 


‘ ‘ 6 " 
Examine the graph of the function y = S080 ona graphing calculator. The calculator screen 


i F zi 5 ba - " cos 0 
is consistent with the conclusion that the limit does not exist. The function y = =a has an 
infinite discontinuity at @= 0. 


Plotd Plotz Plots 
Wi Bcos¢K) 7K 
Wee 


Window variables: 
x €[-27, 27], y € [—3, 3] 


Key Concepts 
¢ Three fundamental limits of trigonometry are 


lim sind=0 limcos@=1  lim———=1 
040 650 030 0 


Communicate Your Understanding 


1. Suggest two ways to use a graphing calculator to determine an approximate value 


for a limit. 
5 ; ron . sind sata 
2. In trying to determine a limit such as lim are why does substituting @= 0 not 
0 
Wl work? 
3. Describe the strategies used to evaluate trigonometric limits. 
Practise 2. Evaluate each limit, if it exists. 
_ tan Sx . sin? 3x 
| BI] 1. Determine the value of each limit, if it exists. a) lim 2x b) lim 4x 
. sin x ._ sin(x —1) iP, 3 
a) lim b) lim ———— _ sin’ 3x ». SiN 3X 
| ) x0 * ) ae : x °) bin 4x? 4 ye 4x3 
. sin x 
oj ii sin x gd) lim = e) lim cosx-1 f) lim cosx—1 
| x31 x x0 230 x x30) Sinx 
. sin x sin 3x 2 : 
| e) li f) | lim £08_*=1 im 2 tan x —sin x 
x30 3x x70 9) x30 x? h) lim x cos x 
sin 3x sin 5x - 1-cosx 
i | i 
g) lim 4x h) mn Ox i lim tan x 
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Apply, Solve, Communicate 


3. Communication a) Use a calculator to 


tanx—-x 


approximate the value of = for 
# 


x = 0.1, x = 0.01, x = 0.001, and x = 0.0001. 


b) Use the results of part a) to estimate the 
. tanx—x 

value of lim ——~—. 

x30 


x 
c) Use a calculator to approximate the value of 


ee for x = 0.000 01, 0.000 001, and 


0.000 000 1. Explain why this result is not 
consistent with the result of part b). 
4. Communication a) Evaluate lim “5 °* fanGe 
b) Describe how you evaluated the limit in 
part a). 

. «  cos2x—-1 
5. Application a) Evaluate lim —=. 
ay x 


b) Describe how you evaluated the limit in 
part a). 


6. Thinking/Inquiry/Problem Solving Evaluate 
lim sin(a+h)-sina 
hoo h : 


7. Thinking/Inquiry/Problem Solving Evaluate 
lim cos(a+h)—cosa 
ho h . 


8. Application Does lim ="* * exist? If so, 


what is it? If not, viley a 


9. Thinking/Inquiry/Problem Solving Evaluate 
iim sin(cos x) 
x0 1 . 
cos x 
Ci] 10. Determine the value of each limit, 
if it exists. 


lim costa a 


a) 
x30 x 


xo 


b) lim xsin( 4) 
x 


lim sin (tan x) 
sinx 


c) 


x0 


11. Determine each limit. 


Py 2 oo} 
sin 5x sin’ Sx sin” 3x 
b) lim —— 
4) lim sin 2x a sin? 2x at sin 4x 
sin 3x sin’ 3x tan 3x 
lim —; —— 
4) lo tan 4x ey: tan” 4x uw x0 tan 4x 
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Derivatives of the Sine, Cosine, and 
‘Tangent Functions 


In this section, we develop the derivatives of the sine, cosine, and tangent functions. 


Investigate & Inquire: Path of the Shadow of a Ball 
Moving in a Circle 


A small ball is attached to a string 1 m long. The ball is swung around 
counterclockwise in a vertical circle at a constant rate of one radian per second. 


shadow ball sun’s rays 


Sunlight from the right of the diagram shines on the ball and casts a shadow on a vertical 
screen that is several metres to the left of the y-axis. The shadow’s motion on the screen is 
parallel to the y-axis and between y = —1 and y = 1. The sun’s rays are parallel to the x-axis, 
so the position of the shadow has the same y-value as that of the ball at every time. 


When the ball is at the point (1, 0), a stopwatch starts timing the motion. Let ¢ represent 
the time reading on the stopwatch and let (x, y) represent the position of the ball. Note 
that t is measured in seconds, and x and y are measured in metres. 


1. Let @ be the angle between the string attaching the ball to the origin and the x-axis. 
Given that the rate at which the ball revolves is 1 rad/s, determine a relation between 
@and t. 


2. Use the diagram to express the x- and y-coordinates of the position of the ball in terms 
of 0. 


3. Express the x- and y-coordinates of the position of the ball in terms of t. 


4. In your notebook, sketch one cycle of the graph of the function y(¢) obtained in Step 3. 
Leave room on your page for one of the same size under it that you will sketch in Step 9. 
‘Although y represents the position of the ball, in this investigation focus your attention on 
the fact that y is also the position of the shadow. Thus, the graph of y(t) is the position 
function of the shadow for the first 27 seconds of the motion. Conjecture a formula for y(t). 


5. From the discussions about rates of change in Chapter 3, we know that the rate of 
change of the position of an object is its velocity. We can estimate the velocity of the 
shadow by finding the limits of average rates of change. For example, to estimate the 


velocity | 4] of the shadow at t = om copy and complete the table. 
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6. From the table in step 5, estimate the velocity of the shadow at t = = 


Se 
7. Using the same method as in steps 5 and 6, estimate the velocity of the shadow at the 
following values of t: 0. Lip ue a TT, 3a and 27. 

UA BP 2. 2 


8. Some of the velocities estimated in step 7 are positive and some are negative. Explain 
what the sign of the velocity means. 


9. Using the data generated in steps 7 and 8, plot a graph of velocity vs. time for the 
shadow. Place it directly beneath the graph drawn in step 4, so that the corresponding 
t-values for each graph are aligned. In this way, the position of the shadow at a particular 
time is given in the upper graph, and the velocity at the same time is given directly below 
it in the lower graph. 


10. Conjecture a formula for the velocity function. 
11. Is the velocity zero when the shadow is smallest, or when the shadow is largest? Explain. 


12. Use the results of the investigation to conjecture a derivative formula for a trigonometric 
function. 


Another way to discover the derivative function is with the aid of technology. Enter 

y = sin x on a graphing calculator as Y1. Now use the »eriy function of the calculator as 
follows. Graph the two functions. 

Plotd Plotz. Plot3 


sWidsincs 
AV2 
tae 


Window variables: 
x €[-27, 27], y €[-1.5, 1.5] 


It appears that the derivative of the sine function is the cosine function. 


‘ @ x: 
Conjecture: —— (sin x) = cos x 


dx 
The algebraic argument that follows verifies this conjecture, and makes use of the definition 
of the derivative, the addition formula for sine, and the basic trigonometric limits. 
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If f(x) = sin x, then, by the definition of the derivative, 


Fe) = i f+ fl 


. sin(x +h)—sin x 
ee ————— 
ho h 


Expand using the addition formula for sine: f(x) = lim {sin x cos h+ cos x sin h)~sin x 


h 
1) 4: (sin x cos h—sin x)+cos x sinh 
f(x) = lim i 

=i sin x(cos h—1)+cos x sinh 

5 pt h 


= fim (sin x £2591 cos x pt) 


cosh-1 sinh 

h h 
Since h varies but x is fixed in the limiting 
process, sin x and cos x can be factored to the 
left of the limit signs, 


Rearrange and look for basic limits: 


=sin x lim +cos x lim 
hod hod 


Since lim cosh-t =0 and lim sinh = 1, as determined in Section 8.3, 
f'(x) =sinx x 0 + cosx x (1) 
=cosx 


Remember that, since the fundamental limit lim inh = lis valid only if the angle h is 


measured in radians, the derivative formula just derived is valid only if the angles are 
measured in radians. 


4 (sin x) = cos x (for x measured in radians) 


The derivative of the cosine function can be obtained using the Pythagorean trigonometric 
identity and differentiating implicitly. 

sin’x + cos’x = 1 

Differentiating implicitly with respect to x and using the chain rule, we get 


2sinxex 4 (sin x)+2e0sxx-4 (cos x)=0 


Seine cose +d coax 4 (eoex) 20 


dx 

d —2 sin x cos x 

ae 8 B= 2 cos x 
=-sinx 


d ? 5 ; 
ae (cos x) =—sin x (for x measured in radians) 


The derivative of the tangent function can be found by expressing tan x in terms of sinx 
and cos x and using the quotient rule to differentiate. 
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y=tanx 
_ sinx 
cos x 


Doni : d ‘~ 
dy CoS* 7. (sinx)—sin x 7 (cosx) Web Connection [y] ~ 
a = z For an animated development of the 
x cos x trigonometric derivatives, go to 
www.megrawhill.ca/links/CAF12 
and follow the links. 


_ cos x(cos x) —sin x(—sin x) 
ea aa SL 
cos’ x 
2 ce | 
cos x+sin' Xx 
cos’ x 


Example 1 Derivatives of Trigonometric Functions 


Differentiate. 
a) y=2 sin (3x + 4) b) y = cos® (4x° — 7) c) y=2sinx cosx 


Solution 
a) Using the chain rule, we have 
dy _ de 
ae 2 cos(3x + 4) Pe (3x + 4) 
= 6 cos(3x + 4) 


b) Using the chain rule repeatedly, we get 


2 = 3.cos?(4x? —7) 4. [cos(4x* —7)| 


= 3cos*(4x? —7)[-sin(4x? -7)] 4 (4x? -7) 


= 3cos’(4x* —7)[-sin(4x” —7)](8x) 
= ~24x cos” (4x? —7) sin(4x? —7) 


c) Solution 1 Use the Double-Angle Formula 
Recognizing the pattern of the double-angle formula, we have 
y =2sinx cosx 

= sin 2x 


Using the chain rule, we get 
y’ = (cos 2x)(2) 
=2 cos 2x 
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Solution 2 Use the Product Rule 
Using the product rule with f(x) = 2 sin x and g(x) = cos x, we get 
y =f (x)g(x) 
y= glx) f'(x) + f(x) g(x) 
=cos x (2 cos x) + 2 sinx (-sin x) 
= 2 (cos’x — sin’ x) 
= 2 cos 2x 


Example 2 Derivatives of More Complicated Trigonometric Functions 


site) = 3sec* x _ ein’ 


d ¥ 
a) Show that > 7a (3 — x)-e are sin 2x, 
b) Show that if y= aa then y’ = cot x —x csc” x. 
Solution 
a) Use the chain rule on the composite functions. 
Let y = 3 In(tanx) - e"*. 
dy_ 3 d (tan x)—e**"* 4 7 (sinx) 


dx tanx dx 


_ 2 sin? x d 
area (sec? x)—(e"" *)2 sin xy r, (sin x) 


3sec x, 

ae —(e*"*)2 sin x cos x 
3 sec” x Ps 

ae —e™"* sin2x 


b) Solution 1 Paper and Pencil Method 
Using the quotient rule with f(x) =x and g(x) = tan.x, we get 


_ tan x(1)—x(sec’x) 
tan’ x 
_ tanx—x sec*x 
tan’x 
Rewriting as two fractions, and expressing in terms of sine and cosine, we get 
,_ tanx sec? x 
= 1ane ig 
tan’ x tan’ x 


! cos’ x. 


= a al 
tan x sin” x 


=cotx—x| —> ) 
sin’ x 


= cot x-~x csc” x 


514 MHR Chapter 8 


| Solution 2 Computer Algebra Method 
We use a computer algebra system to find the derivative. 


Untitled - Tt InterActive! 


ace 
‘BeBb 6ev ¥ 4 {new 
|fieenenrecn  =]|fe =]] BZ z 
SE @- aiatin & 


sin{x) cos{x) ~ x 
{x} 


cos(x) x 


sin\z} 


First we determine the derivative, and then store it in variable a. Since the solution is not 
yet in the format asked for, we expand it. We can see that the first term is equal to cot x 


and the second term is equal to x csc” x. Thus, 


y'=cotx-—x csc x 


Example 3 Finding Tangents and Local Extrema 
For the function f(x) = 4x — tan x in the interval [-5, z), find 


a) an equation of the tangent at the point where x = = 


4 
b) the local extrema 


Solution 
a) f(x) = 4x —tanx 
f' (x) = 4 - sec’x 


The slope of the tangent is f’ ( +}. 
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=4-__1 
(cost) 
=4- 1 7 
(zs) 
=2 


The point of tangency is 


(3.7 4))-(a 4(3)-99) 


Plots rotz rhe 
Ke bance? Window 


j2x+n/2— } 
variables: 
TT 
x63, ob 
yel-4, 4] 


b) anerye the x-values for which the derivative is zero or does not exist. The derivative 
is f'(x) = 4 -sec’x. 

The bea for which sec>x does not exist are 7) 7 and 2 > but these are asymptotes, not local 
extrema. Thus, we need determine only the x-values for which the derivative is zero. Setting the 
derivative equal to zero and solving for x, we get 


4-sec’x =0 


sec’x = 4 

2, 1 

cos x= 4 
cosx = 1 or cosx = —4 
2 2 

7 7 

x= 3 Or —z 


To test the critical numbers, we use the second derivative test. 
f'(x) =4-sec*x 
2 
= 4-(cosx)~ 
The second derivative is 
f'"(x) = 2(cos x) 3(— sin x) 
_ -2sinx 


cos* x 
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Substituting the critical numbers into the formula for the second derivative, we get 


e(z)-283 r( 2) 203) 
= 


3 cos? = “s 
3 cos’ 5) 
v3 
ang 33 
ae 3 
=. + 3 
(2) 
2 
=-8V3<0 
=8v3>0 


P F ; we 7 
There is a local maximum at x = 5 There is a local minimum at x = — 3 


The y-coordinates of the local extrema are as follows: 


gg 5 eee 


Key Concepts 
¢ The trigonometric derivative formulas are valid only for radian measure. 


ae d : d 2 
qx Sinx=cosx 7 cosx=—sinx 7 tanx = sec’ x 


dx dx 


Communicate Your Understanding 


1. Why is radian measure used exclusively when dealing with the derivatives of 
trigonometric functions? 

2. Which of the three functions y = sin‘x, y = sin x* and y = (sin x)° are identical? How 
would you differentiate each of these functions? 

3. a) Sketch the graph of the cosine function in the domain x € [-7, a]. Directly 
below it, sketch the graph of the sine function, Make sure to use the same scale for 
each graph and to align the y-axes of both graphs. 

b) Sketch some tangents on the cosine graph. Measure the slopes of the tangents, and 
compare the slopes with the corresponding heights of the sine graph (directly below). 
What conclusion does this support? 

4. Given the derivative of the sine function, how is the derivative of the cosine 
function developed? How is the derivative of the tangent function developed? 

5. In Example 3 above, the function f(x) = 4x — tan x is odd. Explain how this fact 
can be used to provide a partial verification of the calculations. 
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Practise 


1. Determine the derivative of y with respect to 
x for each function. 

a) y=sin(4x +7) b) y=sin(x? +3) 

c) y=cos (Sx + 3) d) y=3 tan (2x + 3) 
e) y=cos(3x°-1) — f). y= tan (5x + 1) 

g) y=sin(cos” x) h) y=sin (cos x) 


Shas) 


2. Differentiate. 


a) f(xy= S04 


©) y=x° sin(2x* +5) d) f(x) 


b) y= x sin (3x — 2) 
= case 


e) g(x) =x cos (8x — 17) 
f) y=x" cos (0.4x7 + 9) 

g) y=5x* tan’ (3x* — 1) 
h) h(x) = 4x° sin’ (6x? — 2) 
3. Find the derivative. 


a) y=sin’ (cos* x) b) f(x) = cos* (sin x°) 


c) y=x cos (tan x) d) y=sin(e*) 
e) h(x) = cos (In x) f) g(x) = In (sin (e*)) 
g) y=sin’x+cos’x h) f(x)= aoe 


Apply, Solve, Communicate 


4. Determine the equation of the tangent to the 
curve at the given point. 


a) y= x sin 2x, (} 4 


1 
I= eameela |) 


5. Determine any extrema. 

a) y=cosx-—sinx, x €[-7, a] 
b) y = sin’ x - sinx, x €[-7, 7] 

aw 30 


c) y = 2cos x — cos 2x, x €f55 > 


= Loe ae 
d y= +tanx, x ef 2 5 


cos x 

6. Determine the points of inflection. 

a) y=2cosx+sin 2x, x €[0, 7] 

b) y = 2sin? x - 1, x €[-7, 7 

c) y=sinx —tanx. xel-F a 
Z 2 2 
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7. Communication/Inquiry/Problem Solving Begin 
with the function f(x) = sin x. 

a) Determine the derivative of f. Then, 
determine the second derivative of f. Continue 
to find the first eight derivatives of f. Report any 
pattern that you notice. 

b) What is the 87th derivative of f? What is the 
138th derivative of f? 

c) Develop a formula for the mth derivative of 
the sine function. 

d) Develop a formula for the nth derivative of 
the cosine function. 


8. Application The equation y” + k’y = 0 is 
known as a differential equation, since it involves 
a function y and its derivatives. This equation is 
widely used in applications to model physical 
systems that oscillate. For example, y could 
represent the voltage in an electrical circuit, or 
the position of a vibrating airplane wing. 


a) Show that the function y = A sin kx + 

B cos kx satisfies the differential equation for all 
values of the constants A, B, and k. 

b) Show that the function y = C sin (kx + D) 
satisfies the differential equation for all values of 
the constants C, D, and k. 


9. A line passes through the point ( =ilBho =) 


and is tangent to the graph of y = sinx at a 


point for which x €|0, 5| Determine the 


equation of the line. 


10. Inquiry/Problem Solving This question explains 
where the number 0.017... comes from when 
we use degrees to determine lim ane. (See the 


a0" 
investigation in Section 8.3.) Let the angle A be 


measured in degrees. Define @ to be the same 
angle as A, but measured in radians. 
a) Express @ in terms of A. Determine el) 


é aa" 
b) Let y = sin @. Using the chain rule, 


and the result of part a), determine 2. The 


result is the derivative formula for the sine 
function that is valid when the angle is 
measured in degrees. 

c) Compare the formula obtained in part b) 

to the result obtained in Step 1 of the 
investigation in Section 8.3. Is the formula 
consistent with this result? What is the exact 
value of the number 0.017...? 

d) Determine the derivative formula for the 
cosine function if the angle is measured in degrees. 


Achievement Check 


The constant g = 9.8 m/s” represents the 
acceleration due to gravity. 


a) Sketch R for an appropriate 
value of v, for 0€ lo, ak Is this domain 
appropriate? Explain. 


b) What angle gives the maximum range? 
c) What is the maximum range? 


11. a) Sketch the graph of the function 

y = sin |x|. For which values of x is the function 
not differentiable? 

b) Repeat part a) for the function y = |sin x]. 


12. Determine the values of x for which the 


derivative of the function f(x) = cos |x + 1) is 0. 


tan (+ + h)- 1 
13. Determine lim 


14. a) Find a function whose derivative is 
tan’ x. 

b) Find a function whose derivative is tan x. 
c) Find a function whose derivative is sec x. 


A baseball hit at an angle 6 to the horizontal, with initial velocity rele, 
2 = @ 

v), has horizontal range, R, in metres, given by R = "0 sin (26). wy. 
& Maw 


The word trigonometry comes from the Greek words for triangle, trigon, and measurement, 
metron. Geometry was taken very seriously by the ancient Greeks, and Archimedes 

(287-212 B.C.) is said to have died as a result of concentrating so hard on a geometric problem 
that he failed to notice that his home city of Syracuse was under Roman attack. The soldier at 
whom Archimedes snapped, “Do not disturb my circles,” lost his temper and killed the 
mathematician on the spot. 
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Technology Extension 


Using the TI-92 for Trigonometry 


A computer algebra system such as the TI-92 
can help keep track of all the relationships used 
in trigonometry. 


The double-angle formulas for sine and 
cosine are derived from the addition 
formulas, Examples are shown in this 
screen, using the tf xpand function. 


[PFE laisebralcaiclotherlrrantolciesn ue|_} 


= peer peekcos2) x)) 2: (e030)? =a 


This screen demonstrates some basic 
relationships that can be derived from the 
addition and subtraction formulas for sine 
and cosine. The last is a numerical example 
of the relationship cos (27 — 6), where 


o=, 
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Trigonometric equations can be solved as 

well, but some care must be taken in interpret- 
ing solutions. In this example, a basic 
equation involving the cosine function 

is solved using the solye function on the 
Algebra menu. The result represents two sets 
of solutions. 


(2 arsebralcsiclotherlersmtolciesn upl_| 
2 
es * ore 


(12-@n1 - 5)-0 
Sitraeei Ca: ae 


* solve( sin{o +4)--2, 6] 
oe 4-On2-1)-0 oe 


jsolveCsin<O+n~ ‘4>=—-J 


The first set of solutions should be interpreted 
as = 122+ 5S)m ong g = (l2n-S)m yy. 


ampersand and the digit 1 on either side of the 
variable 7 indicate that these solutions should be 
interpreted as all possible solutions in the 
domain @ € R. All of the solutions can be 
obtained by substituting integer values for 7. 
The digit 1 indicates that this is the first 
trigonometric equation that has been solved in 
this work session. Similarly, the digit 2 in the 
second set of solutions indicates that this is the 
second equation that has been solved. The 


second set of solutions should be interpreted as 


o= GET and 0=2n7+ 7, or O= (2n + 1)m. 


Trigonometric limits can be evaluated easily 
using a computer algebra system. The two 

basic limits for trigonometry are shown in 

the screen below, using the limit function on the 
Calculus menu. 


Pee lrgebralcaiclother|rrsnto|ciesn Uel_| 


Bisers [ aan 
670 


= Lin 
678 


limit <<cos¢6>-1)/6,6,0> 
AD AUTO 


PARIN Ri FUNC 2/30 


[ costs =1 ] 


Finally, trigonometric derivatives are shown in 
this screen. Note how the chain rule has been 
used to evaluate the derivatives in the second 
and third expressions, using the differentiate 
function on the Calculus menu. 


= 2 (since) 
= 2 (cos(2-8)) 


i. Sl tan(2-8)) 3) 


Practise 


1. Use a computer algebra system to reduce 
each expression to a simpler form 


a) cos (—6) b) sin (a+ 0) 

c) tan(7+ @) d) sec (27- 0) 
e) sin (7- @) f) csc(27- 6) 
g) tan(7- 6) h) cos (5 — 6) 


2. Determine whether each function is even or 
odd. 

a) f(x) =sin@ 
c) y=tané 


b) f(x) =cos @ 


3. Solve each equation. 

a) 4sin'@-1=0 

b) 2 sin 20 +2 sin 6 = 2V3 cos 0+ V3 

c) V3 tan?9+(V3-1)tan@=1 

d) 2 sin26@(cos @— sin 6) — 2 cos 20 
= sin @— cos @ 


4. Evaluate using a computer algebra system. 


. sin2h . sin ax 
oe: ar i: 
c) lim esta. d) lim six 

xe x sa Xx” 

tan Sx 5 sinh 
) in sin 3x ud pm l—cosh 


5. Differentiate. 


a) cos x b) sinx’ 
i.e 

c) x'tan2x d) sin’e* 
sin 2x 


e) cos 2x sin 3x f) —>— 
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Modelling With Trigonometric Functions 


The periodic behaviour of sine and cosine functions, which are collectively known as 
sinusoidal functions, makes them well suited for modelling many of the rhythmic 
phenomena of our world. The rotation of Earth, the motions of the planets around the sun, 
the seasons, the tides, even some of the rhythms of our bodies are sinusoidal, or nearly so. 
Trigonometric functions are also used extensively to model oscillating systems and the 
motion of all kinds of waves: everything from electric circuits to vibrating machinery, 

and including descriptions of light, sound, music, the distribution of electrons within an 
atom, and many other situations. 


Tidal forces on Earth are due to the gravitational pull of the 
sun and the moon on Earth. In this investigation, you will 
determine a formula that models the tides, and then use that 
formula to calculate the time between successive peak tides. 
You will use a very simplified model. The actual situation is 
quite complicated, and depends on many factors, such as 

the shape of nearby coastlines, the shape of the ocean floor, 
and the size of the body of water. For example, in most places 
on Earth there are about two high tides per day, but there is 
only one high tide per day in the region of Tonkin in Vietnam. 
Also, the times at which the high tides occur vary from day to 
day almost everywhere on Earth, but not in Tahiti, an island 
in the Pacific Ocean, where the high tides occur at the same 
time every day! 


Investigate & Inquire: Modelling the Tides 


1. Consider the sun to be fixed. The sun causes the water on Earth to “bulge” in two 
places: toward the sun at the point on Earth facing the sun, and away from the sun at the 
point on Earth facing away from the sun. To simplify the calculations, assume that the 
bulges do not move, and that Earth just rotates through them. 


high tide 


Earth 


Then, a specific point on Earth will encounter a water bulge every 12 h, as Earth rotates. 
Assuming that the ocean level is a sinusoidal function of time, write a function of the form 

y = sin kt, where ¢ is time, in hours, to model the ocean level experienced at a specific point on 
Earth. The period should be 12 h, since that is the time between peaks. Determine the value 
of k. (Note that we are assuming that the amplitude of the tides caused by the sun is 1 unit.) 
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2. Imagine that the moon is overhead right now. Since it orbits Earth, moving in the same 
direction that Earth rotates, it will take more than 24 h for the moon to be directly 
overhead again. (When 24 h have passed, the moon will have moved along its orbit a bit, so 
it will take a little more time before Earth catches up again so that the moon is overhead.) 


Ebon moon_ 
¥ al 7 ee % e 

/ \ f 

nam | 

’ t=0 t=24h 


Determine how long it takes for the moon to be overhead again. (It takes 27.3 days for the 
moon to go around Earth once.) 


3. Use the period you found in step 2 to write a sine function that models the tides 
due to the moon. The amplitude should be 2.2 times greater than the amplitude in the 
formula for the tides due to the sun. (This 

ratio will be worked out in Example 1.) Web Connection [x] : 
Thus, the function should be of the form Go to 

y = 2.2 sin mt. Determine the value of m. www.mcegrawhill.ca/links/CAF12 
to obtain daily tide data. 


4. Add the two functions found in steps 1 and 
3 to obtain a model for the tides. Sketch a 
graph of the tide-model function over a period 
of several days. 

5. Judging from the graph, is the time interval between high tides roughly constant? What 
is the period? Does this agree with the observation that there are roughly two high tides 
per day at most places on Earth? 

6. The following data are from Burncoat Head, Nova Scotia, on the Bay of Fundy, which 
holds the world record for the highest tide. Compare these data with your model by 
plotting the data points on a scatterplot and superimposing your model on the plot. 


Height (m) 11.6 10.4 8.1 14 62 89 11.0 
ee ee ee 
Height (m) 11.8 11.1 9.2 6.5 7.8 10.3 


7. Use SinReg on the $1 AT CALC menu of a graphing calculator to fit a trigonometric 
regression curve to the data of step 6. Compare the regression curve with the model from 
step 4. How accurate is the model? 


Window 
variables: 
x € [0, 24], 
y €[0, 12] 


94 
d=6: 153935997 
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In step 1 of the investigation, it was assumed that water bulges caused by the sun do not 
move. However, they will move, since Earth moves around the sun, completing one circuit 
of its orbit per year. You might like to explore how to modify your formula from the 
investigation to take this into account. 


As mentioned previously, tidal forces on Earth are due to the gravitational pull of the sun 
and the moon on Earth. More precisely, tidal forces are due to the fact that gravitational 
forces decrease with distance. Because the sun’s pull on the side of Earth facing it is greater 
than the sun’s pull on the side of Earth facing away from it (since it is farther away), Earth 
tends to be stretched. The moon’s pull has the same effect as the sun, and when the 
directions of the two stretches line up, as when there is a full moon or a new moon, then 
the tides are especially high. 


As an approximation, we can imagine that the water bulges stay in roughly the same place 
as Earth rotates through them. Since there is a water bulge on each side of Earth, any 
particular place on Earth encounters a bulge (high tide) twice per day in this 
approximation. (In reality, high tides are about 12.5 h apart.) 


Tidal forces act on the solid part of Earth as well as on the water. As municipal public 
works departments are well aware, there are more water-main breaks at full moon and 
new moon than at other times of the month! 


Example 1 Comparison of the Tidal Forces Due to the Sun and the Moon 


The tidal force is the rate of change of the gravitational force. 
a) Determine the tidal forces on Earth due to the sun and the moon. 
b) Compare the two forces. 


We need the following data. 

Mass of sun: 2.0 x 10 kg 

Mass of moon: 7.4 x 10” kg 

Mass of Earth: 5.98 x 10 kg 

Distance between sun and Earth: 1.5 x 10'' m 

Distance between moon and Earth: 3.84 x 10° m 

G = 6.67 x 10 '' N m’/kg” The unit of force used 
here is the newton, N. 

Solution 


a) The function that describes the gravitational force of the sun on Earth is 
Mm 


F(x)=G 


where F is the force, G is a constant that makes the units come out conveniently, M is 
the mass of the sun, m is the mass of Earth, and x is the distance between the sun and 
Earth. 


To determine the tidal force acting on Earth, we differentiate F with respect to x: 
Mm 


3 
x 


F(x) =-2G 


For the gravitational force of the moon on Earth, the same formula works provided that 
M is the mass of the moon, and x is the distance between Earth and the moon. 
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Hence, the tidal force acting on Earth due to the moon is 
F'(x) =-2G Moon? 


b) To compare the relative strengths of the tidal forces, we can ignore the minus sign, 
since it tells us only about the direction of the forces. Substituting the values for the sun 
and Earth gives 

2(6.67 x 10°'')(2.0 x 10°*°)(5.98 x 10”) 


Tidal force of the sun on Earth = Te} 
(1.5 x 10") 


=4.7 x 10" 


Similarly, substituting the values for the moon and Earth gives 
2(6.67 x 10")(7.4 x 10%)(5.98 x 10”) 
(3.84 x 10*)* 


Tidal force of the moon on Earth = 


=10 x 10" 


The ratio of the two expressions (without simplifying first) is about 2.2. Thus, the tidal 
force exerted by the moon is more than twice as big as the tidal force exerted by the sun. 


Is the result of the preceding example surprising? The fact that the tidal force of the moon 
on Earth is greater than that of the sun on Earth is interesting, especially in light of the fact 
that the gravitational force of the moon on Earth is much smaller than the gravitational 
force of the sun on Earth. You can determine the ratio of the gravitational forces in 
question | on page 529. 


If the sun, Earth, and the moon did not move relative to each other, and Earth did not 
rotate, then the tides would be constant. However, they do move, and so the tides go in 
and out. 


An object hung from a car’s rearview mirror starts to swing when the car picks up speed or 
slows down, but stays steady if the car has been going at a constant speed in the same 
direction for a while. This motion is the subject of the following example. 


Example 2 Pendulum Swinging in a Moving Car 


a) Acar accelerates in a straight line at 1.4 m/s’. Determine the angle @ that a pendulum 
hanging from the rearview mirror makes with respect to a vertical line. 

b) If the acceleration of the car begins to increase at the rate of 0.2 m/s’, at 
what rate does the pendulum’s angle increase? 


Solution Tcosé 


a) Consider the forces acting on the pendulum bob. Gravity tries to pull 
the bob (marked B in the diagram) down with a force equal to the weight 
mg of the bob. (The mass, in kilograms, of the bob is m, and g = 9.8 m/s” is 
a constant that describes the strength of Earth’s gravity.) 


BY Tsino 
mg 


For simplicity, we assume that the only other force acting on the bob is the tension, T, in 
the rope. The tension can be broken up into two components. The vertical component, 
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T cos @, must balance the weight exactly (since the pendulum does not rise or fall). 

T cos = mg 

The horizontal component, T sin 6, provides the acceleration that forces the pendulum to 
keep up with the car. According to Newton’s second law of motion, the force T sin 0 is 
equal to the mass of the bob times its acceleration, a. Putting all this together, we get 
Tsin 0= ma 

Dividing the second equation by the first results in 


tan @= z 
& 
Substituting the given data gives us 
4 
tan @= 
an 3 


From the diagram of the pendulum, we can see that 0 € lo, a 


Window variables: 


vsANeEs7i4 xe [0, 5, y €[-1, 1] 


Thus, 6 + 0.1419 rad (or approximately 8°). 
do 


a 


b) We need to find a Differentiating tan 0 = g implicitly with respect to time, we get 
tang=% 
& 
2,40 _1da ae 
sec’ 7 adi Note that g is a constant. 
do__1__da 
dt gsec’ dt 
Substituting g = 9.8, @= 0.1419, and a = 0.2, we get 


dé 1 

S- =| ssa ee |(02 

dt (sae med ) 
=0.02 


The angle changes at a rate of approximately 0.02 rad/s. 
Converting to degrees, we obtain 


4 ~0.02( 482) 
dt 7 


=1.15 


The angle changes at a rate of approximately 1.15°/s. 
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In reality, accelerations are rarely smooth. If you try this yourself (while someone else is 
driving!), the pendulum will probably start swinging wildly after a short time. Note that the 
results of the example do not depend on the length of the pendulum. 


Example 3 Maximum Area of a Triangle Inscribed in a Quarter-Circle 


In computer geometry programs, points may be animated along an arc of a circle. In the 
figures, the point A on a quarter-circle of radius 10V2 can be dragged or animated along 
the arc. The inscribed right triangle changes as A moves along the arc. What is the 
maximum area of the right triangle? 


point A 
(drag) point A 
(drag) 
10 point A 
3 10/2. (drag) 


Solution 1 Use Calculus 


We let @ represent one of the acute angles in 


the triangle. Then, the unknown sides of the 10/2 
triangle are 10V2 sin @ and 102 cos 0. The ae 10y2 sin 
area of the triangle is 


A= (3) (10V2 sin @)(10V2 cos 6) 


= 100 sin 0 cos 0 
= 50 sin26 (double-angle formula) 


dA 


The maximum area occurs when —— = 0. 
4A _ 100 cos 20 - 
aa = cos 
0 = 100 cos 20 
0=cos20 
Since 0 is acute, @ € [>. sal Thus, 26 € [0, a]. 
T 
20= or 
7 
On 


Substituting this value into the formula for A gives the maximum area. 
A=50 sin2@ 

i 3 T 

= 50 sin 2 7 ) 

= 50 
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We verify that this is a maximum using the second derivative test. 


A" = -200 sin 20 
»{7\ =_200sin™ 
A (5) 200 sin 
=-200 <0 


Thus, @= 7 gives the maximum area of 50. 


Solution 2 Use Trigonometry 
As in Solution 1, the area of the triangle is A = 50 sin 20. 


The maximum value of any sine function is equal to its amplitude. Thus, the maximum 
value of the area of the triangle is 50. 


Example 4 Teaching a Child to Catch 


Grace is tossing a ball to her young nephew, who insists on 
standing 3 m away. At what angle should she throw the ball ball 


so that it arrives with minimum speed? ‘ 
patl 


The path of the ball is given by 


g 2 7 
= (tan 0)x -| —— x 
y| ) (= cos* ,) 
where @ is the angle from the horizontal that the ball is tossed, g is the acceleration due to 
gravity, v, is the initial speed with which the ball is thrown, x is the horizontal position of 
the ball, and y is the vertical position. Assume that the ball is caught at the same height 
from which it is thrown, and label this height y = 0. All distances are in metres. 


Solution 


We need an expression for the final speed, v, in terms of @. The path of the ball, y = f(x), 
is a quadratic function, with vertex halfway between Grace and her nephew. By symme- 
try, the final speed v equals the initial speed v,, provided that there is no air resistance. 
Thus, 


y = (tan 0)x -{ g Jx 


2v* cos’é 


We know that at the arrival point (the nephew), y = 0 and x = 3, so we can substitute these 
values and solve for v. 
2 


0=3tand- +8 


2v’ cos’ 0 
28. =3tané 
2v" cos” 
ie cn _3g 
~ 2sin@ cosé 
_ 38 
~ sin 20 
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We can find the minimum speed using calculus, as in Solution 1 of Example 3 on page 527, 
but it is often simpler in problems like this to use basic trigonometry. 


2 3g 


v* sin 20 


The minimum speed occurs when sin 26 is a maximum. The maximum value for any sine 
function is equal to its amplitude. Thus, the minimum speed occurs when sin 26 = 1. 


sin 20=1 
7 

20=5 
7 

9-4 


The minimum catching speed for her nephew occurs when Grace throws the ball at an 
T 4. 
angle of m1 radians. 


Key Concepts 


e Sine and cosine functions are also called sinusoidal functions. 
¢ Periodic behaviour can often be modelled by sinusoidal functions. 


Communicate Your Understanding 


1. What is a sinusoidal function? For what kinds of phenomena are sinusoidal 
functions useful models? 

2. Most of the applications studied in this section have models based on sine or cosine 
functions. Why do you think the tangent function did not appear very much? 

3. For a swinging pendulum, explain what angular speed means. 


Apply, Solve, Communicate Mass of Earth: 5.98 x 10“ kg 

Distance between sun and Earth: 1.5 x 10'' m 
1. Application The gravitational force between a Distance between moon and Earth: 3.84 x 10° m 
body and Earth is given by G = 6.67 x 10" N m/kg* 
F(x) =G Min a) Determine the gravitational force that the 

% sun exerts on Earth. 

where F is the force, G is a constant, M is the b) Determine the gravitational force that the 
mass of the body, #7 is the mass of Earth, and moon exerts on Earth. 
x is the distance between the body and Earth. c) Determine the ratio of the quantity in part a) 
The following data are relevant: to the quantity in part b). 
Mass of the sun: 2.0 x 10° kg d) Compare the result of part c) to the result of 
Mass of the moon: 7.4 x 10” kg Example 1 (pages 524-525). 
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2. Inquiry/Problem Solving Consider the tidal 
forces acting on a futuristic spacecraft with mass 
10‘ kg, at the surface of a star. Assume that the 
spacecraft has a shield that can withstand the 
intense heat at the surface of the star. 

a) How great would the sun’s tidal force on the 
spacecraft be if it were at the sun’s surface? 

(The radius of the sun is about 7 x 10° m.) 

b) Repeat part a) for a white dwarf star that 
has the same mass as the sun, but has a radius 
of only 10° m. 

c) Repeat part a) for a neutron star that has the 
same mass as the sun, but has a radius of only 
10° m. 


3. Communication A right triangle has a 
hypotenuse of 10V2 cm. 

a) To determine the maximum area of such a 
triangle, let x represent the length of one of the 
unknown sides of the triangle. Use the 
Pythagorean theorem to determine a formula, in 
terms of x, for the length of the other unknown 
side of the triangle. Then, determine the 
expression for the area of the triangle and find 
its maximum value. 

b) Compare this method of solution to the 
method of Example 3. Which do you prefer? 
Explain. 


4. Application Two sides of a triangle have 
lengths 15 m and 20 m. The angle between them 


is increasing at a rate of oa rad/s. At what rate 
is the length of the third side changing when 
the angle between the other two sides is ™ ? 


a] 
5. The position, x, of the midpoint of a 
vibrating violin string is described by the 
formula x = 0.05 cos (880 wt), where x is 
measured in centimetres and ¢ is measured 
in seconds. 
a) Determine formulas for the velocity 
and acceleration of the midpoint of the string. 
b) Determine the maximum speed of vibration 
of the string, in centimetres per second. 
c) Show that the acceleration and position 
satisfy the differential equation 

2 


ag + (8800)? x= 0. 
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6. A piston in a car engine moves up and down 
because its shaft is attached to a crank that 
moves in a circle at a constant rate, as shown in 
the diagram. 

Tu? lost. | 


a) Determine a formula for h in terms of 0. 
b) Determine a formula for the velocity of the 


piston in terms of the rotational velocity of the 
crank, do i 
dt 

c) For which angles is the piston speed zero? 
d) For which angles is the piston speed a 
maximum? 


7. \nquiry/Problem Solving The electricity flowing 
through the wires in your home is alternating 
current (AC). The word “alternating” means 
that the electricity changes direction.A simplified 
model of the current isV = 120 cos 1207t, 
where V is the voltage, in volts, and ¢ is the 
time, in seconds. 

a) How many cycles does the electricity make 
per second? (That is, what is the frequency of 
oscillation?) 

b) How many times does the electricity change 
direction per second? 

c) The force that pushes the electricity through 
the wires is called the electric force field, or 
electric field for short. The value of the electric 
field is the negative of the derivative of the 
voltage. Determine a formula for the electric field. 
d) When is the electric field at a maximum? 
What is the value of the voltage at those times? 
e) When is the electric field zero? What is the 
value of the voltage at those times? 

8. Determine the maximum perimeter of a 
right triangle with hypotenuse 10V2 cm. 


9. Application A weather balloon rises straight 
up in the air, starting from the ground at point 
A. An observer located at point B, 1 km from A, 
is tracking the balloon with a telescope. The 
angle between the telescope’s line of sight and 
the ground is @. The balloon rises at a constant 
speed of 10 km/h. 

a) Determine a formula for @ in terms of time f. 


b) Determine the rate at which @ is changing 
7 


ra 
10. An isosceles triangle is inscribed in a circle 
of radius r. Determine the angle @ for which the 
area of the triangle is a maximum. 


when 0 = 


11. Inquiry/Problem Solving a) A projectile thrown 
over level ground, at an angle @ to the ground, 


has a range R given by R = (7) sin 20, where v 


is the initial speed, in metres per second, and 
g=9.8 m/s. Determine the angle of projection @ 
for which the range is a maximum. 


—_— gp — 
b) If the projectile is thrown over a slope, then 
2 iain (a — 
the range is R= av" (“nieces } where 

g cos’ b 
¢ is the angle that the slope makes with the 
horizontal. 


a 


Determine an expression for the angle 6, in 
terms of the angle #, for which the range is a 
maximum. 


c) Test the result of part b) by substituting the 
appropriate value of ¢ for the special case of 
part a). Do you obtain the same result as in part 
a) in this way? 


12. A pendulum is swinging back and forth. 
The angle 6 that the pendulum’s string makes 
with a vertical line can be modelled by the 
function @ = 0.15 cos 6 t. 

Determine the maximum angular speed “a 
2 
and the maximum angular acceleration d ; 
of the pendulum. e 


13. A rising weather balloon is being tracked 
with a telescope by an observer 1 km away from 
the point at which the balloon was launched. 
The balloon has a component of velocity of 

10 km/h upward, and a light breeze causes the 
balloon to have a horizontal component of 
velocity of 5 km/h, directly away from the 
observer. The angle between the telescope’s line 
of sight and the ground is 0. 

a) Determine a formula for @ in terms of time t. 
b) Determine the rate at which @ is changing 


7 

when @= ras 

14. Communication An isosceles triangle is 
circumscribed about a circle of radius r. 

a) Determine the angle @ between the two 
equal sides of the triangle for which the area of 
the triangle is a minimum. 

b) Determine the angle @ for which the 
perimeter of the triangle is a minimum. 

c) Compare the results of parts a) and b). Did 
you expect them to be the same? Explain. 


15. A hockey player is rushing down net 

. i 
the ice on a path parallel to the 
boards and 2 m wide of the net. If 
the width of the net is 2 m, at 
what point should the player release 
the puck to maximize the shot angle 
to the net? (The shot angle is the 
angle formed by the puck and the 
two goalposts.) 
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Achievement Check 


Sunlight (and most light) has a mixture of colours in it. However, 
laser light is nearly monochromatic, that is, it contains only one 
colour. A certain beam of monochromatic light can be described by 
the function E = Acos (kx + wt), where E is the electric field in the 
light beam, A is the amplitude of the electric field, x is the position 
along the beam of light, ¢ is time, and k and w are constants that 
characterize the light. Notice that E depends on two variables, x 
and t. 

a) If we could take a “photograph” of the profile of a light beam, 
the profile would look sinusoidal. This amounts to substituting a 
particular time into the formula for E, For example, we could 
substitute t = 0 to get E = A cos (kx). The distance between peaks 
of this profile is known as the wavelength of the light. If the 
wavelength of this light is 6 x 10°’ m, determine the value of k. 

b) Sketch a graph of the function of part a) for two periods of 
oscillation. 

c) Instead of taking a “photograph” of the profile, we could focus 
on a particular location on the x-axis (such as x = 0), and measure 
E as the light wave passes by. Again we would get a sinusoidal vari- 
ation in the value of the electric field E = A cos (wt). The distance 
between peaks of this graph is known as the period of the light, and 
the reciprocal of the period is known as the frequency of the light. 
If the frequency of this light beam is 5 x 10" oscillations per 
second, determine the period. Also determine the value of w, which 
is known as the angular frequency. 

d) Sketch the graph of the function of part c) for two periods of 
oscillation. 

e) Do some research on light to find out what colour of light is 
being dealt with in this exercise. Report on and justify your 
findings. 

f) Determine the product of the wavelength and the frequency of 
this light beam. What are the units of this quantity? What does this 
quantity have to do with the light beam? 

g) Is the light beam travelling to the left or to the right along the 
x-axis? 
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igate & Apply: Modelling Daylight Hours 


stand 


In Leamington, Ontario, the number of daylight hours in a day, S, is about 15 h 
on the longest day of the year, and about 9 h on the shortest day of the year, 
where S§ represents the length of time between sunrise and sunset. Mat’ 
How well can this phenomenon be modelled using trigonometric functions? Use 

the following questions to guide your investigation, and create a summary report. 


1. Construct a formula for S, assuming that it can be modelled by a sinusoidal 
function of time. 


2. On which days of the year is the magnitude of the rate of change of S a 
maximum? 


3. How does the fact that a year is a little longer than 365 days affect the validity 
of the model in the long run? 


4. Use data for sunrise and sunset 
to test the model that you have 
constructed. How good is your 
model? 


Web Connection 
To find sunrise and sunset data, go to 
www.mcgrawhill.ca/links/CAF12 
and follow the links. 


5. How is the amplitude of the 
modelling function affected by a 
change in latitude? (Note that, above 
the Arctic circle, the longest day of the 
year is 24 h long.) Modify your formula to take latitude into account. Test your 
formula using sunrise and sunset data for places with various latitudes. How good 
is your model? 


6. Are there any other factors that would have an effect on the formula? 


Investigate & Apply: Modelling Daylight Hours MHR 533 


Review of Key Concepts 


8.1 Addition and Subtraction Formulas 
Refer to the Key Concepts on page 496. 


1. Express as a single trigonometric function. 
Then, evaluate. 

a) sin 64° cos 4° — cos 64° sin4° 

b) sin 32° cos 13° + cos 32° sin 13° 

c) cos45° cos 15° — sin 45° sin 15° 

d) cos45° cos 15° + sin 45° sin 15° 

°) tan 35° +tan10° 

1—tan 35° tan10° 


8.2 Double-Angle Formulas 


Refer to the Key Concepts on page 502. 


2. Express as a single sine or cosine function. 
a) 50 sinx cosx b) 15 sin 3x cos 3x 


c) 2cos* (30+ 2) —1 qd) 8sin > cos = 
f) 2cos*100-1 


h) sin 7x cos 7x 


2 a 
e) cos 2x — sin’ 2x 


g) 1-2sin’ 2s 
3. Solve for x where x € [0, 27]. 
a) sin3 cosx + cos3 sinx = 0.5 
b) cosx cos 7-— sinx sina=0 
c) cos2x cosx —sin2x sinx = 0 
d) sin2x cosx + cos2x sinx = 1 
e) sinx cosx =-1-—cosx sinx 
tanx—tan = 
i) - 


T 
1+tan x tan > 


g) 3sin2x cosx + 3sin’x = 0 
h) sin2x — sinx =0 

i) sinx —cosx =0 

j) 3cos2x+2=0 

k) sin2x —tanx =0 

!) sin2x —cos2x =0 

m) 2sin2x = cosx 

n) 3sinx =2-cos2x 


4. Suppose that x € (0. $), ye (F 7 } 


=1 


sin x = 2, and tan y =— 3. Determine the 


value of each of the following. 

a) sin2(x — y) b) cos 2(x + y) 

c) tan 2(x — y) d) sin 2x + cos 2x 

5. Marion estimates that the angle of 
elevation to the edge of an 11 m cliff is half the 
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angle of elevation to the top of the 13 m tree 
that is on the edge of the cliff. How far 
away from the base of the cliff is Marion 
standing? 


13m 


6. Determine the value of sin 2(x — y), if 


5 a ee 
Foxe [05 | cosy= grand 


[>| 
ve i 


8.3 Limits of Trigonometric Functions 
Refer to the Key Concepts on page S08. 


7. Determine each limit. 


ve. AL 
sin x 
. sin 3x . 
a) lim b) lim —2 
x30 4x x30) 
] 2 
. sinxcosx " tan’x 
ce) lim d) lim2 
x40 x90 2 
. tanx-x 
2) in-——— 
x30 Ea 


8.4 Derivatives of the Sine, Cosine, and 
Tangent Functions 


Refer to the Key Concepts on page 517. 


8. Determine the derivative of y with respect to 

x for each function. 

a) y=sin(3x°+5) — b) y=4x'sin’(6x" — 2) 

c) y= x’cos(4x° +7) d) y= sin’ (cos’x + tan x) 

e) y=sin'(cosx’) f) y=cos(e’) 

g) y=cos(In(tanx)) h) y=In(sin(e*)) 

) y= (sin x) 
x 

9. Determine the points of inflection and the 

local maximum and minimum values of the func- 

tion y = 2 sinx + sin’ x in the domain [0, 277]. 


) y= sin’x + cos’x 


10. Determine the equation of the line that is 
F as 
tangent to the graph of y = 2 sinx + sin’x at 


the point aS é 
674 


8.5 Modelling With Trigonometric 
Functions 


Refer to the Key Concepts on page 529. 


11. A pulsar, thought to be a rapidly spinning 
neutron star, emits pulses of “light,” in somewhat 
the same way that a lighthouse emits light. (The 
“light” emitted could be some combination of 
light, radio waves, X-rays, etc.) One of the most 
famous pulsars is the power source for the Crab 
nebula. This pulsar has a rotational period of 
about 0.033 s. 

a) Assuming that the rate of rotation of the 
Crab pulsar is constant, use a sinusoidal function 
to model the pulses. Assume two pulses per 
rotation. 

b) The actual rate of rotation of the Crab pulsar 
is decreasing so that it will stop in about 2500 
years. Modify the model in part a) to take this 
new information into account. 

c) The Crab pulsar is about 6 x 10'° km from 
Earth. At what rate does the light from the 
pulsar “sweep” across the face of Earth? 


Web Connection 

To learn more about pulsars, go to 
www.megrawhill.ca/links/CAF12 
and follow the links. 


12. A trough is made from a sheet of metal 3 m 
wide by bending up one third of the sheet on 
each side through an angle @. What value of @ 
will maximize the capacity of the trough? 


13. Two sides of a triangle have lengths 15 m 
and 20 m. The angle between them is increasing 


7 ' 
at a rate of 90 rad/s. At what rate is the area 
changing when the angle between the two given 
vii b, 
sides is ? 
3 


14. The period of a pendulum is nearly 
independent of its amplitude and its mass, 


although it does depend on its length according 


to the formula T = nf, where L is the 


length of the pendulum, in metres, and 

g=9.8 mis. 

a) For a certain grandfather clock, the 

period of the pendulum is 1s, Determine the 
length of a pendulum that has this period. 

b) Is the length found in part a) typical of 
grandfather clocks? If there is a difference, what 
do you think is the reason for the difference? 

c) Construct a sinusoidal function that models a 
pendulum that has the period specified in part a). 
d) The maximum amplitude of the pendulum 
occurs when the angle between the pendulum 
and a vertical line is 30°. Use this information to 
determine one of the constants in the formula of 
part c). 

e) Determine the maximum angular speed of 
the pendulum and when it occurs. 

f) Determine the maximum angular 
acceleration of the pendulum and when it occurs. 


15. The surface area of one cell of a bee’s 
honeycomb is given by 

3, V3 -cos0 
S(0) = 6ab+5 a (33%) 
where @ is the angle of inclination at the base of 
the cell, a is the length of a hexagonal side, and 
b is the average depth of the cell. For a given 
aand b, determine the angle @ that minimizes 
the surface area. Note that honey bees actually 
construct their cells at this angle. 


1 
1 
1 
1 
f 
1 
1 

~ 
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Chapter Test 


Achievement Chart 


3,4, 6,7 5,7 


1. Determine each limit. 

. sin 2x . tan 20x 
lim ——— b) lim ——— 
x20 SINX x70 x 


2. Determine dy and “~ in each case. 


dx dx? 
a) y=2sin3x—3cos4x  b) 


sin x 
~ I+tanx 
3. The blood pressure of a person at rest is 
described by the formula P = 100 + 20 sin 6t, 
where P is the pressure, in millimetres of 
mercury (mmHg), and ¢ is the time, in seconds. 
a) Determine the rate at which the heart beats, 
in beats per minute, assuming that one complete 
cycle of the pressure function corresponds to 
one heartbeat. 
b) Determine the maximum and minimum 
values of the pressure. Are these healthy values 
for blood pressure? 
c) How is the formula for blood pressure likely 
to change during times of physical exertion or 
while taking a math test? 
d) How is the formula for blood pressure likely 
to change during times of relaxation or sleep? 
4. Determine the values of 1 for which the mth 
derivative of the function f(x) = sin x + cos x is 
equal to f(x) 


5. The cross section of a trough is an inverted 
isosceles triangle. Determine the vertex angle for 
which the capacity of the trough is a maximum if 
the equal side lengths of the triangle are constant. 


6. A circle of radius 1 is centred at the 
origin O. Lines drawn from a point (p, 0) 
are tangent to the circle at points A and B. 


a) Determine the value of p for which the area 
of AOAB is a maximum. 

b) Determine the angle between OA and the 
x-axis for which the area of AOAB is a 
maximum, 

c) Determine the maximum area of AOAB. 


Achievement Check 


7. The position function of a particle that moves along the x-axis is 
x=2nt+sin2at. 

ry} a) Determine a formula for the velocity of the particle. 

2 b) Determine a formula for the acceleration of the particle. 

c) When is the particle momentarily at rest? 

d) When is the particle moving toward the left? toward the right? 
e) When is the velocity of the particle increasing? decreasing? 

f) When is the particle speeding up? slowing down? 

g) Sketch the graphs of the position function, the velocity function, 
and the acceleration function for the particle. 
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Challenge Problems 


1. a) Express 4 sinx + 3 cos x in the form A sin (x + @). 
b) Show that it is always possible to write a sin x + b cosx in the form A sin (x + @) by determining 
expressions for A and @ in terms of a and b. 


2. a) Express 4 sinx + 3 cosx in the form A cos (x + @). 
b) Show that it is always possible to write a sin x + b cos x in the form A cos (x + 6) by determining 
expressions for A and @ in terms of a and b. 


sinx +sin 2x +sin 3x 


3: Prove'that ——— 
cos x +cos 2x + cos 3x 


= tan 2x is an identity. 


4. Find the acute angle of intersection between the lines y = 2x — 1 and y = —4x + 5. 
5. Find the acute angle of intersection between the two curves y = x' and y = x° + 4. 


6. If A, B, and C are angles in a triangle, by expanding tan (A + B + C), show that 
tan A tan B tan C = tan A + tan B + tan C. 
Vi+tanx —V1+sinx 


7. Determine lim 7 
x0 x 


sin — 
8. Determine lim 


xe 


ee dh 
sin — 
x 

9. Show that the curves y = e * and y = e ‘cos x are tangent to each other at each intersection point. 


Sketch the two curves. 


10. The total electromotive force E in a circuit is related to the current I by I a +rI = E, where 


and r are constants of the circuit. Given that I = I, cos(wt+b), and I,, w,and b are constants, 
determine a formula for E. 
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Appendix A 
Review of Prerequisite Skills 


Angle measures 
To convert the angle a from radian measure to degree measure, multiply the angle 


in radians by 130" 


on Fer pete 
3 ~s 
=120° 


The angle measure in degrees is 120°. 
To convert the angle 135° from degree measure to radian measure, multiply the angle 


in degrees by caps 


135° =135°x =~ 


180° 
30 
= rad 
= 2.36 rad 
The angle measure in radians in exact form is a rad. In approximate form, it is 2.36 rad. 


1. Convert each angle from radians to degrees. 
az b) om °) thus d) Bil e) = f) 2a 


a) 6 


2. Convert each angle from degrees to radians. 
a) 30° b) 45° c) 60° d) 180° e) 360° f) 540° 


Circle geometry 

An arc of a circle of radius Scm has length 15cm. To determine the measure of the angle, 
in radians, that is subtended by the arc, use the formula 6 = 4 | where 0 is the angle, in 
radians, a is the arc length, and r is the radius. Arc length aad radius must be measured 
in the same unit. 


o=4 
fr 


a 
a 
=3 

The angle measure in radians is 3 rad. 


The measure of the angle in degrees can be determined by converting the measure from 
radians to degrees (see Angle measures). 

1. Determine the measure, in radians, of the angle subtended by each arc. 

a) arc length = 2 m, radius = 4 m b) arc length = 35 m, radius = 7 m 

c) arc length = 18 m, radius = 6 m 
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2. Determine the length, in metres, of the arc that subtends each angle. 
a) angle = 5 rad, radius = 3 m b) angle = 2 rad, radius = 8 m 
c) angle =7 rad, radius = 4 m 


3. Determine the radius, in metres, of each circle, given the length of the arc and 
the angle it subtends. 
a) arc length = 24 m, angle = 6 rad b) arc length = 33 m, angle = 3 rad 


Completing the square 


To express y = 4x* — 8x +7 in the form y = a(x — p)’ + q, factor the coefficient of x* 
from the first two terms. Then, complete the square by adding the square of half the 
coefficient of x. The value that was added must also be subtracted to keep the function 
the same. 


y = 4x" - 8x47 
Factor the coefficient of x° from the first two terms: = 4(x* - 2x) +7 
Add 1 to complete the square; subtract 1 to keep the 
function the same: =4(x?-2x+1-1)4+7 
Write the perfect square trinomial as the square of 
a binomial: =4A[(x - 17-1] +7 
Expand and simplify: =4(x-1P-44+7 

=4(x- 1) +3 


The equation in the form y = a(x — p) + q is y= 4(x - 1) +3. 

14. Write each function in the form y = a(x - p)’ + q. 

a) y=x°'+6x+4 b) y=x7-10x+5 cc) y=x*?-2x-11 9 d) y=3x*+6x-6 
e) y=x°-2x-8 f) y=2x°-12x+3 g) y=-4x°+16x-9 h) y=4x°+24x-5 


Complex numbers 
To simplify V—360, first factor V-1 from the radical. Then, replace V-1 with i, and 
simplify the remaining radical. 
v-360 = V-1 x ¥360 
=ix 360 
=ix 36 x V10 
=ix6x-10 
= 6iV10 
To simplify i*, write it in the form 7 x i. Since 7 =-1, 7° x i= -i. So, 7 = -i. 


To simplify 4+V—12, factor V-1 from the radical. Then, replace V-1 with i, and 
simplify the remaining radical. 


44+J-12 =44+V-1xV12 
=44ixV12 
=44ixV4xv3 
=44ix2xV3 
=442iv3 
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To simplify sen?7 , first write the expression so that the radical is in simplest form. 


Then, simplify by dividing the numerator by the denominator. 


64+N-27 _64+V-1xV27 
= 


3 

_ 6 +ixV27 

a 3a 

_ 6+ixv9 x V3 

= 3 

_ 6+ix3xV3 

~ 3 

_ 6+3iv3 

~~ 3 

=2+iv3 
1. Simplify. 
a) V-25 b) v-16 c) V7 d) V-56 e) —Vv-125 
2. Simplify. 
a i b) 4ix 3i c) -27° d) (5i)(7i) e) (-i¥5)(4ivS) 
3. Simplify. 
a) 5+V045 by) 8-V2Q0 g ae @ p20 sj ame 


Compound interest 
To determine the final amount of a $500 investment, invested at 8%, compounded 
quarterly, for 10 years, use the compound interest formula, A = P(1 + i)". 
A is the final amount, which is the value that is being calculated. 
P is the principal, or the initial amount of the investment, which is $500. 
i is the interest rate per compounding period, which is 0.08 + 4, or 0.02. 
n is the number of compounding periods, which is 40, since interest is compounded 
4 times a year for 10 years, and 4 x 10 = 40. 
A =P(1 +i)" 
= 500(1 + 0.02)” 
= 500(1.02)” 
= 1104.02 
So, the final amount of the investment is $1104.02. 
1. Determine the final amount of each investment using the compound interest formula. 
a) $2000 invested at 8%, compounded annually, for 6 years 
b) $4500 invested at 6.5%, compounded semi-annually, for 2 years 


c) $6700 invested at 7.75%, compounded quarterly, for 20 years 
d) $5000 invested at 6%, compounded monthly, for 5 years 
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Determining angles 
To determine the angle @ in the following diagram, use the trigonometric 


ratio tan@=~. 


Determining coordinates of points 


To determine the coordinates of P in the following diagram, multiply cos 30° 
and sin 30° by the length of the terminal arm, 2. 


Lc 


2 cos 30°= (2) 
= V3 =1 


ws 


2sin30°=2( 5] 


The coordinates are (2 cos 30°, 2 sin 30°), or (V3, 1). 


14. Determine the coordinates of P for each diagram. 


a) y b) 
P 
4 
75° 
0 
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330° 


Distance between two points 
To determine the distance between the points (x,, y,) = (2, —5) and (x,, y,) = (-4, 3), 


substitute the x- and y-values into the formula d = y(x, —x,)? +(9, —y,)- 


d=\(x, —x,)' +(9 94)" 
=V-4-2)+6-CoP 


= v(-6)* + (8)° 


The distance between the points is 10. 


1. Determine the distance between each pair of points. 
a) (2, 1) and (5, 4) b) (3, 6) and (4, -2) c) (1, -3) and (-4, 4) 
d) (-7,-2) and (-1, -5) e) (9, —3) and (6, 3) f) (2, 4) and (3, -5) 


Dividing a polynomial by a monomial 
2x3 -6x* +4x 


To simplify the expression , divide all the terms by the greatest common 


factor, which is 2x. State any restrictions on the variable. 


2x' 6x? | 4x 
2x'-6x° +4x _ 2x 2x * 2x 
8x" 8x" 
2 
ae —3%4+2. 
= re se 
1. Simplify. 
Py 6y° + 1Sy b) 8m+16m* +28m' °) 25x? + 5x d) 8x7y+ 14xy? +4x'y' 
3y 4m 10x 16x°y" 
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} 


Domain 


= . Vea 
To state the restrictions on the domain of y = 


————..x, determine the values of x 
x’ +2x-15 


for which the denominator is zero. 
x +2x-15=0 
(x + 5)(x — 3) =0 
x+5=O0orx-3=0 

x=-5 x=3 


The restrictions are x # —5 and x # 3. 


14. Determine the restrictions on the domain for each equation. 


a) flx)=11x*-21x+2 db) f (x)= oy 


a 
3x? + 5x42 


x+2 


OMe) eax 2d 


d) f(x) = 


Equation of a horizontal or vertical line given a point on the line 


To determine an equation of the vertical line passing through (x,, y,) = (-3, 4), substitute 
the value of x, into the equation x = x,. 


x=x, 

x=-3 

An equation of the line is x = —3. 

To determine an equation of the horizontal line passing through (x,, y,) = (—3, 4), substitute 
the value of y, into the equation y = y,. 

y= 

y=4 

An equation of the line is y = 4. 


1. Determine an equation for each line. 
a) passing through the point (-2, 3) and horizontal 
b) passing through the point (1, 1) and vertical 


Equation of a line given the slope and a point 
To determine an equation of the line passing through the point (4, —1) whose slope is 2, 
substitute the slope for 7, substitute the x-coordinate for x,, and substitute the y-coordinate 
for y, in the equation y — y, = m(x — x,). Then, simplify the equation. 

y~y, = mx ~x,) 
y — (-1) = 2(x - 4) 

yt1l=2x-8 

y=2x-9 


An equation of the line is y = 2x — 9. 
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1. Determine an equation for each line. 
a) slope of 3 and passing through the point (2, 5) 
b) slope of -1 and passing through the point (3, -6) 


2. Determine an equation for the line that is parallel to the line y = 5x — 2 and passes 
through the point (2, 4). 


Equation of a line given the slope and y-intercept 


To determine an equation of the line whose slope is 3 and whose y-intercept is 2, substitute 
the slope for m and substitute the y-intercept for b in the equation y = mx + b. 


y=mx+b 
=e? 


An equation of the line is y = 3x + 2. 


1. Determine an equation for each line. 
a) slope 2 and y-intercept 1 b) slope —4 and y-intercept 4 


Equation of a line given two points 
If the two points (x,, y,) = (-2, 2) and (x,, y,) = (1, 8) are known, the slope, m, of the line 
joining these points can be determined by substituting the x- and y-values into the formula 


aK. 


The slope of the line is 2, An equation of the line can be determined by substituting the 
slope m and the point (x,, y,) = (-2, 2) into the formula y — y, = m(x — %;)s 


y—y,= mx —x,) 
y-2 = 2(x - (-2)) 
= 2(x +2) 
=2x+4 
y=2x+6 
An equation of the line is y = 2x + 6. 


1. Determine an equation of each line. 
a) passing through the points (1, 5) and (-1, -2) 
b) passing through the points (4, 4) and (7, 1) 
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Equation of a line given the x- and y-intercepts 


The line with an x-intercept of 4 and a y-intercept of —2 passes through the two points 
(4, 0) and (0, —2). The slope, , of the line connecting these points can be determined by 


substituting the x- and y-values into the formula m= | : 
a 
poe Bal 
xX, —X, 

_—2-0 

= 0-4 

-72 

~ 4 

a 

~2 
The slope, m, of the line is 4 . The y-intercept, b, is -2. Substitute these values into the 
equation y = mx + b. 
y=mx+b 
y= ! x-2 


An equation of the line is y = 4 n-2, 


4. Determine an equation for each line. 
a) x-intercept 1 and y-intercept 4 b) x-intercept 3 and y-intercept —2 


Evaluating functions 


To evaluate the function f(x) = x’ — 2x" + 5x + 6 for f(3), substitute 3 for x. 
Then, simplify. 


fix) =x - 2x? + Sx +6 
f(3) = 3° - 2(3)° + 5(3) +6 


=27-18+15+6 

= 30 
To determine if f(2) > f(-1) for f(x) =x + 3, evaluate f(2) and f(-1) and compare them. 
f(x) =-x +3 f(x) =-x+3 
f(2) =-2+3 f(-1)=-(-1) +3 

=1 =1+3 


=4 
Since 1 < 4, then f(2) < f(-1). The statement f(2) > f(-1) is false. 
1. If f(x) =x? + 3x — 4x — 7, determine the value of 
af) —&) f(3) o fl2) 9 #(-4] 
e) f(31) — f) ln) 9) f(-3x) h) f(x") 
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2. If f(x) =x° — 5, determine the value of 


a) (2) b) f(-S) 0) f(v7) d) f(x +2) 

3. If f(x) = Vx —3, determine the value of 

a) f(3) b) (7) oe) (4) d) f(x") 

4. If f(x) =| x — 6 |, determine the value of 

a) f(1) b) f(8) c) f(-4) d) f(6) 

5. Determine whether each statement is true or false for f(x) = (x + 2)°. 

a) f(1)>f(0) b) f(2) <f(-1) ce) f(-7)<f(3) d) f(-2)>f(-3) 


Exponential equations 


To solve 8° = 16° ', first rewrite the equation using a common base. When the bases are 
equal, the exponents are equal. Thus, the equation can be solved by equating the exponents. 


8° = 16"! 
Rewrite using a common base: (23)* = (2*)*"! 
Simplify the exponents: 22 =2e"* 
Equate the exponents: 3x =4x-4 
Solve for x: 4x -3x=4 
x=4 


The solution is x = 4, 


To solve 2*** — 2*** = 192, first remove a common factor and simplify the equation. Then, 
equate the exponents and solve for x. 


gets _9**3:_ 4199 


Remove a common factor: 2*(2° — 2) =192 
Simplify the expression: 2*(32 - 8) =192 
2*(24) =192 

2*=8 

Rewrite using a common base: 2*=23 

Equate the exponents and solve for x: x=3 


The solution is x = 3. 

1. Solve for x. 

a) 3*=81 b) 4°? = 16" c) 6° =216"* d) 9 *=27""! 
e) 5°*'4+5%=750 f) 7*3-7% =342 — g) 2-3 4.2**7=33 hy) 49-74-45 265 


Exponent laws 
To multiply powers with the same base, add the exponents. 


x x x = x +3 
5 
=e 
To divide powers with the same base, subtract the exponents. 
5-2 
x ax=x 
3 
=a 
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To raise a power to an exponent, multiply the exponents. 
(x’)4 = x “4 
= x* 
a" means a multiplied by itself times, when is a positive integer. 
2°=2x2x2x2x2 
=32 


E 1 
a” means —,, where n > 0. 
a 


2 =3 
-t 
32 
a’ = 1, where a #0. 
10°=1 


1 
a” means Va, where nis a positive integer. 


m 
a" means (%/a)" , where nis a positive integer and m is an integer. 


git = (¥81) 
=3 
=27 
(ab)" means (a")(b"). 
(Sx)? = (5°)(x) 
= 25x* 


(¢| means ro where b #0 


es 
2S 


1. Rewrite each expression using positive exponents only. 
a) Sx b) (3x) * c) 7+x° d) (5x7)? - 6x! + 2x-x* 


2. Expand and simplify each expression. 
1 
a) x2(3x741) by (3x*- 5)(2x+3) 0) 4x(x?-1)(0 +2) d) Vx? +5V2x-4 
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3. Evaluate. 


a) (-3)* b) 4° c) 21° d) 362 e) 6258 
4. Simplify. 
1 
Op7 4 2-9 )3 
a ey Se) Beg) min Pome'nty gg) ST, 
(x y*)6 


Factoring a* — b” 
To factor 16x* — 25, use the equation a” — b* = (a + b)(a — b). In this case, a = 4x and b = 5. 
a —b=(a+b)(a—b) 
16x* — 25 = (4x)? — 5? 
= (4x + 5)(4x — 5) 
1. Factor. 
a) x-4 b) y-100 co) 4n°-49 — d) 25-81 ee) 1-36x" f) 4y" — 9x* 


Factoring 2° — b’ or a + 
To factor 8x* — 27, use the equation a’ — b* = (a — b)(a’ + ab +b”). 
In this case, a = 2x and b = 3. 


a —b'=(a- b)a’ + ab +b’) 
8x? — 27 = (2x)’ — (3)° 
= (2x = 3)[(2x)* + (2x)(3) + 3°] 
= (2x — 3)(4x* + 6x + 9) 


To factor 27z' + 64, use the equation a + b’ = (a + b)(a’ — ab + b’). 
In this case, a = 3z and b = 4, 


a+b'=(a+b)(a -—ab+b’) 
272° + 64 = (3z)* + (4)° 
= (3z + 4)[(3z)° — (32)(4) + 47] 
= (32 + 4)(92" — 12z + 16) 


1. Factor. 
3 33 » 3 3 x? 1 1 
a) x -1 b) x -y oc) 27-64a d) 8a°-1 2) eo ) a9 
2. Factor. 
3 
a) x48 b) 8241 o) +125d d) 1000x7+729w* @) 1+ 8 f) os ie 
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Factoring ax’ + bx+c,a=1 


To factor x° — 8x + 12, where a = 1, b=-8, and c = 12, use a "Product of 12 
table to find two integers whose product is c = 12 and whose 


sum is b = -8. The only two integers with a product of 12 and Ba : 13 

a sum of —8 are —-6 and -2. “22 Sn ae 

Thus, x* — 8x + 12 = (x — 6)(x — 2). 6 2 8 
~6 22 SB 

4 3 7 

4 She 

1. Factor. 

a) x’-x-20 b) y +3y-10 co) n —Sn-36 

d) m+9m+18 e) x - 11x +30 f) ¢-2c-24 

g) 16+15y-y° h) x°+12xy + 32y° ) ¢-3cd-28d’ 


Factoring ax + bx+c,a#1 


To factor 3x* + 13x + 10, where a = 3, b= 13, and c= 10, Product of 30. Sum — 
31 


find two integers whose product is a x c = 30, and whose 30 1 
sum is b = 13. The only two integers with a product of 30 15 2 17 
and a sum of 13 are 10 and 3. 

10 3 13 

6 5 if 

Break up the middle term: 3x? +13x +10 =3x°+3x+ 10x +10 
Group terms: = (3x7 + 3x) + (10x + 10) 
Remove common factors: = 3x(x + 1) + 10(x + 1) 
Remove a common binomial factor: = (3x + 10)(x + 1) 
Thus, 3x* + 13x + 10 = (3x + 10)(x + 1). 
1. Factor. 
a) 3x’-2x-8 b) 2c°+7¢-4 c) 4m’ -11m+6 d) Sy +8y+3 
e) 3v+n-2 f) 6x’-17x-3  g) 3x°-Sxy-12y sh) Sx” 14 + 8 


) 4x74+23x4+15 j) 2p+pq-¢ 


Finite differences 

Finite differences are calculated from tables of values in which the x-coordinates are 
evenly spaced. First differences are found by subtracting consecutive y-coordinates. 
Second differences are found by subtracting consecutive first differences, and so on. 
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If the first differences are constant, the relation is linear. If the second differences 
are constant, the relation is quadratic. Otherwise, the relation is neither linear 
nor quadratic. 


This relation is linear. This relation is quadratic. 
xy Ast Differences xy Ast Differences 2nd Differences 
1 3 1 590 
SesSz 32 - 50 =-18 
23s nie -14 - (-18) =4 
7-S=2 18 - 32 =-14 ; 
as ae a: Wis -10 - (-14) =4 
9-7=2 8-18 =-10)" Ste 
4 9 42 8 ~6 — (-10) =4 
11-9=2 2-8=-6 — 
52 Bill ae ee 


This relation is neither linear nor quadratic. 


xy Ist Differences 2nd Differences: 
1a 
4-2=2 
pe ea 4-2=2 
8-424 
Be me 8-4=4 
16-8=8 
4 16 16-8=8 
32-16 =16 
5 32 


1. Use finite differences to determine whether each relation is linear, quadratic, 
or neither. 


2) >) a) ee) ee eee ee 
15 59) 1 =3 1-1 


is Bes ie -33 1 

mes 2355 23 7 2 -31 2g BES: 22 Gas 
pati es S10 SS eS 3 -27 3-3 3-1 

4 14 4 17 4 3 4 -20 an Ss ah HSS 
on Se 5 26 Sui bal erp) Su eis 5-1 
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Function notation 


The point for which f(5) = 3 has x-coordinate 5 and y-coordinate 3. To graph this point, 
locate the coordinates (5, 3). 


4. Graph the point that satisfies each condition. 
a) f(1)=-3 b) f(-4)=2 c) f(0)=6 d) f(7)=4 
e) f(-3)=0 f) f(-2)=-1 


Functions and relations 
For the graph of y = x° — 5, the domain is all real numbers, and the range is y > —S. 


The curve is a parabola opening upward whose vertex is (0, —5). 


The relation is a function, since there is no vertical line that intersects the graph more than 
once. In other words, for every x-value, there is exactly one y-value. 


4. State the domain and range of each relation, graph the relation, and 
then determine if it is a function. 


a) y=5x+2 b) 3x-4y~8=0 c) y=2x°4+3 
qd) y=4(x-2)4+1 ed x+y =25 f) x’ +y'+8x-2y-8=0 
9) y=-2 h) x +y'-4x+10y+20=0 i) y=V3x+2 
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Graphing quadratic functions 


The graph of y = 2(x + 3)’ — 8 has vertex at (-3, -8), opens upward, and has been vertically 
stretched by a factor of 2 relative to the graph of y = x*. The graph can be sketched using 
this information. 


y =((v43)+8 


1. State the vertex, the direction of opening, and the vertical stretch factor relative to the 
graph of y =x" for each parabola. Then, sketch the graph. 


a) y=x°4+2 b) y=-x?-1 c) y=2x" d) y=3(x +4) 


e) y=-2x-1) +4 f) y=0.5(x+2) +3  g) y=-(x+1)7-5 hy y= (x-37 +1 


Graphing trigonometric functions 


To graph two cycles of y = 4 cos (« = =} graph two cycles of y = cosx translated to the 


right by ae and stretched vertically by a factor of 4. 
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To graph two cycles of y = tan 5 x +3, graph two cycles of y = tanx translated upward 


by 3, and stretched horizontally by a factor of 2. 


| 
H 
| 
| 
1 
i 
1 
1 


1. Graph two cycles of each function. 
a) y=3sinx b) y=tan2x c) y=cos(x + 7) -1 


Graphs of functions using technology 


When y= es is graphed using the (sya) es con ona 
x 


graphing calculator, it should appear as it does here. 
The domain is x # 0. The range is y # 0. 


Window variables: 
x €[-10, 10], y e [-10, 10] 


When y= Vx +2 is graphed using the Winco vara 
shown, it should appear as it does here. 
The domain is x € [0, ©). The range is y € [2, 2). 


Window variables: 
xe [0, 9], y€ (0, 5] 


1. Graph each function using a graphing calculator or graphing software. State the 
‘vidoe varabics that you used. Then, state the domain and range of the function. 


a) y=4 b) yao c) yaies dad) y=vx+3 
e) y=V4—x f) ya—vVve+5 
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Interpreting graphs of functions 


To evaluate (4) on a graph, find the value of f(x) when x = 4. a 


When x = 4, f(x) =-6. 

The domain of a function is the set of all values of x for which 
the function has a y-value. The range of a function is the set of 
all y-values for the function. 


=x? +4 dose 
For the graph of f(x) = 7 > the domain is the set of all 


real numbers. The range is y € (—%, 2]. 


1. a) Determine the value of 


i) (0) ii) f(1) iii) f(-1) iv) f(-2) 


b) State the domain and the range. 


2. a) Determine the value of 


i) f(0) ii) f(-2) iil) (2) iv) f(1) 


b) State the domain and the range. 
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SAH) == 


oA 


aye 


Inverses 


To find the inverse of f(x) = Sx + 7, first rewrite the function as y = Sx + 7. 
Then, interchange x and y and solve for y. 


x=Sy+7 
x-7=Sy 
K=T _ 
z= 


The reason we can interchange x and y is that a function and its inverse are reflections of 
each other in the line y = x. 


We use the notation f (x) to express the inverse of f(x). So, the inverse 


of f(x) = 5x +7 is f(x) = a7 


Since f '(x) passes the vertical line test, that is, there is exactly one value of f(x) for each 
value of x, it is a function. 


1. Find the inverse of each function, and determine whether the inverse is also a function. 


a) fix)=3x-1 b) f(x) =4x° +2 c) fix) =3x'-8 
dg) flx)=V2x+3 & fix 3244 


Operations with complex numbers 


To simplify the expression 3(5 + 8i) — 4(3 + 7i), expand to remove the brackets, and, then, 
collect like terms. 


3(5 + 8i) — 4(3 + 71) = 15 + 247 - 12 — 281 
=3-4i 


5H , rationalize the denominator. To do this, multiply the 


numerator and the denominator by i. Then, use the property i” = 1. 
4-31 _ (4-3i)(i) 
2i (22)(i) 
_4i- 
2 
— 41 -3(-1) 
~ 2(-1) 
_ 4i+3 
~ =2 


To simplify the expression fs 


To simplify the expression He 


numerator and the denominator by the conjugate of the denominator. Then, use the 
property i> = — 


z , rationalize the denominator. To do this, multiply the 
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342i — (3+2%)(4+ Si) 
4-Si (4—5i)(4+ Si) 
_ 124+231+107 


16-257 

_ 124231 +10(-1) 

~ 16 —25(-1) 

_ 12+23i-10 

~  16+25 

_ 2423; 

~ 41 
. | 1. Simplify. 
a) (4+ 3%) + (2 -7i) b) (5 + 81) — (3 + 41) 
| ©) (1-9) -(3 +21) d) 2(34- 1) - 3(27- 5) 
| 2. Simplify. 
: i-3 4-T7i Si 843i 
| ae a a 9 aa o 8 


Pythagorean theorem 
To find the length of AC in AABC, use the Pythagorean theorem: AC’ = AB’ + BC*. 


A 
9cm 


B 12cm Cc 
(AC)’= 9° + 127 
= 81+ 144 
=225 
AC = ¥225 
=15 
1. Solve for x in each triangle. 
a) b) c) 


x-3 12-x 


12 
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Rationalizing expressions 


; r ° x ‘ 
To rationalize the denominator of Veei5 5° first multiply the numerator and the 


denominator by the conjugate of the denominator, which is Vx + 25 +5. Then, simplify the 
expression. 


2 = x y NEH25 +5 
Vx+25~5 Vx+25-5 Vx+2545 
_ x(Vx+25 +5) 
x+25-25 
_ x(Vx+25 +5) 
x 
=Vx+254+5 
1. Rationalize the denominator of each expression. 
24 4 _48 
9 Gree ) Vet? Ve osx —Vx 
x+4 x F 12x 
9) Vx+5-1 ®) ale?4:9'=3 ) Vx +6 —Vx-6 


Similar triangles 
Consider the following figure. 


14 ee 


3 x 
Since the larger triangle and the smaller triangle are similar, the ratios of the corresponding 
sides are equal. We can use this property to determine the value of x. 


5 _3+x 
40 0x 
5x = 4(3 + x) 
Sx = 12+44x 
Sx -4x=12 
x=12 
1. Solve for x in each triangle. 
a) b) °) 
9 S 2x+8 
a: x+5 2-5 
6 3 
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Simplifying compound rational expressions 
ad 
To simplify the rational expression x44 4° multiply the numerator and denominator 
x 


by the common denominator of the numerator, that is, 4(x + 4). Then, simplify. To find the 
restrictions, determine which values of x result in a denominator of 0. 


Multiply the numerator and the denominator rt i (eta )aee 
by 4(x + 4): with 4 x+4 4 
x xx 4(x +4) 
Simplify: ~4-(x+4) 
ae Ax(x + 4) 
ee 
4x(x +4) 
Divide the numerator and the denominator by 
the common factor x and state the restrictions =. st. peek. HO 
on the variable: A(x +4)? 1 


1. Simplify. State the restrictions on the variable. 
1 1 4 


1 1 


" 3) (x +6) 36 
x 


a) x+7 Zz. b) *=3 
x x 


wie 


Simplifying expressions 
To simplify the expression 3(x + 2)(x — 4) — 2(x* — 3), expand to remove the brackets, and, 
then, collect like terms. 


Bla + 2)(x — 4) — 2(x? - 3) = 3(x? — 2x — 8) - 2(x? - 3) 
= 3x’ — 6x —24-2x7 +6 


=x’ -6x-18 
1. Simplify. 
a) 2(x +4) +3(x +4) b) 8(y—3)- (y+ 6) 
c) 6(x— 4) +2(3 +x) d) 2(w +7) —(w—3)+3(w - 2) 
e) -S(y—3)+7(2-y) + 6(y +1) f) 4(x? +x —5) + 3(x* -2x +8) 
g) 3(x — 3)(x +4) + (x — 2)(x + 5) h) 4(a-1)(a- 4) + (a+ 2) 


i) 3(x + 2)(x — 7) + 2(x + 4)(x + 3) 


Simplifying rational expressions 
x’ +2x-8 


3x*+11x-4’ 
denominator, if possible. To find the restrictions on the variable x, determine the values of x 


To simplify the rational expression factor the numerator and the 
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that make the denominator equal to zero. Then, divide the numerator and the denominator 
by the common factor. 

x? +2x-8 _ (x-2)(x+4) 
3x° +11x-4  (3x—-I)(x +4) 


= 2, xe i x#—4 
-2 

The solution is on <4: The restrictions on the variable are x # 5 and x # —4. 
1. Simplify each expression and state the restrictions on the variable. 

x? +3x4+2 x-5 2x? +3x-5 
3) x+2 ) x? -2x-15 9) x-1 
a Sx? +11x+2 gj 2x? +5x~12 f 6x" —11x-10 

x -x-6 4x*° -9 8x* -18x-5 

Slopes and y-intercepts 


To determine the slope and the y-intercept of the equation —3x + y + 4 = 0, rewrite the 
equation in the form y = mx + b. 


-3x+y+4=0 
y=3x-4 


The slope is the value of m, and the y-intercept is the value of b. The slope is 3 and the 
y-intercept is —4. 


y T 
| 
_|-1 1 Io ga 
SRR eeP eee 
4 | -2 lo; / 2 | 4* 
SEES 
=3x=4 
'dmiail 
S2aSW PEE 
SSae cS 25 
| 
L = } 


1. Determine the values of the slope and the y-intercept for each line. Then, graph the line. 


a) y=4x4+1 b) y=x-2 c) y=3x+5 

d) y=-7x+3 e) y=3x f) y=-8 

9g) y=5Sx4+2 h) 4x-y=3 i) 7x+2y-5=0 
, -4 

) y=x k) 4(x4+3)-y=8 =) %=2 


Slopes of lines 


To determine the slope, 7, of a line given two points on the line, (x,, y,) and (x,, y,), 
use the formula m= 22%, 
X,—%; 
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The slope of the line passing through (1, 2) and (3, 5) is 


S 
alee = 
of 
“2 
1. Determine the slope of the line passing through each pair of points. 
a) (-1, 5), (3, 7) b) (2, 8), (7, 5) c) (-2, -6), (1, 5) 
1 x3 2 


g) (1.2, 3.1), (5.9,-6.1) h) (—3.2, 4.7), (-1.7, 2.1) 


Solving first-degree inequalities 


To solve the inequality dest <le+8 , isolate the variable in the same way that you 
would for a linear equation, except reverse the inequality symbol when you multiply or 
divide both sides by a negative number. 
2x-1_ 5x+3 
| 
4(2x —1) < 2(5x +3) 
8x-4<10x+6 
-2x<10 
—2. 10 
Reverse the inequality symbol since we are = a} 
dividing both sides by —2: e5-5 


To graph this solution, use an open dot to show that —S is not a part of the solution. 
(If the solution is x > —5, a closed dot is used.) 


1. Solve each inequality and graph the solution. 


a) 4x-1>3x+5 b) 2(x — 5) s 6(x - 4) c) -3(3x+2)+5<6(x-2)+1 
xt+30x-5 xt+2_x-9 44+5x eG 
d) ge a e) ge gr te f) 3 “+5 Sx-> 


Solving quadratic equations by factoring 


To solve x° — 5x = 6 by factoring, first write the equation in the 
form ax” + bx +¢=0. 


x’ - 5x =6 
x’ - 5x-6=0 
Factor the left side: (x — 6)(x +1)=0 
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Use the zero product property: x-6=Oorx+1=0 
x=60r e=-1 
The roots are 6 and —1. 


To solve 2x* + 9x = -10 by factoring, first write the equation in 
the form ax” + bx +c = 0. 
2x* + 9x =-10 
2x7 + 9x + 10=0 
Find two integers whose product is a x c, or 20, and whose sum is b, or 9. 
The only two integers with a product of 20 and a sum of 9 are 4 and 5, 


Break up the middle term: 2x? + 4x +5x+10=0 
Group terms: (2x? + 4x) + (Sx + 10) =0 
Remove common factors: 2x(x +2) + 5(x +2) =0 
Remove a common binomial factor: (2x + 5)(x +2) =0 
Use the zero product property: 2x+5=Oorx+2=0 


2x=-Sor x=-2 


5 = 
eS —5 OF a= 2 


The roots are -3 and 2. 


1. Solve by factoring. 
a) x°+9x+20=0 b) y+2=3y c) b°+7b=30 8d) a +8a+15=0 


2. Solve by factoring. 
a) 3x°+x=2 b) 4x°-20x=-25  c) 25y'-9=0  d) 9x°-4x=0 


Solving quadratic equations by graphing 

To solve x” + 3x = 4 by graphing, first write the equation in the form ax* + bx + ¢ = 0. 
x’ +3x=4 

x’ +3x-4=0 


Next, graph the related quadratic function y = x* + 3x — 4 using paper and pencil, a 
graphing calculator, or graphing software. 


Window variables: 
xe [0, 9], y <[0, 5] 


Use the “ero operation to find the solutions. 
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The graph intersects the x-axis at (1, 0) and (-4, 0). The solutions of x” + 3x =4 are x =1 
and x = —4. 


Another way of solving this is by graphing f(x) = x° + 3x and g(x) = 4, and finding their 
point of intersection. 


1. Solve by graphing. 
a) x =4x45 b) x +5x=-4 ce) x -16=0 
d) -x°+8=7x e) 6x-S=x f) x°+8x =-12 


Solving radical equations 


To solve the radical equation Vx + 3 -V2x —1 =-1, isolate one radical on the left side of 
the equation. 


vx+3-V2x-1=-1 
Isolate one radical to the left side of the 


equation: Vx+3=-14+V2x—-1 
Square both sides: x+3=1-2V2x-1+2x-1 
Simplify: —x+3=-2V2x-1 
Square both sides again: x? —6x+9 = 4(2x —1) 
Simplify: x -6x+9=8x-4 
x? -14x+13=0 
(x-13)(x-1)=0 
x=130rx=1 
Check x = 13: Check x = 1: 
LS.=Vx+3-V2x-1 RS.=-1 LS.=Vx+3-V2x-1 RS.=-1 
= V13+3-V213)-1 =V1+3- V2(1)-1 
= V16 -¥25 
=4-5 
=-1 
LS, = R.S. 


Thus, x = 1 is an extraneous root, introduced when both sides of the equation were 
squared. The only solution is x = 13. 


1. Solve each equation, 
a) 2Vx-3+3=7 
ce) Vx-4=10—-Vx+16 


Solving trigonometric equations 
To solve the equation 2cos’x — 3cosx + 1 =0 for x € [0, 2], factor the equation. 
2cos*x — 3cosx + 1=0 


(2cosx — 1)(cosx — 1) =0 
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2cosx-1=0 or cosx-1=0 
2cosx = 1 cosx =1 


cos x => 
2 


By the CAST rule, the cosine of an angle is 
positive in the first and fourth quadrants. 


cexnt cosx=1 
2 
x= 9 orx=F x=Oor27 


The solutions are 0, . 5 = , and 27. 


1. Solve each equation for x € {0, 27]. 


a) Ssinx =3sinx +1 b) tan’x = 2tanx —1 ©) cos’x — Scosx +6 =0 


The quadratic formula 


To solve 5x’ + 4x = 1, write the equation in the form ax* + bx +.¢=0. 


Sx + 4x = 1 
5x°+4x-1=0 
Then, substitute a = 5, b = 4, and c = -1 into the quadratic formula 
—b+Vb? -4ac — 
=— and simplify. 
2a 
os —b+Vb* —4ac 
= 2a 
_ 44 J? — 4(5)(-1) 
al 2(5) 
_ 4436 
~ 10 
_ 446 
~ 10 
Sopesaor 6 a8 
= —T0 *="10 
2 _=10 
~ 10 ~ 
pee a 
=e =-1 


The roots are 5 and -1. 
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To solve x” — 3x — 1 = 0, substitute a = 1, b = -3, and c = -1 into the quadratic formula. 
Then, simplify. 


—bt+Vb’ —4ac 
2a 


= 3) 3)" — 4) 1) 


2(1) 
34V13 
2 


x= 


34+V13 3-VI3 

3 and z 
To solve 2x* — 2x + 5 = 0, substitute a = 2, b = -2, c= 5 into the quadratic formula. Then, 
simplify, substituting i for V—1. 


ae —b+Vb? —4ac 


The exact roots are . The approximate roots are 3.3 and —0.3. 


2a 
—2(-2)+ v(-2)° — 4(2)(5) 
2(2) 
_ 24-36 
——— a 
_ 2+6V-1 
4 
_ 246i 
= 4 
143i 
2 
The exact roots are ie and Ls é 
1. Solve using the quadratic formula. 
a) 2x°-3x+41=0 b) 10x* = 21x -9 c) 3x°+2=5x 


2. Solve using the quadratic formula. Express solutions as exact roots and as approximate 
roots, to the nearest tenth. 


a) Sx°+2x-2=0 b) 3x°-2x-2=0 c) 2x°+7=8x 
d) 4x°4+4x = 14 e) 10x°=4x+4 f) 6x + 5x =3 
3. Solve using the quadratic formula. Express solutions as exact roots. 

a) 3x°+2x+5=0 b) 2x°+4x=-7 c) 3x°=6x-4 
d) x +1=x e) 4x°- 3x =-10 f) y+25=0 
Transformations 


The graph of f(x) + 5 is a vertical translation of f(x) by 5 units upward. 

The graph of f(x — 1) is a horizontal translation of f(x) by 1 unit to the right. 
The graph of 4f(x) is a vertical stretch (expansion) of f(x) by a factor of 4. 

The graph of f(2x) is a horizontal stretch (compression) of f (x) by a factor of > 
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The graph of f(x) is a reflection of f(x) in the x-axis. 

The graph of f(—x) is a reflection of f(x) in the y-axis. 

To graph y = -2(x + 3)’, shift the graph of y = x* to the left by 3 units, then stretch it 
vertically by a factor of 2, and finally reflect it in the x-axis. 


ye=2ee ay 


1. Determine whether the transformation of f(x) is a vertical translation, a horizontal 
translation, a vertical stretch, a horizontal stretch, a vertical reflection, or a horizontal 
reflection. 


a) f(x)+2 — b) Sf(x) oe) f(6x) d) -f(x) e) f(x -4) 

f) f(-x) 9) f(x+7) h) fg *) i) f(x)-S i) 10f(x) 

2. Describe the transformations being applied to f(x). 

a) 3f(-x) b) f(2x)-3  ¢) -f(x+2) dd) Ff (-Sx) e) -4f (-3=-1}+7 


3. Graph each function by performing transformations on the graph of y = x’. 
a y=x+4 9b) y=3(x+1)P oc) y=(-2x-5)?+2 9 d) y=-4(3x42)?-5 


Trigonometric functions 


To determine the values of sin @, cos @, and tan @ in the graph below, first determine the 
length of the terminal arm, r. 
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=V20 
=2V5 
Now the three trigonometric values can be determined. 
sing =~ cosé =~ tang= 
r r x 
25 2V5 a 
= 2. 1 
v5 v5 2 


To determine the value of sin38°, make sure your calculator is set to degrees and use the 
(SIN) key. 

sin38° = 0.6157 

To determine the value of cos0.4, make sure your calculator is set to radians and use the 
key. 

cos 0.4 = 0.9211 


To determine the value of 6, in degrees, if tan@ = 1.15, make sure your calculator is set to 
degrees and use TAN '. 


tan@ =1.15 
@ =tan' 1.15 
= 48.99° 


To determine the value of 6, in radians, if cos @ = —0.94, make sure your calculator is set to 
radians and use the COS". 


cos@ =-—0.94 
6 =cos '(-0.94) 
= 2.79 rad 
If sin @ = 0 and cos @ = 1, the value of tan@ can be determined without calculating @ 
: ; so ° sin@ 
by using the trigonometric identity tan@ = cost" 
sin® 
tan = 88 
o 
1 


The value of tan is 0. 
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1. Determine the values of sin 0, cos 6, and tan @. 


2. Determine the sine, cosine, and tangent ratios for each angle. 
a) 77° b) 148° @)| 33° d) 0.7rad e) 4.3rad_ f) 8m vad 


3. Determine the measure of each angle in both radians and degrees. 
a) sin@=0.84 b) cos#@=-0.91 c) tand=-0.14 


4. Determine each value without calculating @. 


; 1 1 
a) tan@ when sin@ =—= and cos@ =—— 
i i 


b) cos@ when sing=—B and tan@ = V3 


c) sin@ when tan @= 0 and cos @=~1 


Trigonometric identities 
To prove the trigonometric identity sinx tanx cosx = 1 — cos’x, use the 


. . . . . nx . . . . 
quotient identity, which is = tan, and the Pythagorean identity, which is 
er} 2 
sin’x + cos x = 1. 
L.S. = sinx tanx cosx R.S.=1-cos? x 
Use thi ient identi sinx an cosx 
Se ie 3 = 
quotient identity: ae 
= sin’ x 
Use the Pythagorean identity: =1-cos* x 
L.S.=R.S. 
Thus, sinxtanx cosx = 1 — cos’ x. 
1. Prove each trigonometric identity. 
2. 2 9 
cosx 1 sin” x ae sin’ x 
a) SS%= b) 5—=1-sin’ x c) cosx = +cos’ x 
sinx  tanx tan’ x tanx 
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Word problems 

Harlan has been given a 32-cm by 18-cm rectangular sheet of construction paper and wants 
to cut out square pieces from the corners, as shown, in order to fold the paper into a box. 
The base of the box must have an area of 176 cm’. What are the dimensions of the squares 
Harlan must cut out of the corners to make this box? 


32cm 


18cm 


From the diagram, the length of each side of the corners Harlan is cutting out is x. So the 
dimensions of the base will be 32 — 2x by 18 - 2x. 


The area of the base can be modelled by the equation 176 = (32 — 2x)(18 — 2x). Expand 
and simplify the equation. Then, solve for x. 


176 = (32 — 2x)(18 — 2x) 
176 = 576 — 64x — 36x + 4x” 
176 = 576 — 100x + 4x* 

0 = 400 — 100x + 4x* 

0 = 100 - 25x +x* 

0 = (20 — x)(5 — x) 
20-x=0o0r5-x=0 

x=20 25. 


If x, the side length of the corners being cut, is 20cm, then the dimensions of both sides of 
the base are negative, which is impossible. 


Therefore, we can exclude the solution x = 20. Thus, x = 5 is the only solution. 


The dimensions of the squares that Harlan must cut are 5 cm by 5 cm. 
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1. A garden is to be planted around the edges of a 15-m by 25-m tract of land such that 
the width of the garden is equal on all sides of the property, and the area of the garden is 
equal to the area of the property. Find the width of the garden, rounded to the nearest tenth 
of a metre if necessary. 


Writing numbers in exponential form 


To write 8 in exponential form using base 2, determine how many times 2 must be 
multiplied by itself to equal 8. 


2 must be multiplied by itself 3 times, so 8 = 2’. 
Recall: 
x” = 1, where x is a real number and x 4 0 


1 ‘ 
x= z where x is a real number and x + 0 


1 
x? = Vx, where x is a real number and x > 0 


1. Write each number in exponential form, with the specified base. 


1 
a) 81, base 3 b) 1, base 7 c) 10, base 10 qd) 95> base 5 
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Appendix B 
Graphing Calculator Keystrokes 
TI-83 Plus/TI-83 


abs function To select the abs function from the MATH NUM menu, press 
The abs function is used to b)1. 


find the absolute value of a 
real number, or to graph an 
absolute value function. 


Example: 
To graph the function y = Ixl, enter the ¥~ editor. Press 
2) 1 KT6.n) D) to input the equation of the function in Y1. 


GRAPHING CALCULATOR 


Plotd Plot2 Plots 


Press 6 to use the “Standard instruction to graph the 
function in the standard viewing window. 


You will see GRAPHING CALCULATOR 


Ans function To select the Ans function, press [2nd] ©]. 
The Ans function is a reference 
to the most recent numerical 
value determined by your 
calculator. 


Example: 

Here is a simple demonstration of how the Ans function is used. 
You will learn to apply it in more useful settings. 

Press 1 [+] 1 (ENTER). The value stored in the Ans function is 

now 2. 

Press (4) 1 (ENTER). (When the Ans function appears at the 
beginning of an expression, you do not have to press [2nd] (6) to 
select it.) 
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Ask mode 

Ask mode gives you more 
freedom when setting up a 
table of values in the TABLE 
screen. 


You will see 


GRAPHING CALCULATOR 


i+1 


Ans+1 


The value stored in the Ans function is now 3. 


To select Ask mode, press to enter the | ABLE 
SETUP screen. Using the arrow keys, highlight Indpnt:Ask and 
press [ENTER]. When Indpnt:Ask is selected, the values of TblStart 
and ATbI have no bearing on the table. Make sure Depend:Auto 
is selected. 


When Indpnt:Ask and Depend:Auto are selected, the dependent 
variable will be calculated automatically when you enter an 
independent variable manually. 


Example: 


i 1 ‘ A : 
To find lim —- using a numerical method, enter the \~ editor 
x30" x 


and input the function y = 4 in Y1. 


Press (2nd) [WINDOW] to enter the }ABLE SETUP screen and select 
Indpnt:Ask and Depend:Auto. 
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CATALOG menu 

The CATALOG menu is used 
to select any function on the 
TI-83 or TI-83 Plus. 
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Press to enter the TABLE screen. Suppose you want 
to determine the values of the function for the following values 
of x: 1, 0.1, 0.01, 0.001, 0.0001. Input the first value and press 
(ENTER). The dependent variable is automatically calculated 
according to the equation stored in Y1, and displayed in the 

Y1 column. Enter the remaining x-values in the same way. 


You will see GRAPHING CALEULATOR 


To display the CATALOG menu, press 0. 


Example: 

Determine the value of the derivative of the function y = x’ when 
x = 2 by selecting the »!)eny Sanction from the CATALOG menu. 
(Note that the 9))er) (section can also be found on the MATH 
menu.) 

Press [2nd] 0 to access the CATALOG menu. Notice that the 
ALPHA command has automatically been selected for you. Press 
N to scroll down to those functions having first letter 7. Using 
the [+] key, scroll down to nDeriv. 


normaledf¢ 
normalredf¢ 


Press to select the ery ‘ynction, and then press 
43) x 


You will see GRAPuiNe CALCULATOR 


Function or Instruction 
and Description 


ClrAllLists instruction 

The ClrAllLists instruction is 
used to clear the numbers in 
all lists. 


CirDraw instruction 

The ClrDraw instruction 
removes all drawn elements 
from the viewing window. 


Connected mode 

When the calculator is in 
Connected mode, points are 
plotted and joined by a smooth 
curve, 


Dot mode 

When the calculator is in Dot 
mode, points are plotted but 
not joined by a smooth curve. 


To select the ClrAllLists instruction from the MEMORY menu, 
press 4. 


out 
Mem Manmt/Del... 
iClear Entries 
ClrAllLists 
Archive 
UnArchive 


‘Reset... 


Press to execute the instruction. The message Done will be 
displayed. 


To select the ClrDraw instruction from the DRAW menu, press 


us 
STO 


nec 
Horizontal 


Vertical 
Tangent¢ 
OrawF 
Shade¢ 


If you select the ClrDraw instruction when a graph is displayed, 
the graph will be replotted with all drawn elements removed. 

If you execute the ClrDraw instruction in the home screen, the 
calculator removes all drawn elements from the current graph 
and displays the message Done. When you return to the graphing 
window, all drawn elements will be cleared. 


To select Connected mode, press [MODE] and then [¥] [=] ) &) to 
highlight Connected. Press (ENTER). 


To select Dot mode, press [MODE] and then () [=] ©) ©) D) to 
highlight Dot. Press [ENTER]. 
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Drawlnv instruction 
The DrawInv instruction draws 
the inverse of a function. 
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Example: 
A common use of Dot mode is for Graphing piecewise functions. 
Use the ZDecimal instruction to graph the piecewise curve 


fae ie x €(—00, 1) 


in Connected mode. 


x-2, x e[1, 0) 


You will see 


GRAPHING CALCULATOR 


Notice how the graphing calculator connects the two pieces of 
the function. To avoid this, use Dot mode to graph the function. 


You will see 


GRAPHING CALCULATOR 


To select the DrawInvy instruction from the DRAW menu, press 


(2nd) (PREM) 8. 


Example: 

Clear any previous drawings by pressing (2nd) 1 (ENTER). 

To draw the function y = x* + 3 and its inverse, input the 
function as Y1 in the )~ «jor. Input the function y = x so that 
the mirror line appears on the graph. Use the “Sucre instruction 
to square the viewing window. 


Press 8 to select the DrawInv instruction. 
Press () 11 to enter Y1 as the function to draw. 


dy/dx operation 

The dy/dx operation finds the 
value of the derivative at a 
point on a graph. The dy/dx 
operation is used in the 
graphing window. 


You will see 


Press [ENTER]. 


You will see 


To find the value of the derivative at a point on a graph, display 
the graph on the screen. The x-value of the point at which you 
want to find the derivative must appear on the x-axis of the 
screen to use the dy/dx operation. 


Example: 
To find the value of the derivative at the point (2, 5) for the 
curve y= x' — 2x +1, use the )~ editor to input and graph the 
function. 

Press to display the CALCULATE menu. To select the 
dy/dx operation, press 6:dy/dx. 

Press 2 to input the x-value of the point. Alternatively, you 
can use the arrow keys to move the cursor to the desired point. 
You will see 


dyfdx=10.000001 


The solution appears in the bottom left corner of the screen. 
Since the calculator determines the derivative numerically, it 
displays an approximate solution. The exact solution is 10. 
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ENTRY function 


The ENTRY function is used 
to recall the last expression 
entered in your calculator. This 
is especially useful if you make 
an error while inputting an 
expression. 
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Keystroke(s), Menu, or Screen 


When you key in an expression and execute it, that expression is 
stored in a buffer of the calculator. To recall the last expression, 
press [2nd] [ENTER]. The expression will be displayed in the home 
screen, where you can edit and execute it. 


Example: 
Input the expression (2° + 3(4)/(3 + 4). Press (ENTER). 


You will see 


GRAPHING CALCULATOR 


€22+3¢49/0344) 
5. 714285714 


Note that the expression above has a missing closing bracket, at 
the end of the expression for the numerator, so the calculator 
does not find the correct solution. To correct the expression, 


press (2nd) [ENTER]. 


You will see 


GRAPHING CALCULATOR 


224304970344) 
5. 714285714 
224304970344) 


Use the arrow keys to move to the place where you want to 
insert the closing bracket. Press to insert the bracket. 
Press (ENTER). 


You will see 


GRAPHING CALCULATOR 


C2243049 70344) 
9.714 
(22436495 
2.28: 


The correct solution is 2.285 714 286. 


& function 
The e* function is used to raise 
the constant e to any exponent. 


fMax function 

The fMax function is used to 
find the point at which the 
maximum value of a function 
occurs, on a specified interval. 
The fMax function is used in 
the Home screen. 


fMin function 

The fMin function is used to 
find the point at which the 
minimum value of a function 
occurs, on a specified interval. 
The fMin function is used in 
the Home screen. 


Example: 
To find the value of e', press (LN) to select the e* function, 
and then press 1 J) (ENTER). 


You will see 


GRAPHING CALCULATOR 


1> 
2.718281828 


To select the fMax function from the MATH menu, press 
and select 7:fMax. 


Example: 

To find the x-coordinate at which the maximum value of the 
function y = x’ — 2x” — Sx + 5 occurs on the interval (-2, 2), 
enter the )— © )tor and input the function in Y1. 


In the Home screen, press 7 to select the fMax function. 
Press [VARS] >] 1 1G) K1O.n) GC) ©) 2 C) 2 D) ENTER). The 
calculator will display the x-value at which the maximum 
occurs. Press [VARS] () 1 1 (Q 2nd) (©) 0) (ENTER) to determine 
the maximum value of the function on the interval. 


You will see 


fMaxC¥4s%s ~222) 
~. 7862989439 

a CAns > 

7. 208828735 


To select the fMin function from the MATH menu, press 
and select 6:fMin. Follow the same steps as for the | \iax 
‘ooccon, substituting fMin for fMax, 
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Format settings 


Format settings define the 
appearance of a graph on the 
display. Format settings apply 
to all graphing modes. 


G-T mode 

In G-T mode, the viewing 
window is split into two 
halves: the left part contains 
a graph, and the right part 
contains a table of values. 
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To display the Format settings, press [2nd] (ZOOM). 


To change a Format setting, press [=], (+), [4], and [4], as necessary, 
to move the cursor to the setting you want to select, and press 
ENTER] to select it. 


Example: 

The default setting AxesOn means that the x- and y-axes are 
displayed on a graph. If you do not wish to display the axes, 
press [=], &), ©), @), and to select AxesOff. 


ING CALCULATOR 


To enter G-T mode, press and use the arrow keys to 
highlight G-T. Press [ENTER]. 

To work in the left half, press or [TRACE], or use the 
CALCULATE or £00\) menu. To work in the right half, press 
(GRAPH). 


In G-T mode, all other screens are full size. 


Example: 
Use the /Standard instruction to graph the curve y = x° in 
G-T mode in the standard viewing window. 


You will see 


GRAPHING CALCULATOR 


Note that the values shown in the table do not necessarily 
correspond to the values shown on the graph. To make them 
correspond, you must set up the viewing window and the |\))\ | 
SETUP screen appropriately. 


Graph styles To set the Graph style for a function, press [Y-] to display the 
Varying Graph styles allows Y= editor. 
you to differentiate functions Use the [4] key to move the cursor to the left of the function to be 


that are graphed together. graphed. Press the key repeatedly to choose an appropriate 


Graph style. 

Graph styles available may vary depending on which graphing 

mode you are in. 

In Func (function) graphing mode, the following styles are 

available. 

Line A smooth curve connects points. This is the default 
style in Connected mode. 


Thick A thick smooth curve connects points. 
Above — Shading covers the area above the graph. 
Below Shading covers the area below the graph. 


Path A circular cursor traces the leading edge of the graph 
and draws a path. 


Animate A circular cursor traces the leading edge of the graph 
without drawing a path. 


Dot A small dot represents each point. This is the default 
style in Dot mode. 


Example: 

To graph y = x' — 2x” — 5x + 5 and its first and second derivative 
functions on the same set of axes, enter the functions in the 

Y> editor as Y1 = X43-2X?- 5X +5, Y2 = nDeriv(Y1,X,X) and 
Y3 = nDeriv(Y2,X,X). The default Graph style is Line. Leave Y1 
as Line style. Move the cursor to the left of Y2 using the arrow 
keys. Press to change the Graph style to Thick. Move the 
cursor to the left of Y3 using the arrow keys. Press six 
times to change the Graph style to Dot. 


[riots prote riots 
WWI BROS-282 SAS 


Pepetacln Ble etn 2 


PY eBnDeriveve:k> 
> 
y= 
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Graphing piecewise functions 
You can use the Y= editor to 
graph piecewise functions. 
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Change the \Vindow variables to values such as Xmin = -3, 
Xmax = 4, Ymin = —-10, Ymax = 10, and Xres = 2. Press the 


GRAPH] key to display the graphs. 


You will see 


GRAPHING CALCULATOR 


Example: 
To graph the piecewise function 


x>0 


to display the = ed 101, and in Y1, press (J KO.) G2 
6 0[) to input the first piece of the 


function. Then, press 4] ( a) 


0 Ken) 


2nd) (MATH) 3 0 


0) to input the rest of the function. 


The two pieces can 
follows: 


Function or Instruction 


and Description 
Use the “))ecima! instruction to view the graph in the 7Decimal 
window. 
You will see 
Note that if the piecewise function has jumps in it, you need to 
use Dot mode. 
Intersect operation To find a point of intersection, display the graphs on the screen. 
The Intersect operation finds The x-coordinate of the point of intersection must appear on the 
the coordinates of a point of display to use the Intersect operation. 
intersection of two functions. 
Example: 


To find the point of intersection of y = 3x — 2 and y = —x + 6, use 
the » © to input both functions and graph them. 


o display the CALCULATE menu. To select the 
Intersect operation, press 5. 


The equation stored in Y1 is displayed in the top left corner of 
the screen. Press to choose Y1 as the first function. 


Now, the equation stored in Y2 is displayed in the top left corner 
of the screen, Press to choose Y2 as the second function. 
Press (>) or [4] to move the cursor to the point that is your guess 
for the point of intersection, and then press (ENTER). 


You will see 


Notice that the cursor appears on the point of intersection, and 
the coordinates of the point of intersection are displayed. 
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AList function 

The AList function is used to 
generate a list of the differences 
between consecutive elements 
in a specified list. 
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Example: 
To determine the relationship between x and y in the table of 
values, enter the x-values in L1 and the y-values in L2. 


GRAPHING CALCULATOR 


L273 =-2.1 


Use the AList function to determine the first differences of the 
y-values. Press the [§ key and select 1:Edit. Use the arrow keys 
to move the cursor to L3. Press (>) to access the LIST 
OPS menu, and select 7:DList. Press 1 DO) to input L2 into the 
function. 


GRAPHING CALCULATOR 


Press (ENTER). 


You will see 


Lap=-5.5 


The first differences are not equal, so the relationship is not 
linear. Perform the AList function on L3 and store the second 
differences in L4. 


GRAPHING CALCULATOR 


Lap=1.2 


The second differences are equal. Thus, the relationship between 
x and y is quadratic. 


In function 

The In function is used to find 
the natural logarithm of a 
positive number. 


log function 

The log function is used to find 
the logarithm to base 10 of a 
positive number. 


Maximum operation 

The Maximum operation finds 
the maximum of a function 
within a specified interval. The 
Maximum operation is used in 
the graphing window. 


To select the In function, press (EN). 


Example: 
To find the natural logarithm of 298, press 298 () (ENTER). 


You will see 


293) 
5.697893487 


To select the log function, press bi 


Example: 
To find the logarithm of 37 to base 10, press 37 (1) (ENTER). 


You will see 


Example: 

To find a local maximum of y = x° — 2x* — 5x + 5, input the 

function in the ¥~ editor. Press to display the 

CALCULATE menu. Press 4 to select the Maximum operation. 

You will see = nn 
N42" 3-242-SHe5 
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Minimum operation 

The Minimum operation finds 
the minimum of a function 
within a specified interval. The 
Minimum operation is used in 
the graphing window. 


Mode settings 

Mode settings control the way 
the calculator displays and 
interprets numbers and graphs. 
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Keystroke(s), Menu, or Screen 


Press [+] or [4], if necessary, to move the cursor onto the function. 


Press [>] or [4] to move the cursor to the left of the maximum (or 
enter a value). Select the x-value for the left bound of the interval 
by pressing (ENTER). 

Press [+] to move the cursor to the right of the maximum (or 
enter a value). Select the x-value for the right bound of the 
interval by pressing [ENTER]. 

Press [4] (or enter a value) to select an x-value for a guess at the 
maximum, and then press (ENTER). 
You will see 


GRAPHING CALCULATOR 


Haxiraure 
8=~.762987 WV=7. 2088207 


To find a local minimum of a function, input it inthe © 4. 
Press to display the CALCULATE menu. Press 3 to 
select the Minimum operation. Then, proceed as for the 
‘os op esos, substituting minimum for maximum as 
necessary. 


To display the Mode settings, press (MODE). The default settings are 
shown here. 


GRAPHING CALCULATOR 


a 
Horiz G-T 


To change a mode setting, press [=], (+), [4], and (4), as necessary, 
to move the cursor to the setting you want to select, and press 


to select it. 


Example: 
The default setting Radian means that angles are measured in 
radians. If you wish angles to be measured in degrees, press ] 


(J, DJ, and to select Degree. 


nDeriv function 

The nDeriv function is used to 
calculate an approximate value 
for the derivative of a function 
at a specified point or to graph 
the derivative of a function. 
The nDeriv function can be 
used in the Home screen or the 
Y= editor. 


To select the nDeriv function, press 


Example: 
In the Home screen, to find the value of the derivative of the 
function y = x° + 2x + 1 at the point (3, 16), press 8 to 
select the nDeriv function. Then, press (2) &) 2 
1 G) to input the function and press G) to input the 
variable with respect to which you want to find the derivative. 
Press 3 D] to input the x-value of the point at which you want to 
find the derivative, and press [ENTER]. 
You will see 


GRAPHING CALCULATOR 


Example: 

To graph the function y = In x and its derivative on the same 
set of axes, enter the )— editor and input Y1 = In(X) and 

Y2 = nDeriv(Y1,X,X). Notice that the third parameter is 
rather than a fixed numerical value. By using rather than 
a fixed value, the function works for all values of x. 


Plots Flotz Plot? 
SWidlncK> 
py neen i ailing 


Change the \\ndow variables to values such as Xmin = —1, 
Xmax = 4, Ymin = —5, and Ymax = 5. Press to display the 
graphs. 


GRAPHING CALCULATOR 
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Sequence function 

The Sequence function can be 
used to generate elements of a 
sequence. 


STAT CALC menu 

The STAT CALC menu lists all 
the regression instructions you 
will need in this textbook. 
They are 

LinReg (linear regression), 
QuadReg (quadratic 
regression), CubicReg 

(cubic regression), QuartReg 
(quartic regression), ExpReg 
(exponential regression), 
PwrReg (power regression), 
and SinReg (sinusoidal 
regression). A similar method is 
used for each regression 
instruction. 
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Example: 

To enter the integers between —3 and 3 inclusive into L1, press 
to access the $1 A} EDIT menu and select 1:Edit.... Using 
the arrow keys, move the cursor to highlight L1. Press [2nd] [STAT] 
() to access the LIST OPS menu, and select 5:seq(. Press K.T.0.0 
[3] (J to enter the expression and the variable. Press [©] 3 
(©) 3G) 1D) to input the starting value for the variable, the 
ending value, and the increment value. 


Li =seqCXs Xs ~3, 5... 


Press (ENTER). 
You will see 


GRAPHING CALCULATOR 


Example: 
To use the cubic regression instruction on the following set of 
data, enter the data points in L1 and L2 for x and y, respectively. 


GRAPHING CALCULATOR 


La =8 


Graph L2 versus L1 on a scatter plot using the» 14) P15 
»»-oo. Adjust the viewing window automatically using the 
ZoomStat instruction. Adjust Xscl and Yscl in the Window 
yor oolcs if necessary. In this case, Yscl was adjusted to 5. 


GRAPHING CALCULATOR 


From the graph, the data appear to be cubic, and so a cubic 
regression can be performed. To select the cubic regression 
instruction, press [STAT] [>] to access the ©!) © A) 0 menu. 
Select 6:CubicReg. 

Specify the Xlist name, L1, by pressing [2nd] 1G). 
Specify the Ylist name, L2, by pressing (2nd) 2 (). 
Press () 1 to list possible Y variables. To store the 
regression equation in Y1, select 1:Y1. Press (ENTER). 


You will see 


Press (ENTER). 


You will see 


yHaxitbxitcxtd 
a=1, 883333333 
b=-1. ESE ETRE 
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STAT EDIT menu 

The STAT EDIT menu is used 
when you wish to store, edit, 
and view lists of data in the 
stat list editor. 


588 MHR Appendix B 


The regression equation is stored in the ¥ ©) \oy. If you wish to 
view the curve of best fit on your scatter plot, press (GRAPH). 


You will see 


GRAPHING CALCULATOR 


To display the STAT EDIT menu, press [STAT]. 


You will see 


GRAPHING CALCULATOR 


rlist | 
SetUrEditor 


To display the stat list editor, press 1:Edit. 


You will see 


GRAPHING CALCULATOR 


fur 


Lists of data can be stored in lists named L1 through Le. To clear 
data from a specific list, for example, L1, press 4:ClrList 
1 (ENTER). 


To clear data from all lists, use the 1 41) sts ystrucuon. 


Example: 
Enter the table shown in lists Li and L2. 


_ Function or Instruction 
and Description 


STAT PLOTS menu 

The STAT PLOTS menu allows 
you to plot data in several 
different ways. In this 
textbook, you will use it to 
plot scatter plots. 


Use the 0) co to clear all data from lists 
L1 to Le. 


Press [STAT] 1:Edit to display the stat list editor. To enter the data 
in Li, press 2 3 4 (ENTER) 5 (ENTER). To enter the data 
in L2, press [>] O (ENTER) 12 (ENTER) 24 (ENTER) 36 (ENTER). 


You will see 


GRAPHING CALCULATOR 


To display the STAT PLOTS menu, press [2nd] [¥ 


e 


Example: 
Plot the data in a scatter plot. 


Das 0 
mE 
4 24 
5 36 


Enter the data in lists Li and L2 using the S$)! 1 01) menu, 
Press [2nd] [Y=] to display the STAT PLOTS menu. 


You will see 


GRAPHING CALCULATOR 


Press to select Plot! or use the [=] key to select Plot2 or 
Plot3 and press [ENTER]. To turn on a plot, press [ENTER]. 
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TABLE SETUP screen 

A table of values can be 
calculated and displayed for 
any function that can be input 
in the Y= editor. 


590 MHR Appendix B 


To select a scatter plot, press (+) (ENTER). 

If the Xlist is not already L1, press [=] 1 (ENTER). 

If the Ylist is not already L2, press 2 (ENTER). 

Choose the type of mark for the data points by pressing [] or 
to highlight the desired mark, and then press (ENTER). 

To display the plot, press 9 to select the “oun Siar 


ostucton. Adjust Xscl and Yscl if necessary. In this case, 
Yscl has been set to S. 


You will see 


Example: 

To display a table of values for the function y = 2x* — 8, enter the 
function into the )— odijor. 

If you wish the table of values to be generated automatically, press 
2nd) (WINDOW) to display the TABLE SETUP screen. To define the 
initial value for the independent variable, x, set TblStart to the 
initial value you want for your table of values, for example, —3. 


Set ATbl to the value of the desired increment for the independent 
variable, for example, 1. 


If you wish the values for both the independent variable, x, and 


the dependent variable, y, to be displayed automatically, select 
Indpnt:Auto and Depend:Auto. 


Tangent operation 
The Tangent operation is used 
to draw a tangent to a curve. 


Display the table of values by pressing (GRAPH). For this 
example, you will see 


For instructions on how to choose the values for the independent 
variable, see the 4.) 1.00 © entry. 


To draw the tangent to a point on a graph, display the graph on 
the screen. The x-value of the point at which you want to draw 
the tangent must appear on the x-axis of the screen. 


Example: 
To draw a tangent to the point (2, 6) on the graph of the 
function y = x° + 2, enter the )— ©). \0y and graph the function. 
When the graph is displayed, press [2nd] PRGM) 5 to select the 
Tangent operation. 

Press 2 to input the x-coordinate of the point at which you 
want to graph the tangent. The tangent will be graphed on the 
screen. 


GRAPHING CALCULATOR 


HEE 
veut 


Notice that the equation of the tangent, y = 4x — 2, appears in 
the bottom left corner of the screen. 
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Value operation 

The Value operation evaluates 
a function for a specified value 
of x. 


Vertical instruction 
The Vertical instruction is used 
to graph vertical lines. 
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Keystroke(s), Menu, or Screen 


Example: 

To evaluate the function y = x° + 3x — 4 for x = -3, input the 
function in the > 6. 

Press to display the CALCULATE menu. Press 


to select the Value operation. 


You will see 


GRAPHING CALCULATOR 


Enter the value —3 for x. Press (ENTER). 


You will see 


GRAPHING CALCULATOR 


W1SR243R-4 


Note: The value for which you evaluate a function must lie between 
Xmin and Xmax of the viewing window used for the graph. 


To select the Vertical instruction, press (ZOOM) 4 to enter the 
00054) window and press to access the DRAW 
menu. Then, select 4:Vertical. 


Move the cursor to the x-coordinate through which the line will 
pass, and press (ENTER). 


You will see, for example, 


GRAPHING CALCULATOR 


Window variables 
The Window variables define 
the current viewing window. 


Y= editor 
The Y= editor is used to define 
or edit a function. 


You can also execute the Vertical instruction from the Home 
screen by pressing to access the DRAW menu. 
Select 4:Vertical and input the x-value of the vertical line you 
wish to draw. Press and the line will be drawn. 


To display the current Window variable values, press [WINDOW]. 
To change a Window variable, press [*] or [4] to move the cursor 
to the Window variable you want to change. Enter the new value 


and then press [ENTER]. 


Press HH to ensure that the calculator is in the 


Func graphing mode. 


To display the Y= editor, press [Y=]. 


To moye the cursor to the next function, press (ENTER) or [=]. 


To move the cursor from one function to another, press [J or [4]. 
To erase a function, highlight the function and press (CLEAR). 

The independent variable is X. To input X, press [K.10,n) or 
[ALPHA] [STO¢). 
When you input the first character of a function, the = is 
highlighted. This indicates that the function is selected. To 
deselect a function, move the cursor to the = symbol of the 
function and press (ENTER). 


Example: 
To input y = 4x + 5 using the Y= editor, press the [Y=] key. 


You will see GRAPWING CALCULATOR 
Ploti Plote Plot3 


If any functions have already been input in the Y= editor, clear 


them using the key. 
Press 4 [X,7.6.n) (+) 5 [ENTER]. 


Graphing Calculator Keystrokes MHR 593 


ZBox instruction 

The ZBox instruction adjusts 
the settings of the viewing 
window to display the contents 
of a rectangle constructed on 
the screen by the user. 
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You will see 


Example: 
To determine the number of x-intercepts of the function 
y = 2x* —5x + 3, graph the function in the standard viewing window. 


GRAPHING CALCULATOR 


The number of x-intercepts is not clear from the graph. 


Press (ZOOM) to display the (©) 9) son. Select 1:ZBox. The 
coordinates of the cursor appear at the bottom of the screen. 


Using the arrow keys, move the cursor to the desired location of 
the first corner of the rectangle. Press (El 


You will see, 
for example, 


GRAPHING CALCULATOR 


He-.6382979 [¥=.56774154 


Move the cursor to the desired location of the diagonally 
opposite corner of the rectangle. You will see the rectangle 
on the screen. 


GRAPHING CALCULATOR 


H=3.1944894 [¥=-.967 7415 


ZDecimal instruction 

The ZDecimal instruction 
replots all graphs and resets the 
Window variables to preset 
values, so that each pixel in the 
viewing window corresponds 
to one decimal place. This 
window is sometimes called 
the friendly window. 


Press (ENTER). The viewing window is adjusted and updated to 
contain the contents of the rectangle, and the selected function 
is replotted. 


x=1.2765957 ¥=Z.5E-3 


It is now clear that the function has two x-intercepts. 


Example: 
Graph the function y = = 


z in the standard viewing window. 


You will see 


@ CALCULATOR 


The calculator is in 005-1 0, and so connects the points 
to the left and right of the vertical asymptote, x = 2. 


Press (ZOOM) to display the ©.) \) 040. Select 4:ZDecimal. 
The viewing window is adjusted and updated and the graph is 


replotted. 


This time, the calculator detects an error when x = 2, and so does 
not connect the points to the left and right of the vertical 
asymptote. 
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Zero operation 

The Zero operation finds the 
zeros or x-intercepts of 
functions. If a function has two 
or more x-intercepts, they must 
be found separately by 
repeated use of the Zero 
operation. 


596 MHR Appendix B 


Example: 

To find the x-intercepts of y = x° + 2x — 8, input the function in 
the Y= editor. 

Press (2nd) to display the CALCULATE menu. Press 2 
ENTER] to select the zero operation. 


You will see 


GRAPHING CALCULATOR 


M=Eh2e2h-B 
) 


Press (¥] or [4], if necessary, to move the cursor onto the function. 


To find the left x-intercept, press +) or [4] to move the cursor to 
the left of the left x-intercept (or enter a value). Select the x-value 
by pressing (ENTER). 

Press () to move the cursor to a location between the left 
x-intercept and the right x-intercept (or enter a value). Select the 
x-value by pressing [ENTER]. 

Press (4] (or enter a value) to select an x-value for a guess at the 
left x-intercept, and then press 


You will see 


GRAPHING CALCULATOR 


Repeat the instructions above, adjusting as necessary, to find the 
right x-intercept. 


Function or Instruction 
and Description 


Zoom In instruction 

The Zoom In instruction 
allows you to magnify the part 
of the graph that surrounds the 
cursor location. 


Example: 
To determine the number of x-intercepts of the function 

y = 2x* — 5x +3, graph the function in the standard viewing 
window. 


The number of x-intercepts is not clear from the graph. 


Press to display the ©) son). Select 2:Zoom In. The 
zoom cursor (+) is displayed on the graph, at the origin. 


Use the arrow keys to move the cursor to the point that is to be 
the centre of the new viewing window. Choose a point near 
where the graph appears to intersect the x-axis. Press (ENTER). 


GRAPHING CALCULATOR 


HEL.2765957 ¥=0 


The viewing window is adjusted and updated and the selected 
function is replotted, centred on the cursor location. The number 
of x-intercepts is still not clear. 


You can zoom in on the graph again by pressing to zoom 
out at the same point, or by moving the cursor to the point you 
want as the centre of the new viewing window, and then pressing 


(ENTER). 


GRAPHING CALCULATOR 


HELZ7as95? ¥=0 


The function has two x-intercepts. 
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ZOOM menu 

The ZOOM menu contains 
instructions that allow you to 
adjust the viewing window 
quickly. 


Zoom Out instruction 

The Zoom Out instruction 
allows you to decrease the 
scale of the axes in the viewing 
window, centering the graph on 
the cursor location. 


ZoomStat instruction 

The ZoomStat instruction 
redefines the Window variables 
to display all statistical data 
points on the screen. 
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To display the ZOOM menu, press (ZOOM). 


You will see 


2Decimal 
254uare 
25tandard 
2Trig 


To use the Zoom Out instruction, follow the instructions for the 
oom ty ostuccon, but select 3:Zoom Out instead of 2:Zoom In 
from the ZOOM menu. 


Example: 
To display a scatter plot of the following set of data, enter the 
x- and y-values in L1 and L2, respectively. 


aoe a A 
=3 =25 1-1 
ae) Het 2-5 
=1 7 eee | 


In the 5) \) 1.0) menu, set up Plott to display the data, and 
turn it on. 

Press to display the (0) monu. Press 9 to display all 
your data using the ZoomStat instruction. 


You may need to adjust Xscl or Yscl to be better able to interpret 
the graph, 


ZSquare instruction 

The ZSquare instruction allows 
you to adjust the viewing 
window so that graphs are 
plotted using equal-sized scales 
on both the x- and y-axes. 


ZStandard instruction 

The ZStandard instruction 
adjusts the current settings of 
the Window variables to those 
of the standard viewing 
window. 


Press to access the “()()\\ senu. Press 5 to display a 
graph using the ZSquare instruction. 


Example: 

To graph y = x° - 4 using the ZSquare instruction, input the 
function using the) cd. tor. 

Press 5 to display the graph using the ZSquare instruction, 


You will see, 
for example, 


GRAPHING CALCULATOR 


Note: The calculator will square the window based on the 
current Window variables. For this example, the 7Standard 
‘nstruccon had just been applied, so the window was squared 
based on the standard window. 


Press (ZOOM) to access the “© ))\) sicnu. Press 6 to display a graph 
in the standard viewing window using the ZStandard instruction. 


If you press after using the ZStandard instruction, you 
will see the settings of the standard viewing window: 


GRAPHING CALCULATOR 
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Keystroke(s), Menu, or Screen 


J operation The operation is used to calculate the square root of a 
non-negative number. 


Example: 
To find the square root of 336.3, press 2nd) b?] 336 F] 30 
(ENTER). 


You will see 


GRAPHING CALCULATOR 


36.3) 
18. 33848412 


¥ operation Example: 
The operation is used to To find the fourth root of 81, press 4 [MATH] 5 to select the Ae 
calculate any root of anumber, — Per ation. Then, press 81 (ENTER). 


You will see 


GRAPHING CALCULATOR 


4 *281 
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TI-92 Plus/TI-92 


abs function 

The abs function is used to 
graph the absolute value 
function. 


Algebra menu 

The Algebra menu is used to 
perform algebraic operations 
on expressions. 


Calculus menu 

The Calculus menu is used to 
perform operations on 
functions that require the 
methods of calculus. 


Go to the Y= editor. To select the abs function, press [2nd] 5 to 
access the MATH menu. Select 1:Number and then 2:abs. 


Press X )) [4] R to display the graph of the function y = |x}. 


To display the Algebra menu from the Home screen, press [F2). 


You will see 


EH Hee 3 
Ori ex 
Biextra 


To display the Calculus menu from the Home screen, press 


You will see 
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Define operation 

The Define operation allows 
you to define your own 
functions, and use them as you 
use functions already built into 
the graphing calculator. 


differentiate function 

The differentiate function is 
used to find derivatives of 
any order of a function. 
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Keystroke(s), Menu, or Screen 


To select the Define operation from the Other menu, press [F4] 
and select 1;Define. 


Example: 
To define a function f(x) = x’, select the Define operation from 
the Orher menu and press F (Q XO) —) X ©) 2 (ENTER). 

To determine, for example, the value of f(10), press F ( 10 
(ENTER). 


You will see 


To select the differentiate function from the Calculus menu, press 


(F3) 1. 


Example: 

To find the derivative of the function y = (x* — x +1)’, select the 
differentiate function. Press X36) XH 10) 2G) to 
input the function, and press X Q)) to indicate the variable with 
respect to which you are differentiating. 


Press (ENTER].0 


You will see 


(PFPlan gebralcatclother|erentolciear a~z. 


afl. -x+ i) 2-(3-x?-1)-(x3-x 41) 
i Cx*3—xt1>*2 x? 
MAIN RAD AUTO 


Example: 
To define functions f1(x) and f2(x) as the first and second 
derivatives of the function f(x) = x'— 2x* — Sx + 5, select the 


"Function or Instruction 
_ and Description 


expand function 

The expand function expands 
and simplifies a product of 
polynomials. 


n 
x< 


Define operation from the Other menu and press F (] XO) 
362x265 XG 5 Ene). 
Select the Define operation again and press F 1(Q XO) E). 
Then, press [F3] to access the Calculus menu and select 
1:d(differentiate. Press F (0 XD to input f(x) as the function 
to be differentiated, and press X D) to tell the calculator to differ- 
entiate with respect to x. Press E 


Select the Define operation again and press F 2(Q XO) E). 
Then, press [F3) to access the Calculus menu and select 
1:d(differentiate. Press F (J X 0) G) to input f(x) as the function 
to be differentiated, and press X ] to tell the calculator to differ- 
entiate with respect to x. When finding derivatives of order two 
or above, you must enter a third parameter to indicate the order. 
Press 2 ) to tell the calculator to take the second derivative. 


Press (ENTER). 
You will see 


Fev le Laba i re 
Er] Algebra|Calc|Other|Praml0|Clear a-z... 


"Define f(x)=x5-2-x2-5-x+5 
Define FC =2(FO0) 


2 
"Define f200=2 (F(x) 
ax 


Define £2¢x)=dCf Ox),x,2) 
“RAD AUTO FUNC 3/30 = 


To select the expand function from the Algebra menu, 
press 


Example: 
To expand (4x + 3y)(x — y), press 
Fa3004xH3vyo0x-y 


You will see : z 
zy Fiy rv nba Fs Fo 
[Fe largebralcaiclother Prantolclear a-z.. | 


() (ENTER). 


= expand((4-x + 3-y)-(x-y)) 


ASHER eres 


lexpand<¢ C4x+3y)(x—-y)) 


PAIN RAD AUTO FUNC 4730 
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factor function 
The factor function factors a 
polynomial. 


Graph instruction 

The Graph instruction is used 
in the Home screen to display 
the graph of a function in the 
viewing window. 


GRAPH screen 

The GRAPH screen displays 
the graphs of functions and 
plots entered in the Y= editor. 
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To select the factor function from the Algebra menu, press [F2) 2. 


Example: 
To factor 3x* — 5x +2, press [F2)23X4) 265X420 
(ENTER). 


You will see 


= Factor(3-x2-5-x+2) (x= 1)-(3-x - 2) 


To select the Graph instruction from the Other menu, press [F4) 2. 


Example: 
To graph the function y = x’, select the Graph function from the 
Other menu. Press X (J 3 (ENTER). 


You will see 


(PPM eoanltracelRedraeh|istnborsule Z| | 


To display the GRAPH screen, press [#] R. Any functions and 
plots that you have entered in the Y= editor will be displayed in 
the viewing window. You can change the appearance of the 
viewing window by adjusting the window variables in the 
WINDOW screen, or by using the features in the ZOOM menu. 


Example: 

To graph the function y = x’ - 2x* — 5x + 5, press [4] W to enter 
the Y= editor. Using the arrow keys, move the cursor to y1 and 
press XP] 3E)2X) 26)5 XG) 5 Emer). 


[PPP eoonlrrsceleedraphhisinforsule A] | 


KK | 
G, 


integrate function To select the integrate function from the Calculus menu, 
The integrate function is used press 

to find the antiderivative of a 

function. Example: 


To find the antiderivative of the function y = 3x° + 4x + 5, 
select the integrate function from the Calculus menu. 

Press 3 X [*) 2 [4] 4 X [4] 5 G) to input the expression to be 
integrated, and press XD] to tell the calculator to integrate 
with respect to x. Press (E 


You will see GeAPaTNe CAUEUUATOR 


[Pe aidebralcstclother|ranto|ciear ez. | 
g 
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limit function 

The limit function is used to 
approximate the limit of an 
expression. 
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To select the limit function, press [F3) to access the Calculus menu 
from the Home screen, and select 3:limit. 


Example: 


To find lim Ax #5446 , press [F3] 3 to select the limit function. 
se 3x° —2x—-4 


Press(O4XH 2H 5xH6OHO3xH 202x406 
to input the expression and XG] to input the variable. Input the 
x-value of the limit by pressing 2nd) J 0). Press (ENTER). 


You will see 


Fe 
oltiear® a-z..} 


43 
xt+6 >/C3x*2-2x-4), x, 0) 


RAD AUTO FUNC 1/30 


Example: 
2 
a . x -4 ree : 
To find lim yD? Press [F3] 3 to select the limit function. Press 
x32 x-2 


OX 26 408 OX 20) G) to input the expression and 
XG) to input the variable. Input the x-value of the limit by 
pressing 2 1]. Press (ENTER). 


You will see 


Example: 


To find lim a s press [F3] 3 to select the limit function. 


x30 X 
Press 1 ]X() to input the expression and XJ to input the 
variable. Input the x-value of the limit by pressing 0 GJ. Then, 
press 1 (0) to tell the calculator you want to find the limit as 


Other menu 

The Other menu is used to 
perform a variety of 
miscellaneous functions, 


operations, and instructions. 


x approaches () from the positive side (any positive number will 
do here; 1 was chosen arbitrarily). Notice that the syntax is 
slightly different for one-sided limits. Press (ENTER). 


You will see aWAPHING CALCULATOR 
FS Fe 
PromI0|Clear_a~z.. 


If you enter —1 instead of 1 as the last parameter of the function, 
you will see 


The limit is evaluated from the left instead of the right. Again, 
any negative number will do here. 


To display the Other menu from the Home screen, press [F4]. 


You will see aaAenine CALCULATOR 


Fev 
Algebra! 


= 
entrut 
NewFold 
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polyEval function 

The polyEval function is used 
to determine the value of a 
polynomial expression for 


specified values of the variable. 
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To select the polyEval function, press [2nd] 5 3 to access the 
MATH List menu, and select C:polyEval. 


Example: 
‘To find the value of the polynomial function y = 3x* — 2x* + 5x +1 
at x = 3, select the polyEval function from the MATH List menu. 
You must enter the polynomial expression as a list of coefficients 
in descending order. For this example, press (2nd) (] 3) 0) © 

2G) 5G) 1 [2nd 0) G). Then, input the x-value and execute the 

function by pressing 3 1] (ENTER). 


You will see 


- Fie \_ Far 5 
vee laisebralcsiclother|PranTo\clear a-z.. 


@poluEval({3 0 
polyEval<<3, 


PARIN, BAD AUTO 


= Siciid533) 
2.9217,3) 


FUNC i730 


Example: 

To find the values of the polynomial function y = x' — 2x” — 5x +5 
at x = 0, 1, and 2, select the polyEval function from the MATH 
List menu. Enter the polynomial expression as a list of 
coefficients in descending order by pressing 

2nd) (0 1G) ©) 20) G@) 5G) 5 nd 0) C). Then, input the 
x-values as a list by pressing (2nd) ( 0.) 1 G) 2 2nd) 0) 0) 
ENTER]. 


You will see 


(FE fa gebralcsie [other prantolciear az. 


™polyEval({1 -2 
polvEval <<1 
nia 


“5 53,€8 1 23) 
Se | 
-5 5). <0 Ji. 2>> 


UNC 17: 


propFrac function 

The propFrac function is used 
to find the proper fraction 
form of rational numbers and 
rational expressions. 


solve function 

The solve function solves an 
algebraic equation for a 
variable. 


To select the propFrac function, press [F2] to access the Algebra 
menu. Select 7:propFrac. This function is useful for finding 
oblique asymptotes of functions. 


Example: 18 
To find the proper fraction form of >> 71> Press [F2] 7 to select the 


propFrac function. Press 18 —] 11 0) to input the number and 


press [ENTER]. 


You will see 


® propFrac(18/11) 1+7/11 
propFrac (18/711) 
TRIN. FAD AUTO FUNC 4730 


Example: 
To find the proper fraction form of * x 


to select the propFrac function. Press (] xa K} 
XH10/Ox8 26 
(ENTER). 


You will see 


2x26 
)] to input the expression and press 


To select the solve function from the Algebra menu, press [F2] 


Example: 

To use the solve function to find the critical numbers of the 
function f(x) =x° — 2x* — 5x + 5, use the Define operation to 
define f(x). Then, use the Define operation and the differentiate 
function to define f1(x) as the derivative of f(x). 
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tExpand function 

The tExpand function is used 
to expand trigonometric 
expressions involving integer 
multiples of angles, sums of 
angles, and differences of 
angles into trigonometric 
expressions involving single 
angles. 
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Keystroke(s), Menu, or Screen 


Select the solve function by pressing [F2] 1. Press F 1(] XO) E] 0 
+) to enter the equation to be solved, and press XD] to tell the 
calculator to solve for x. Press (ENTER). 


You will see 


¥ 5 Fé 
clother PramlOjClear a-z... 


"Define f(x)=x>-2-x?2-5-x+5 
"Define F1O0=GL(F00) 


* solve(fi(x) =O, x) 


lye (£100=0,%) 


‘RAD ALTO 


To select the tExpand function from the Algebra Trig menu, press 


[F2)9 1. 


Example: 
To expand the expression cos 26, select the tExpand function 
from the Algebra Trig menu. Press (COS) 2 (6) D) 1) (ENTER). 


You will see 


i 
alclOther|PramnIO0|Clear_a-z.. 


| Yo. Fi Fay \ Fay Y FS ‘| 


|= 
letpandteas 
MAIN Rad AUTO 


Example: 
To expand the expression sin (a + ), select the tExpand function 
from the Algebra Trig menu. Press (SIN) A [4] B D) D) (ENTER). 


when function 

The when function can be used 
to define and graph piecewise 
functions. 


You will see 


J* tExpand(sin(s + b)) 
| cos(a)-sin(b) + sin(s) cos(b) 


To select the when function from the CATALOG menu, press (2nd 
2 to access the CATALOG menu and press W to move the cursor 
to functions beginning with the letter w. Then, use the arrow 
keys to move the cursor to the when function and press [ENTER]. 


Example: 


To define and graph the piecewise function 
4 ic x €(-2, 0] 
x, x €(0, 0) 


select the Define operation from the Other menu. 

Press F (() X 0) ). Then, select the when function from the 
CATALOG menu and enter X. Press 5 8 4 to select the less 
than or equal to symbol from the MATH Test menu, and 

press 0G). 
Next, input the part of the function that is graphed when x is less 
than or equal to 0 by pressing X ) 2G). Then, input the part of 
the function that is graphed when x is greater than 0 by pressing 
XD Ente). 


(CePlagebralcsiclother prentolciear az. 


Graphing Calculator Keystrokes MHR 611 
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It is important to note that the second parameter entered, x”, is 
graphed when the first parameter, x < 0, is true. Likewise, the 
third parameter entered, x, is graphed when the condition x < 0 
is not true. 


Enter the Y= editor. Place the cursor at y1 and press F ((] XD). 
Press [4] R to display the graph of the function. 


You will see 


[PFE lecen|tracelResraph|atn[orauly |_| 


You can also find limits for piecewise functions defined using the 
3 from the Home 


screen to select the limit function. Press F (J XO) ) XO) 0 


(ENTER). 


You will see 


when function. To find lim f(x), press 


[PFE lrgebralcaiclother|Prsntolciear’ a-z. | 


Answers 
Chapter 1 


For answers containing diagrams or graphs, refer to the 
Student e-book. 


Review of Prerequisite Skills, pp. 4-5 
1.a) 3b) 3.) ee d) Se) 2.811 fa +a —2a4+3 


9) 8x° + 4x” — 4x + 3 by —x? + x7 + 2x +3 2a) 1b)0 


90 -1e) 1 2a—a' g 14x 1—x° 3.) 302 


c)4d)6 4.a)2b)0c)4a)3 5.a)i) -2 i) 2 i) 0 
iv) 3; domain: —4 < x < 4, range: -2 < y <3 b) i) —1 i) 1 i) 1 
jomain: R, range: R_ 6. a) slope: 2; y-intercept: —4 


b) slope: 3; y-intercept: 8 ¢) slope: 1 yeintercept: -3 


d) slope: 2; y-intercept: —9 7, a) y ay | by=5x-5 


10. a) y = —4x + 6 b) yotee? 

W.a)x =2 b)y=-1 

12. a) vertex: (5, 6); direction of opening: up; 

vertical stretch of factor 2 b) vertex: (1, —2); direction of 
opening: down; no vertical stretch or compression 

¢) vertex: (—4, 1); direction of opening: up; vertical 


compression of factor - d) vertex: (—1, —9); direction of 
opening: down; vertical compression of factor 0.4 
13. a) y = (x +3) -4 by =2(x+2)/'-5 

1 
~ 20 
14. a) domain: {x|x © R,x #0}; range: {y|yeR, y#0} 
b) domain: {x |x eR, x #0}; range: {y|yeR, y #0} 
ce) domain: {x |x eR, x #0}; range: {y|yeR, y #0} 
d) domain: {x|x eR, x >0}; range: {y|yeR,y20} 
e) domain: (x |x eR, x <1}; range: {y|yeR,y20} 
f) domain: (x |x €R, x > —S}5 range: {y|yeR,y <0} 
15. a) vertical stretch of factor 2 b) reflection in the x-axis 
¢) vertical translation 4 units down d) horizontal 
compression of factor 3 e) vertical translation 1 unit up 
f) horizontal translation 5 units to the right 16. a) vertical 


e) y = 3(x — 1) -1ay=5(x+55) 


A 1 3 3 *, 
compression of factor 2 horizontal translation 5 units to 


the right b) vertical stretch of factor 3, reflection in the 
x-axis, vertical translation 1 unit up ¢) horizontal 
compression of factor 2, vertical translation 9 units 


E 5 1 . 
down 4) vertical compression of factor 3 reflection 


in the x-axis, vertical translation 3 units down, 
horizontal compression of factor 4, horizontal 


translation 1 unit left 17. a) rst b)xeRax¥ldxeR 
e) |x|2>4 f)x>1g)xeRh)x#-3 18. 1-c, 2-b, 3-e, 


4-a, 5-d, 6-f 19. a) domain: -4 < x < 1; range: 0< y <2 
b) doma 2 <x <3; range: -4 < y < 0c) domain: 
—2 <x < 3; range: —4 < y < 0 d) domain: —5 < x < 0; 
range: —2 < y < 0 e) domain: —4 < x < 6; range: 0 <y < 4 


f) domain: —-6 < x < 4; range: 0 < y <2 20. a) domain: 

0 <x < 4; range: -2 < y <2 b) domain: -2 <x < 2; 
range: —4 < y < 4 ¢) domain: —2 < x < 2; 

2 4 <y <4 d) domain: —4 < x < 4; range: -4 < y <4 
2<x<2;range:-4<y<4 

f) domain: —1 < x < 1; range: -4<y <4 21.a))xeER 
b)xeRoj)x>-Sdix>31le)xeR 


2.a)x=6b)x=29Qx=SHx=-9 ex=2 


Section 1.1, pp. 18-22 
Practise 
1.a) [-2, 2] b) (4, 13] ¢) (—4, -1) a) (0, 4) e) (20, ~2) 
1) (1, 2) g) (-20, -1] h) [0, 6) 2a) |x| <2 
b) |x -8.5|< 4.5 o) |x+1.5|$2.5 d) |x-2/<2 
e)-h) not possible 3. a) odd b) neither ¢) even 
4. a) even b) even c) even 5. a) even b) even c) even 
6. a) i) —1 ii) 3 it) j iv) 2 wl-kvik bi 4 i 4 
i 2 as it 
iii) 4 iv) 9 wk vi) (1—k)y 7 a)i) 9 ii) 9 ii) 9 iv) 16 
Bg PEEEN o Bics Bice Dige d oF 
wk o{ k } oa 79-7 5M34 7 
8. Verbally: To calculate the stopping distance in metres, 
square the speed in kilometres per hour and then 


multiply by 0.006. 
Nome: a 
po) 80 38.4 


10 (0.6 90 48.6 
20’. 24 100 60 

30 54 110 72.6 
40 9.6 120 86.4 
50 15 130 101.4 
60 21.6 140 117.6 
70 29.4 150 135 


vk 


9. Verbally: Answers will vary. Algebraically: Answers 
will vary, depending on the assumptions made. If one 
assumes the relationship is linear, then 

P = 10301.8 + 135.0(t — 1990), where t is the year. 

10. a) i) odd ii) (—0, 20) b) i) even ii) (—2, 29) c) i) even 

i) (20, 2) a) i) neither ii) (-20, 20) e)) even ii) (-20, 0) or (0, 0) 
f) i) even ii) (2, ©) g) i) neither ii) (20, ©) h) i) neither 

if) (—10, 2) or (2, ©) 11. a) —0.76x + 11.47 b) 2.35 

©) 15.09 12. a) y = -0.27x" + 3.74x — 2.05 b) 9.53 

¢) x = 0.57, 13.51 
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Apply, Solve, Communicate 

13. Let f and g be odd functions, and define 

F(x) = f (x)g(x). Then F(x) = f(-x)g(-x) = (-f(x))(-g(x)) 
= f(x)g(x) = F(x). Thus, F(-x) = F(x) and F is even. 

14, Let f and g be even functions, and define 


F(x) =), then F(x) = A) - £2) - 9, 
g(x) 


~ g(-x) glx) 

Thus, F(—x) = F(x) and F is even. 15. odd 

16. y = f(x) is odd, so that f(-x) = —f(x) for all x in the 
domain of f. Since 0 is in the domain of f, we have 

f(-0) = -f(0) = (0) = -f(0) = 2f(0) = 0 = f(0) = 0. 

17. a) V= 18.000 — 2250¢ b) $4500 9) t € [0, 8] 

d) annual depreciation f) Since the function is given to be 
linear, its slope does not change. 18. b) P = 0.72(t — 1995) 
+ 135.14, where ¢ is the year and P is thousands of 
people c) 145 940 d) 1807 e) 3196; no f) no 

19.b) P = S.11(t — 1995) + 272.22, where t is the year 
and P is thousands of people ¢) 348 870 d) 1941 

e) 2137; no f) no 20. b) E = 0.0091 — 40.15, where I is 
income, in dollars, and E is pet expenses, in dollars 

¢) $319.85 d) $48 905.56 e) $62 959.85; no f) -$40.15; 
no g) no 21. b) d= 0.008s* + 0.002 s + 0.059 ¢) The slope 
increases as speed increases. d) This curve is steeper, and 
the slope increases more quickly. 22. b) V = 954.19(1.12)' 
c) The slope increases with time. d) $2990 23. All 
constant functions are even. f(x) = 0 is also odd. 

24. The sum of an odd function and an even function can 
be neither odd nor even, unless one of the functions is 
f(x) = 0. 25. Yes; only the function f(0) = 0. 26. b) 25%: 
$14 400; 50%: $25 000; 75%: $43 300; 99%: $248 700 
c) 80% d) No; the cost would be infinite 


Technology Extension, p. 24 
Practise 


-2x «<1 


=2re1| =2 
2x4 x21 9 fl)=2Ie-1| 


3. a) fa)={ 


section 1.2, p. 28 
Apply, Solve, Communicate 
1. a) vertical asymptotes: x =—3, x = 2; x-intercepts: 
. 1 r 
none; y-intercept: — é by vertical asymptotes: x = —4, 
x = 2; x-intercepts: none; y-intercept: — H ¢) vertical 
; Di ud ne 
asymptotes: x=— >, x= 35 x-intercept: ~1; y-intercept: 
= 4 d) vertical asymptotes: x = 6, x = —5; x-intercepts: 


5, —4; y-intercept: j 2. a) none b) 0.731, 1.149 ce) —3.578 
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d) 3.5822 3, a) (1, 2) b) none e) (—2, —2), (5.1401, 
77.541), (2.1401, —2.5406) d) none 

4. a) domain: x 4 2; range: y # 0 b) domain: x 4 -1; 
range: y > 0 ce) domain: x # -2, x # 3; range: y <0 


12 
or y2 25 9 domain: —J3 <x < V3; range: y> 3 


5. ¢) It will not work in any window. In the window given 
in part a), it will work for y = cos(2x) and y = cos(96x). 
6. Answers will vary. 7. Answers will vary. 8. Answers 
will vary. One possible set of window variables is given. 
a) Xmin = -8.131, Xmax = 8.131, Ymin = Ymax = S$ 
b) Xmin = -12.6148, Xmax = 12.6148, Ymin = -3, 
Ymax = 3 9. domain: —J2.68 < x < V2.68; 

range: y> = 


v2.68 


Review of Key Concepts, pp. 30-31 


c) Take the sum of 5 and the distance between x and —3 
on a number line. 

3. a) (20, 0] b) (-4, 20) ¢) [-5, 5] 4.f is neither, g is odd, 
his even 5. a) neither b) even c) odd d) even e) odd f) odd 
7. a) d = ~1.14t + 26.57 b) 10.61 ¢) 0.35 

8. y = 0.09x" + 0.08% + 0.03 9. a) P = 1231.40(t — 1990) 
+ 32499.80, where t is the year and P is the number of 
passengers (in thousands). b) 38 656 800; higher 

c) 2009; no 10. b) At 60 km/h, fuel consumption is 

10.1 L/100 km e) F = 0.001 56s* — 0.192 68s + 

16.043 16, where s is the speed in km/h and F is the fuel 
consumption in L/100 km. d) The curve would be 
higher, and the slope would be steeper. The lowest 
point might change e) lower curve 11.a) x #—1 

thx 43e)x>-1d)x<3e)|x\Z>1fxeR 

g) x # 1 h) x # 2, -3 12. Answers will vary. 

13. Answers will vary. 


Chapter Test, pp. 32-33 
1. a)i) 1 i) 1 i) 4 iv) ; 9.0% 21% 7m 7 


2. a) (~4, 10) b) (-2, 5] ¢) [0, 2) 3. a) odd b) neither 
ce) even 4. fis neither, g is even, h is odd 5. b) The slope 
has large positive values, reduces to 0 at x = 0, and then 


increases to large positive values. ¢) odd d) y = x* has a 
sharper turn on (-1, 1), and is steeper outside this 
interval. 6. a) V = 0.67r + 2.90 b) 7.59 c) 12.28 

7.b) P=0.201VL ¢) 4.9 s d) 25 cm e) Shortening the 
pendulum reduces the period; the clock takes less 

time for each “tick”. 8 a) x #+1 b) x >-3 ec) x #3, -1 

d) x © R 9. a) even b) neither c) odd d) neither e) even 

10. a) Answers may vary. The graph must show the vertical 
asymptote at x = 0, the local minimum at (7.94, 0.19), 
and the x-intercept at -10, Graphs may also show that 


the graph resembles the graph of y = 0.001x° for large 
negative and positive values of x. b) Answers may vary. 
The graph must show that 1000x dominates the function 
at all values of x, so appears as a straight line through 
the origin with slope 1000, 


Challenge Problems, 


1, 0.377 2. If the smallest number is x, the other numbers 
arext+ 1,x+2,x+7,x+8,x+9,x+ 14, x +15, and 
x + 16. Thus, the total is 9x + 72, or 9(x + 8). 3.-40° 
4.) 2V7 cm b) 2V5 cme) 2V3 cm 5. Double the first 
number, triple the second number, and add the two 
resulting numbers together. 6. Va+x +Va—x <2Va 

for all x such that 0 <x <a 9. Answers may vary. The 
graph must show the holes at x = 1.21 and x = -1.32, 
and the x- and y-intercepts at x = —1 and y = —1.5972 
respectively. 


Problem Solving Strategy: Principles of 
Problem Solving, pp. 35-36 


Apply, Solve, Communicate 


1. 78.75 km/h 2. one (from the box labelled 15¢) 
3.a) Melissa b) Paolo 


Problem Solving: Using the Strategies, p. 37 


1.12 2, Fill 5-L, pour into 9-L; fill S-L, pour 4 L to fill 
9-L; dump 9-L, pour remaining 1 L from 5-L into 9-L; 
fill 5-L, pour into 9-L. 3. Juan and Sue cross; either one 
returns; Alicia and Larry cross; other of Juan/Sue 
returns; Juan and Sue cross. Total time: 15 min 

4. pentagon and hexagon 5.a) Cut so that each piece has 
one face of the cube as its base, and the centre of the 
cube as its other vertex. Note that you do not cut right 
through the cube. b) Base: 20 cm square, height: 10 cm 


Chapter 2 


Review of Prerequisite Skills, pp. 40-41 

1.a) 14x — 13 b) —8y — 25 ¢) 3x — Sx — 16 a) -18w + 38 

2.) 2x +3b) 2x? — 42-6 0) 2" 4 An 3x? — 2x + 1- # 
n x 

3. a) t(t + 9) b) (w + 14)(w — 14) c) (x + 3)(x + 5) 

@) (y ~ 6)(y + 3) @) (x + 7)(x + 8) f) (w— 19) 

9) (t + 1) (t — 99) hy (s + 1)(s + 89) 4.a) (2x — 1)(x — 3) 

b) (3y + 1)(y — 4) &) (42u + 1)(w + 2) d) (Sa — 3)(2a + 1) 

e) (3¢ + 2)(2¢ + 1) f) (Sx +3)(Sx-3) 5a)x+2,x41 


#3. ,t#-2,40 2-4, a#5,-6 
x-3 t-4 at+6 


7. a) 0, 8 b) —2, —5 c) does not factor d) 4, 5 8. a) 2, 


,-2 9-5, 1 on 121 
5g. 2 
b) ae, ~2.6, -0.4 ¢) — AAG 


r) a -0.8, 0.3 10. a) 2i b) 101 ¢) iV13 a 2iV6 


d) - 3 2.8, -1.8 


» -},-30)1 


e) 3iV3 1) ~4iV2 9) ih) -30 i) ~6 ) -3 &) 6 12 

11. a) 5 + SiV2 b) -3 — 3iV10 0) -6 + 2iV2 «) 24 V2 

12. a) 10 — ib) 9 — 10i ¢) +14 ~ 7i & 22 - 2i 13. a) 1 — 2 
De is, Dh. Si By -3 Wh 


| — i a) 1+ iv2 by) 434 


~ 15. a) 10 b) —53 c) -0.5 d) -14.5 


¢) 1396 #) -1054 16. a) B b) -} 0a - 3 0-2 
1) -0.49 17. a) —5 b) 10 ¢) ~5 d) -3.44 @) -3.75 t) 10195 
18. a) x > 2 b) x <-18 e)x>-9d) x>Oex<2t)x>-1 


4 
g)x>- 4 h) x >—2 19. a) linear b) quadratic ¢) neither 
@) quadratic e) linear f) neither g) quadratic h) linear 


Section 2.2, pp. 51-53 


Practise 
ta)x+5;x4-3b)a-2;a4Soyt+3;y44at-2; 
t#—2 aaxtxt+2sx4-1 bP -t-1;t4-4 

o) a —1;a43d)x° + 5x—8;x 410) +m-—2;m4-2 


Nyy edna s3xe—S wy t3sy4 4 

orp ere Aw 2is 3 tect gar re 2 peeEd: 
sre s 3 3 Tae 3 

x —3 g 2x +5, remainder 30; x4 3 4ajx+2;x441 


b)x —3c)y+Sda—1;4a442 5a 2x 4+3;x41 
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3 


b) 321+ 5;24 292m 3; me—7 4 3n'—4sn 23 


e) 2d +3) 4x-3 9) 454+ 1; sets w3e—4; iene 


6. a) dividend: 125; divisor: 12; quotient: 10; remainder: 5 
b) dividend: ; divisor: 9; quotient: 38; remainder: 8 

¢) dividend: nt: a — 2; 
remainder: 0 d) dividend: 2x° + 5x — 2; divisor: 2x — 1; 
quotient: x + 3; remainder: 1 e) f+ + t—3; 

divisor: f° + 1; 3 quotient: t+ 1; remainder: 4 

t) dividend: 6x’ + 3x* — x; divisor: 3x” — 2; 
quotient: 2x + 1; remainder: 3x + 2 7. In this form, the 
quotient and divisor are interchangeable. 

a) dividend: 255; divisor (or quotient): 11; quotient (or 
divisor): 23; remainder: 2 b) dividend: 8y° + 6y” — 4y - 5; 
divisor (or quotient): 4y + 3; quotient (or divisor): 

ay — 1; remainder: —2 ¢) dividend: x° + x + 3; divisor 

(or quotient '; quotient (or divisor): x + 1; remainder: 3 


8. y= wae? | xt ax ade td = (x4 ae +2 
-— 3x-8=(x-3)x-8 

x? -7x+10 _ 2 2 

¢) Baad = = Sib a a 7x +10 

- _3)-2 2x? +x- 3_ _ 3. 
(x = 4) (x = 3)-2 4) 4d 2x 3+ 3 

2x* +x-3=(x+2)(2x - 3) +3 
4x? -7x-7 -5 2 

e) aD: =4x+1+ 253 4x -7x-7 

= (x -2) (4n+1)-5 

f) * 8 oe 434 =(x-—3)(x+3)+1 
e=3 x=: 
Sx? +14x411 35, 

9) x+4 el laa 

Sx* + 14x + 11 = (x + 4)(Sx - 6) + 35 
6x* —~5x-5 71 

h) oa =6x+ 194 ya4i &-Sx-5 


= (x —4)(6x + 19) +71 


Apply, Solve, Communicate 

9. a) i) x ++ 1, 21 i) x + 2x +4,x 42 i) x° + 3x49, 
x # 3 b) Descriptions will vary. The coefficients form 

a geometric series. ¢) x + 4x + 16, x #4; x4 Sxt 125. 
x#5 Wapxtt+x ex txt 1,x¥1 

by x’ + 2x) + 4x? + 8x + 16, x 42 11. a) 3x +2, 
remainder x + 1 b) y — 3, remainder —y ¢) t + 2, 
remainder —11; t# +V2 a) 3d* — 2, remainder d — 2; 


d# 2/3 12. Yes, in parts a), b), and d). No, in part c). 
13. a) 12 b) 2c)-10 a) 4 14.2x+1 15, 3y—2 
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16. The fraction is not defined for x =—3. 17. a) $552.31 
b) $641.22 c) $1650.19 18. a) 22 months; she has $211.37 
remaining after taking out $500 at the end of the 22nd 
month. ¢) The x-intercept should be between 22.4 and 
22.5. That is when she has no money. 19. a) i) x + 1, 
x#lipx texte l,x¥litjxet+xrtxtix4l 


wxi+xtxr4extixel 
kel 
=x" hax 74. +1, x # 1 20 a) yes, x bl a 
F a2 _ (1+i)'-1 
c)i) Li) 1+ (1 +1) 1+ (1 +7) 4+ (140) = d+i—-1 
(1+i*-1 


w1+e(1 ++ (14s +4 (14a)! = 


i 
d) $230.04 e) $230 038.69 21. a) no; no b) no; yes 
c) The remainder must be of a lower degree than the 
divisor. 22. a) $450.90 b) $15 112.18 


Section 2.3, pp. 59-61 
Practise 


4.2) 3 b) -2 6) 0a) 12 2a) -23 b) 85 aso > 3.a) -9 


b) 0c) 1d) 4e)0f)2 4a) -7 b) 3 0) 0d)—55 5. a) 12 
b) 10 c) 1 d) 11 e) —10 f) 16 g) —45 h) 0 i) 22) 70k) 136 


0m) 11n)-3 6a) 1900-2 60s H-1 7292 


b)4c)-14)3 &m=2,n=-3 9Bp=1,q=2 Wu=6, 
w=-11 


Apply, Solve, Communicate 


11.7 12-20 13.a) 14 14.a) 12 15, a) 77 b) 77d) At 500 m 
either side of the centre point, the cable is 77 m above 
the roadway. 16. a) —0.017d + 0.45, remainder 25 
b) At 50 m away horizontally, the hammer is 25 m high. 
ce) -0.017d — 0.06, remainder —2.3 d) The hammer landed 
at a distance of less than 80 m. 17. a) 0.5¢ + 3, R = 6. 
R is the number of tickets issued in the first 2 hours. 
O(t) is the average number tickets issued between 2 
hours and time ¢. b) Answers will vary. c) The formula is 
impossible. It would require issuing a negative number of 
tickets in each of the last 3 hours. 18. a) Answers will 
vary. b) 0.1¢ + 10.5, R = 77.5. R is the number of trees 
sold by December 5. O(t) represents the average number 
of trees sold from December 5 to day t. c) no 19. 
-ctvc° -4bd 
2b 
22. a) quotient: —O(x); remainder: R b) Examples will vary. 
e) P(x) = O(x)(x — b) + R => P(x) = -O(x)(b — x) + R. 
23. Answers will vary. 24. a) x” — 1 b) x + 2, remainder 
4x —1e)x°+x°4+x° +1; x 441 @) 2x — 3, remainder 
3x —7;x #0, 1 25. The remainder upon division of P(x) 


20.k = 1 or 4 21.a) ba’ + ca +d =0b) a= 


by x” + a can be found by replacing x* with -a wherever 
it occurs in P(x). The remainder upon division of P(x) 
by x° + bx can be found by replacing x* with —bx 
wherever it occurs in P(x). The conjectures can 

fied using the division statement 


= O(x)(x* + a) + R(x). 


Section 2.4, pp. 68-70 


Practise 


1. a) yes b) noc) no d) yes 2. a) no b) yes c) yes d) no 4. a) yes 
b) no c) yes d) yes e) no f) yes 6, a) (x — 1)(x — 2)(x — 3) 
b) (x + 1)(x + 3)(x + 4) ©) (x — 3)(x + 3)(x — 2) 

d) (x + 3)(x? + x = 1) e) (z+ N(x + 4)(z- 5) 

f) (x + 1)(x — 4)(x + 4) g) (x — 4)(x* + 2x + 2) 

hy (k +4) (e — 3)(k + 5) ip (x — S)(x" + Sx = 2) 

D) (x — 3)(x + 1)(x + 6) 7. a) (2x — 1)(x — 1)(x - 3) 

b) (y + 1)(2y + 1)(2y — 3) @) (x + 2)(3x — 1)(x - 3) 

d) (x — 2)(3x, — 2)(x + 2) e) (x + 1)(2x + 3)(x + 4) 

f) (x — 2)( (2x7 + x + 5) g) (2x — 1)(x — 3)(3x + 5) 

hy (y + 2)(2y — 1)(2y + 1) (4x + 3)(x — 1)(x + 1) 

i) (Bw — 1)(2w* + 6w — 5) 


Apply, Solve, Communicate 
8. a) 16 b) 69 c) 23 d) average area cut, per year, from 
2002 to 2000 + t 9. a) i) (x — 3)(x + 3) i) x +3, x43 
b) it) (x + 4)(x — 2) i) x +4,x 42 0)1) (x + ae 2x - 7) 
i) 2x7 + 2x —7,x 4-1 10. a: fis = O(x) + Bix) 

x-0O 
6) fb) Q(x) = £ a 
d) Yes; reasons will vary. The numerator, f(x) — f(b), is 
always divisible by the denominator, x — b, e) the slope of 
the secant from the point (b, f(b)) to the point (x, f(x)) 
114. a) 392 b) 1491 ¢) 497 d) average sulphur dioxide 
emitted per year from 2001 to 2000 +t 
12. a) (x + 1)(x + 2)(x — 3)(x + 4) 
by (x — 1) + 1)(x — 2)(x + 2)(a + 3) e) (2x + 1)'(2x - 1) 
) (2x — 3)(2x — 1)(2x + 1) 13. They are consecutive 
integers, with x the smallest. 14. a) —72 b) 3 
15. a) (x — 2), (x + 4), (3x + 1) b) No; the product of the 


three known factors is P(x). 16. m1 = 3,2 =-8 


18. a) i) (x — 1)(x° + x + 1) fi) (x + 1)(x*-x + 1) 

ill) (x — 3)(a> + 3x + 9) ivy (x + 4)(x7 — 4x + 16) 

w (2x — 1)(4x* + 2x + 1) vi) (4x + 1)(16x" — 4x + 1) 

b) x +93 x" —xy + y" 6) x yex° + xyty 

d) (2x + 5)(4x° — 10x + 25); (3x — 4)(9x* + 12x + 16) 

5 P+ y') fx — ne is not a factor of 
x+y isa factor of x" + y” if and only if 7 is 
odd. g) x — y is a factor of x” — y""; x + y is a factor of 
x'” — y” if and only if 7 is even. 19. a) yes; yes b) yes; no 
c) no no 20. ¢ + 3 21. a) i) neither ii) both if) x + y 


iw x-yw neither vi) both vii) x + y vit) x — y ») x —yis not 
a factor of x" + y"; x + y is a factor of x" +y" if and only 
if 2 is odd; x — y is a factor of x" — y"; x + y is a factor of 
x" —y" if and only if 1 is even. ¢) x + y, x pxt+y 

22. a = | or ~1 23. a) 0 b) i) yes ii) no iii) yes 

25. a) x (x + 1)(x — 1)(3x? + 2) b) (2x — 3y)(x + y) 


(x + I)(x — 1)(x* - 2)(x* - 3) 


) 7 (y — x)(3y — x)(Sy — x) 


Practise 

1.a) -1, 4, —5 b) 2, 7, -6 c) 0, -3, 8 d) -6, 3 2a) 0, 2, -3 
b) 0, —3, —4 ¢) 0, 3, —3 a) 0, 2 3. a) —3, 1, —1 b) 3, 2, -2 

c) —4, 1 d) 3, 4, -4 e) -1, 2, 3 f) 3, -2 4a) 1, 7b) 2, 6, -3 
e) -2,-3, 5 3,4, 5) -1,2,4 1) 1,3 6a) 0,2,-4 


0,3, 4.0, 2,-2 wo, -! 1 3») 1,7 

b) »3,390,5,-39 bg Ba, 53-7 b) cc 

2 ; 1 2 2 4 3 
ee a e) 3, -> f)-2, =, 1, 

) ) ) 79) 3 70 772 
~34V13 


nt +17.) i) i ii) 0, $2.83 b) i) 3, 


i) 3, 0.30, -3.30 ¢) i) 4, 1 + V3 i) 4, 2.73, 0.73 


4) i) —5, 1 + V6 i) -S, 3.45, -1.45 e) i) -3, -1 + V7 

i -3, 1.65, -3.65 1) -2, =3#°I7. w -2, 0.56, -3.56 

8a) —1, mes N3 yo, 4 i feos, mn — 
3+ 

e) -2, = sl BER gy 1, 0.81, -4.3 


b) —4, 1.19, -1.69 c) -1 d) -1.09, 1.57, 3.51 

e) 1.32, -1.32 t) -0.75, 1.16, 4.59 

9) -l, 1.38 0. 27, —2.65 h) 0.88, -0.79, -3.58 

10. a) Ri + 3x + 10) » h(x' + 3x° 10x — 24) 
0) k(x' = 35 x + 1) d) k(x’ — 2x - 4) 


Apply, Solve, Communicate 
11.10 12a) V= Fata + 2)(4 —x*) by -2 <x <2 
c) { a(x +2)°(2 — x); when x = 2 or —2, the volume is 0. 


13.a) = bx (10 + x)(100 — x*) b) 6.49; radius: 7.61 m; 
height: 16.49 mc) The side lengths of the square base 


should be 13.79 m and the height should be 15.79 m. 
14.3 years 15. Yes, in 1.1723 decades. 16, a) 5 


" 
a Apt 343iN3 9 4 a2 


y= =p 3) 
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3 + oe, Ses 
2, -F 9 1-10, 


roots are 3 and —4. b) k = —5; the other roots are 1, — 


17. a) k = 3; the other 


1 
= 
18, a) 4b) 0, 2 19. -7, -8, -9 20. a) 0, -1, 2, 3 

b) 1, 2, -2, -3 c) -2, 3 a) +1, +3 e) -3, 2,1 + V3 

f) +1, tig) -1, ; 
22.15 cm x 3.cm x 3 cm 23.25 cm x 20 cm x S em 
24.12. cm x 12 cm x 7 cm 25. 300 m x 300 m x 100 m 
26. $7 with no bottom, $31 with a bottom. 27. —3, +1, +2 
28. Answers will vary. The simplest equation is 

x’ —7x° +x —7=0. 29a) Answers will vary. The graph 
has x-intercepts 5, 2, and —3. b) Answers will vary. 

For example; the coefficient of x’ may be specified; the 
y-intercept may be specified. 30. Yes. It has three real 
roots; some may have multiplicity greater than one. 
31.a) y=x' +x" — Sx —5 by 2x' + 2x" — 10x - 10 
32. a) never b) always, counting complex roots and 
multiplicity c) sometimes d) sometimes. 

e) sometimes f) never 33. a) No, if the polynomial 
is to have real coefficients. b) No, if the polynomia 
have real coefficients. ¢) A polynomial must have a 


i 
m 1,2, -5 21.7 cm x 2cm x 3 cm 


even 
number of complex roots. 34. a) #1 is odd, assuming a 
double root is counted as two roots, and so on. b) 7 is 
even, assuming, a double root is counted as two roots, 
and so on. 35.a) nob) 1 —ic) 1 —i, 3-27 


Section 2.6, pp. 92-95 
Practise 


1, Estimates to the nearest tenth may vary for 

local maximum and minimum values. a) domain: x € R; 
range: y € R; local maximum: (1.4, 0.4); local minimum: 
(2.6, -0.4); y-intercept: —6 b) domain: x € R; range: y € R; 
local maximum: (2, 6); local minimum: (0, 2); y-intercept: 
2 ¢) domain: x € R; range: y > —9; local maximum: 
(-0.5, 1.8); local minimums: (—2, -9) and (1, —9); 
y-intercept: 0 d) domain: x € R; range: y < 9; local 
maximums: (—0.3, 6) and (4, 9); local minimum: 

(1.8, -10); y-intercept: 5 2. Estimates to the nearest 
tenth may vary. a) zeros: —3, —1, 2; f(x) > 0: -3 <x <-1, 
x 22; f(x) <0: -1 <x <2, x <-3 b) zeros: -2, -1, 2, 3;' 
f(x) 20: -2 <x <-1,2 <x < 3; f(x) <0:x<-2, 
-1<x<2,x> 3) zeros: -2, -0.3; f(x) > 0: x <-2, 

x 2-0.3; f(x) < 0: -2 <x <-0.3 d) zeros: -3, -2, 1, 2; 
f(x) 20: x <-3,-2 <x <1, x22; f(x) <0:-3<x<-2, 
1< x <2 3.a) i) —2, 0, 2 ii) domain: x € R; range: y > —4 
iii) 0 iv) local maximum: (0, 0); local minimums: 

(-V2, = 4) and (V2, -4) w even vi The left-most y-values 
are positive. The right-most y-values are positive. 

b) i) 0 ii) domain: x € R; range: y = 0 iii) 0 iv) no local 
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maximum; local minimum: (0, 0) v) even vi) The left-most 
y-values are positive. The right-most y-values are 
positive. ¢) i) —0.6, 0, 3.6 ii) domain: x € R; range: ye R 
iil) 0 iv) local maximum: (—0.3, 0.3); local minimum: 

(2.3, -8.3) v) none vi) The left-most y-values are negative. 
The right-most y-values are positive. d) i) —1 ii) domain: 

x €R; range: y € R iii) 4 iv) no local maximum; no local 
minimum y) none vi) The left-most y-values are negative. 
The right-most y-values are positive. e) i) —1.6, 1.6 

ii) domain: x © R; range: y < 6 ili) 6 iv) local maximum: 

(0, 6); no local minimum v) even vi) The left-most y-values 
are negative. The right-most y-values are negative. 

f) i) 0, 1.6 i) domain: x € R; range: y € R iii) 0 iv) local 
maximum: (1.2, 3.3); local minimum: (0, 0) vy) none 

vi) The left-most y-values are positive. The right-most 
y-values are negative. ) i) —1, 4 ii) domain: x € R; range: 
y € R iii) —4 iv) local maximum: (-1, 0); local minimum: 
(2.3, -18.5) v) none vi) The left-most y-values are 
negative. The right-most y-values are positive. h) i) 2, 4, 6 
ii) domain: x € R; range: y € R ili) 48 iv) local maximum: 
(5.6, 3); local minimum: (2.6, —3) v) none 

vi) The left-most y-values are positive. The right-most 
y-values are negative. i) i) —2, 0, 1, 3 i) domain: x € R; 
range: y > —9 ii) 0 iv) local maximum: (0.5, 0.4); local 
minimums: (2.3, -9) and (—1.3, —9) v) none 

vi) The left-most y-values are positive. The right-most 
y-values are positive. j) i) -3, 0, 1 fi) domain: x © R; range: 
y <3 ili) 0 iv) local maximums: (—3, 0) and (0.6, 3); local 
minimum: (—1.3, —9) v) none vi) The left-most y-values 
are negative. The right-most y-values are negative. 


Ba) -2<x<3H-Sexs}q2sx<s 


1 
Qx<} orx>3ex20Nx<-lor 5 See, 
gx<-Sor-1<sx<0orx2>2n-1<x<lorx22 
0-3 <x<Oorx>2 2a)x>2.24 orx<-2.24 


b) x < -0.78 or x > 1,28 c) x <-2.37 or x > -0.63 
d) x > 1.59 e) x 50.59 or 2 <x < 3,41 f) x <-2.70 or 
~0.48 < x < 0.51 g) -2.41 < x <-1.73 or 0.41 <x < 1.73 


Apply, Solve, Communicate 
8 a)x <-2.3 orx2>1.3b)x<-l.lorl.d<x<3.9 
e)-1<x<0.5 d)-2<x<0.6 0rx>0.5 9.6) 17.4m 
10. a) V = 2ar’ ¢) domain: r > 0; range: V>0. 

= 142; Vix) = 3x°h x = 14 14 ot 
Usa Aa) = Mars Vix) ax Bee hore 3 3 
12. a) Answers will vary; for example, 0 < T < 40. 
©) 110 Im @) 27°C. 13. a) V(x) = ee b) x > 0d) 54.1 cm’ 


e)3.6cm 14.a)-3<x<-lorx>1b)x>1 
15. Answers may vary. The simplest inequalities are given. 


a) x’ ~ x —2 <0 b) 2x*-7x-4>0 16. Answers will 
vary. 17.-7<x<-5 18x <-6.43 
2h 4 po, 18-24h+ 8h" 


=) 
3 » S=2h— 3 on 


19, a) r= 2 


—9h-12h* + 4h” yp 1.5 —0.159 
or 


Review of Key Concepts, pp. 107-110 


1. a) i) 0, 2 
x-axis. ili) 


3 ii) At all x-intercepts, the curve crosses the 


There is one local maximum point and one 
local minimum point. iv) The left-most 
negative. The right-most y-values are positiv 
v) no symmetry b) i) —1, 1, 3 ii) At all x-intercep' 
curve crosses the x-axis. ii) There is one local r 


alues are 


num 
point and one local minimum point. iv) The left-most 
y-values are positive. The right-most y- 


ues are 


x-intercepts, the curve crosses the x-axis here are 


two local minimum points and one local maximum 


point. iv) The left-most y-values are positive. The 


right-most y-values are positive. vy) no symmetry 
d) i) —5, 0, 4 ii) At all x-intercepts, the curve cros: 


x 


s the 


ili) There is one local maximum point and one 
local minimum point. iv) The le! 
negative. The right-most y-values are positive. v) no 
symmetry e) i) 2, —2 ii) At all x-intercepts, the curve crosses 
the x-axis. There are two local maximum points and 
one local minimum point. iv) The left-most y-values are 
negative. The right-most y-values are negative. 

LOm(x* + 10x)* 
x* +10x-25 
c) The function has no zeros. 3. a) x + 8; x 4-2 


weven 2a) V= 


b) x > 5(V2 -1) 


‘ 3 
y # 10) 2m — 1, remainder 2; m # -— > 


b) y+ 2y +25 


d) x° — 2x + 3, remainder -18; x 4-3 e) 3y — 2, remainder 
6y—5 4a) 4x— 1b) 89 mm x SImm 
5. a) x x-ljxe3ux°—3x-Sjx2 t 


gx'-3etlxe 4 


7. a) 4b) 7 8.b) O(t) = 0.5t + 25, R = 300; Q(t) is the 
averages sales between the 10th day after release and the 
tth day after release. R is the total sales 10 days after 
release. c) Answers will vary. d) No; after 82 days. 


6. a) 6 b) 7 c)-2 d) 14.) 11 


9. a) —18 b) < c) 15 10. a) (x + 1)*(x - 3) 
b) (x + 4)(x°+ x — 1) e) (x — 1)(x + 1)(2x - 1) 
d) (x — 1)(x + 4)(3x +4) 11.4) 0, 3, -3 b) -1, 2 


2 
c) 4 sds 2) 1, 3 12, one possibility is x + 2, x — 4 


+ V2 ) -2, 2tv7 o) -1, +47 


and 2x +3 13.a) 1,1 


d)3,-1+ iV3 15.25 cm x 20cm x 5cm 

16. a) Answers will vary. b) No; an exponential 

function has no zeros. e) i) No; an exponential function 
has no zeros. 17. a) i) domain: x € R; range: ye R 

ii) 0 iti) 0, —4, 4 ivy f (xx) > 0: -4 <x <0, x > 45 

f(x) <0: x <-4,0 <x <4 odd 

vi) The left-most y-values are negative. The right-most 
y-values are positive. b) i) domain: x € R; range: y > —1 
i) 0 ti 0, 1, -1, 2 fix) > Or x <-1,0<x<1,x>2; 
f(x) <0: -1 <x <0, 1<x<2v none 

vi) The left-most y-values are positive. 

The right-most y-values are positive. ¢) i) domain: 

x € R; range: y € R il) -16 iit) 2, -2, -4 

iv) f(x) > 0: -4 <x <-2, x > 2; f(x) <0: -2 <x <2, 

x <-4 v) none vi) The left-most y-values are negative. 
The right-most y-values are positive. d) i) domain: x € R; 
range: y € R ii) —30 iii) —2, 3, 5 iv) f(x) > 0: x <-2, 
3<x <5; f(x) <0:-2 <x <3,x2>5v) none 

vi) The left-most y-values are positive. 


The right-most y-values are negative. e) i) domain: x € R; 
range: y < 36 ii) 0 ili) 0, 3, ~1, 4 iw) f(x) > 0: -4<x <~1, 
0 <x <3; f(x) <0:x <-4,-1<x<0,x 23 vw none 

vi) The left-most y-values are negative. The right-most 
y-values are negative. 18. a) i) domain: x € R; range: 

y = -20.5 ii) 0 itl) 0, 3, -3 iv) local maximum: (0, 0); 

local minimums: (-2.1, —20.5), (2.1, -20.5) 

v) even vi) The left-most y-values are positive. 

The right-most y-values are negative. 

b) i) domain: x € R; range: y € R ii) 0 iti) 0, 5 

iv) local maximum: (0, 0); local minimum: (—3.3, —18.5) 
vj none vi) The left-most y-values are negative. 
The right-most y-values are positive. ¢) i) domai: 
range: y € R ii) 0 iii) 0, 2, —2 iv) local maximum: 
(-1.2, 3.1); local minimum: (1.2, -3.1) v) odd 
vi) The left-most y-values are positive. The right-most 
y-values are negative. d) i) domain: x € R; range: y > -16 
ii) 9 ii) 1, -1, 3, —3 iv) local maximum: (0, 9); 

local minimums: (-2.2, -16) and (2.2, —16) w even 

vi) The left-most y-values are positive. The NK! 
a values are pepoibve: e) id domain: 


xeR; 


The right-most ba vee are positive. 
range: y € R ii) 0 iii) 0, —3 iv) local maximum: (0, 0); 

local minimum: (—2, —4) v) none vi) The left-most y-values 
are positive. The right-most y-values are negative. 

9) i) domain: x € R; range: y € R ii) 0 iii) 0, 2.6, 0.4 

iv) local maximum: (1.8, 2.1); local minimum: (0.2, -0.1) 
v) none vi) The left-most y-values are positive. 

The right-most y-values are negative. hj i) domain: x € R; 
range: y € R it) —3 iii) 2.4 Wy) local maximum: (—0.5, —2.4); 
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local minimum: (1.2, —5.1) v) none vi) The left-most 
y-values are negative. The right-most y-values are 
positive. 19, a) x <-3 orx>0Ob)-4<x<1 


c)-3 — 3V2 <x <-34 3V2 @-4<x<-—2orx>2 


e) x > 3.76 20. a) x <—2.56 or x > 1.56 
b) x is any real number ec) —0.53 < x < 0.65 or x > 2.88 
d) 1.41 <x< 1.41 21.0.82 <t< 1.96, t> 6.93 


22.2) (81) 57) Ast) (2nd) (3rd) 
-3 40 


-16 

Sie. -8 
24 48 

ig SO 40 
16 48 

3 16 88 
104 48 

5 120 136 
240 48 

7 360 184 
424 


9 784 


b) 3 o) 1, 2,-13, 10 d)y=x' + 2x* - 13x + 10 

23, a) y = 2x*- 3x +2 b) y=x'- 7x-3d)7-x°+x°-x! 
+21) y=-2x? + 9x") y = 3x’ — 4x" - 6x +7 
3x* + 4x -5 24, a) y = a(x’ — 2x” - 9x + 18) 
b)y= b(x' + 4x* + x — 6) e) y = e(x' — Sx* + 2x? + 8x) 

25, a) y=x'— x? +x-1 byy=x'- 2x43 


2%.) = 5 (x + 5)(xe + 1) x — 2)(x — 4) 


27. a) =x'~ 6x? + 12x - 8 by y=x'+2 
yr 


Chapter Test, pp. 111-112 


1. a) i) domain: x € R; range; y € R ii) 0, 2, —3 iii) At all the 
x-intercepts, the curve crosses the x-axis. iv) turning 
points: maximum, minimum v) The left-most y-values are 
negative. The right-most y-values are positive. vi) none 

b) i) domain: x € R; range: y € R ii) -1, 1, 3 if) At all the 
x-intercepts, the curve crosses the x-axis. iv) turning 
points: minimum, maximum v) The left-most y-values are 
positive. The right-most y-values are negative. vi) none 

¢) i) domain: x € R; range: y > —16 ii) —4, —2, 0, 2 iii) At all 
the x-intercepts, the curve crosses the x-axis. iv) turning 
points: minimum, maximum, minimum vy) The left-most 
y-values are positive. The right-most y-values are 
positive. vi) none d) i) domain: x € R; range: ye R 

ii) 0, —5, 4 if) At all the x-intercepts, the curve crosses the 
x-axis. iv) turning points: maximum, minimum v) The 
left-most y-values are negative. The right-most y-values 
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3 p 25 
are positive. vi) none e) i) domain: x € R; range: y < 7a 


ii) 2, —2 i) At all the x-intercepts, the curve crosses the 
x-axis. iv) turning points: maximum, minimum, 
maximum vy) The left-most y-values are negative. The 
right-most y-values are negative. 2. a) x° + 3x +1, 
remainder 4; x 4 2 b) y — 1, remainder 1 ¢) 3x” — Sx + 2, 


remainder 4; x + ~ 3 3. 2x — 3 4. a) -10 by -2 

5.m =—4, n=-9 7. a) (x — 1) (x —3)(x +6) 

b) (x + 1)(3x-—1)(x-4) &xt1,x+5,2x+1, 2x45, 

Se 1, 32'S; Gxt 1, 64 + 5: GrajS,2;-2 

b)-1,342V2 )-2,-1 +2id1<y< V2 10.3.5cm 

, 25=5V7 
2 

orx>3 12.a)-2.19 <x < 3.19 b)x>-4,14 

13. a) y = a(x’ — 6x” + 8x) b) y = b(x* + Sx? + 2x” - 8x) 

14 y=x' - 3x7 - 2x45 15. y=1-3x-3x7-x' 

16. a) when ¢ = 4.6 b) when ¢ = 7.5 


ol cm 11,a)x<-2orx23b)4<x<1 


Challenge Problems, p. 113 


1. 4(3) $12 -4 3. 9:40 4 (-2, 3);-13 8. 36 


6. b) The square root is about +(2.327 + 0.645i). 
7. V= (1+ 2x) (2 + 2x)(4 + 2x) -— 8 = Bx? + 28x* + 28x; 


10 em 8 9-26, 16 (=143) d 159), 


9.5.96 m iwy= shox 1x - 5 


Cumulative Review: Chapters 1 and 2, 
pp. 114-115 


1. a) neither b) even 2. Yes. 3.a) (—00, 00) b) (-0, 1) or 

(1, %) ¢) [-3, 3] 4.b}-d) Answers will vary. 5. b)-d) 
Answers will vary. 6. a) (2, 2) b) 7. Yes. 8.b) (-20, —5) or 
(-S, 1) or (1, 2%) d) x- and y-intercepts 0 9.a) $1030.38 
b) $1127.16 10.a) i) 0 ii) 0, -2, 3 iii) minimum: 

(+1.12, -4.06), maximum: (1.79, 8.21) iv) graph crosses 
the x-axis v) increasing to the left, decreasing to the right 
vi) none b) i) 2 ii) 1, 1, 2 ii) maximum: (-0.22, 2.11), 
minimum: (1.55, —0.63) iv) graph crosses the x-axis 

v) decreasing to the left, increasing to the right vi) none 

¢) i) 0 i) —4, —3, 0, 4 iii) maximums: (—3.55, 6.63), (2.60, 
134.53); minimum: (—1.30, —31.63) iv) graph crosses the 
x-axis v) decreasing to the left and the right vi) none 

) i) 0 ii) —3, 0, 4 ii) maximum: (—1.69, 12.60), minimum: 
(2.36, -20.75) iv) graph crosses the x-axis v) decreasing to 


the left, increasing to the right vi) none e) i) 0 ii) 0 (double), 
—1, -2 iii) minimums: (—1.64, —0.62), (0, 0); maximum: 
(-0.61, 0.20) iv) graph crosses the x-axis except at the 
minimum point (0, 0) v) increasing to the left and the 
right vi) none 11.a) m— 11, R 72; m+#-6 


b) 2y + 5; yet c) x + 4 12.a) 0 b) 0 13. no solution 
44.a) (x + L)(x — 4)(x — 5) by (x + 1)(4x - 3yee~ 3) 
15.a) 0, +5 b) +1, 93, -2, -4 a) 2, 7, 46) 1, is 1+V7 


)-3,441 16. y=k(x + 3)(x—2) (x-6);kER 

17. a) domain and range: (-», ») b) zeros: —2, 1, 3; 
y-intercept: c) maximum: (-0.79, 8.21), minimum: 

(2.12, -4.06) a) f(x) > 0 on (-2, 1) or (3, ), f(x) <0 

on (-#, —2) or (1, 3) e) neither even nor odd 

f) decreasing to the left, increasing to the right 

18.a) x © (—«, 0) or (3, %) b) x € [-3, 2] 

ce) x € [-5, -2] or [3, ©] 19.a) x © (-2.19, 3.19) 

b) x € (-00, —5.81] or [-1.71, 2.52] 20.a) y = 2x - 2x -3 
b) y=x'+2x'-x?-2xc)y=x =x - 4x44 


Chapter 3 


Review of Prerequisite Skills, pp. 118-119 


1. a) i) 4, 2 by) 2, 3 c)i) 1, 5 di) 0, -2 e)) -0.5, -1 
f)i) 1, —4 g)i) —2, 1 bh) ) —4, -5 
19 111 


2.a)y=3x+2b) y=- 5 xt 5 


d) y= 2x +7 e) y=3f)y=-2x 

3. a) (x + 2)(x + 3) by (x — 3)(x — 4) ¢) (x — 6)(x + 3) 

) (x + 7)(x — 2) @) x(x — 7)(x - 2) t) 2x(x + 1)° 

4. a) (3x — 4)(x — 2) b) (4x + 1)(x + 6) ¢) (Sx — 2)(3x + 1) 

) -2x(4x + 3)(2x — 3) e) 3(3x + 1)’ f) 2x(2x — 5)(x + 6) 

5. a) (x + 5)(x — 5) b) (3x + 4)(3x — 4) 0) 4(4 + 3y)(4 - 3y) 

4) yly + 7)(y—7) 6a) (x — 3)(x° + 3x +9) 

b) (72 + 4)(m? — 4mm + 16) c) (x* — 2)(x* + 2x* + 4) 

4) 8(2y + 3x)(4y" — 6xy + 9x") 

e) (2x — Sy)(4x? + 1Oxy + 25y*) f) (x? + 2)(x*— 2x* + 4) 

9) yy — 7)(y? + 7y +49) hy 4x(x + 1)(x? — x + 1) 

i) 2y(y — 2)(y* + 2y + 4)  x°(3x + 4)(9x* — 12x + 16) 

k) x"(2x — 3)(4x? + 6x + 9) I) 3x*(y + 3)(y? — 3y + 9) 

7. a) (x — 1)(x + 2)(x + 4) b) (x + 1)(x + 2)(x - 3) 

o) (x + 1)(x — 3)(2x — 1) d) (x + 2)(x + 3)(x - 4) 

e) (x + 1)(x — 3)(x + 4) f) (x — 2)(x + 3Nx +4) 
) 
(x 


ayes ——- 


g) (x — 1)(x + 1)(x — 2)(x% + 5S) hy (x + 2)" ?(2x — 1)(2x + 3) 
i) (x — 1) 2)(x - 3)(x +3) Bax+3,x4#-2 
bresOr eee Ligdet 1 aes 


o 3244, x43,-592 
3e+2., 1, 2: 2 
13¢-2°* "93 9,2) soap 


x+10 
25(x+5) 
b) 3(Vx +3 —Vx),x > 00) x(Vx+4+4Vx), x20 


d) Vx+342,x>-3,x41e) Vx? +44+2,x4#0 
5 (Wxt1+Vx-1), x21 


11. a) translate 2 units up b) translate 3 units to the right 
¢) translate 1 unit down d) translate 2 units to the left 
e) compress horizontally by a factor of 2 12. a) 20 


bh? + 5h+60) AD aie 2a tO: as Sa oe 
iii) — ae h#0,- 


4)i) 28 ii) 19 i) h? + 6h +12, h 40 14. apy =3x-2 
b)y=x°—4 15.5.6 h 1634.7 L/min 17.1.5 trucks/min 


x#0,-30)- =;x#0,-5 10.a)Vx+1+1;x>0 


he0m09m8mh+7,09-2 9-1) 


Section 3.1, pp. 127-129 

Practise 

4. a) i) 4.75 ii) 3.8125 it) 3.1525 iv) 3.015 025 

v) 3.001 50025 vi) 1.75 vil) 2.3125 vill) 2.8525 

ix) 2.985 025 x) 2.998 500 25 b) approaching 2 from 
above, then from below c) 3 d) y = 3x - 4 

2. a)-e) i) Answers will vary. a) ii) 4 ili) y = 4x — 1 
naa 4x 0) ii) 2 ili) y = 2x — 3 d) i) -1 iit) y=-x +2 


ont iit) y = i x+1 


Apply, Solve, Communicate 


3. a) The slope represents the rate (in L/min) at which 
water is draining out. 

b) slope at P: -72; slope at R: -36 c) —72 d) —36 

e) V= 1.28 — 1208 + 3000; slope at P: 72; slope at R: -36 
1) 96 LA 4. a) Estimates will vary; sample estima 
given. i) 77 i) 79 iii) 74 b) i) 77.5 ii) 79 iti) 74.5 c) no; no 


@ Answers will vary. 5. Actual slope is — 2. 


6. 1250 people/year 7. Answers will vary. 8. a) i) 1.732 
ii) —2.5 iti) 2.246 iv) 1.710 vw) —9.966 vi) 0 vii) 2.165 

vii) 2.723 ix) -1.409 x) —9.972 b) No limit. d) Answers 
may vary. e) Answers may vary. The slope is —S 7. 


Section 3.2, pp. 137-139 
Practise 


a fx)-F(2) = f(2) 
sag eee 


f(2+h)- f(2) 
h 


» fae f(2) 


b) m= lim 3. a) 0b) y= 1 


4.2) 3b) y= 3x-2 5.)4) 46) 44) —4 


1 
-1f)-29) 1m -— 
he) Ba 
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6. a) y=—-3x+2b) y=4x+8e)y=-x-5S 
d)x+4y—7=0e) y=-3x+11fpx+2y-4=0 
7. a) i) —8 ii) —4 iii) 0 iy) 4 


Apply, Solve, Communicate 


8. a) i) y = x ii) The definition is inadequate since 

the tangent to a line is a coincident line. b) i) y= 0 

ii) The definition is inadequate since the tangent crosses 
the curve. 9. a) i) 6 ii) y= 6x — 18 

b)i) 0 ii) y= —5 c) i) —4 i) y= —4x + 8 di) 12 

ii) y = 12x — 18 @) i) — Raye 12s +2AGy! 


i) y= x - 3004 M y= 4x +3 mn4imy=ax—3 
fk dps pctid point nat 


1 
ayatxe? )y=— Geet gd ayy 2a 


ii) 4, -2, 0, 2, 4 by ) 3a” ii) 12, 3, 0, 3, 12 


o)i) 2a +2 -2, 0,2,4,6 a) -— 6 _ 


(a-3y 


ily - 


oe 
8° 3° 


sot 
25° 
2 1 0. 1 2 H- 2a 
vs’ v2’ Mag (a +1) 


4 1 1 
935° 39% 99-95 


42. a) 1.17 x 10° J b) 1.24 x 10°J e) 1.27 x 10°J 

d) 1.32 x 10°J 13. 9.79 m/s* 14. b) yes ¢) 0 4) t = 2; the 
slope is 0. e) It is not useful, since you do not discover 
what is happening until after it has happened. 


ws.a)da+ 3m (1, we) 


= Rees "° 
a 1.00100045 x 10" 
1 101004512, 
04 1.10462213 x 10°" 
0.01 2.59374246 x 107° 
0.001 1.024 x 10°” 


0.0001 2.59374246 x 10°” 
0.00001 1.10462213 x 10” 
0.000001 1.01004512 x 10°” 
0.0000001  1.00100045 x 10° 

17. a) y = 4x + 8 b) y= 12x + 16, y = 12x — 16 18. At 


ii) — 


a)—f) iti) Answers may vary. 


x=-1, y=2x +2; atx =0, y=-x; atx =1, y= 2x -2. 


19, ( i 3} (1 5) 20. a) 1092 N b) Not possible 
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Section 3.3, pp. 153-156 
Practise 


1 s 3 b) 4c) 0 d) does not exist; ea discontinuity 

at 24m lolatest "5 9) S204 

n) ia not exist; jump Seon k) 3.) 5 m) does not 
exist; jump discontinuity n) 3. 3. a) 12 b) 1c) —3 

d) undefined e) —3 f) —3 g) 6 h) 6 i) 12 j) does not exist; jump 
discontinuity 4, Question 1: removable discontinuity at 

x =—-1; infinite discontinuity at x = 4. Question 2: 
removable discontinuity at x = 1; jump discontinuity at 

x = 4; jump discontinuity at x = 6. Question 3: removable 
discontinuity at x = 2; jump discontinuity at x = 5. 

5. a) —2 b) —2 c) —2 6. a) 4 b) 1 c) does not exist; one-sided 
limits are different (jump discontinuity) 7. a) 2 b) —2 

c) does not exist; one-sided limits are different (jump 
discontinuity) 8. a)—1 b)—1 ¢)—1 9. a) 0 b) does not exist 
c) 0 d) Oe) 0 f) —1 g) 1h) does not exist 10. a) 4b) are) 5 


4) 16 e) 2 f) 17g) 0m) 23) 8 11.3) 60) 4920-4 
5 = 1 1 
DF f) 5g) 7H 30550 12H49-5 


Apply, Solve, Communicate 

12. a) 2 b) —3 ©) V3 d) —1e) 5 f) 2 g) does not exist; jump 
discontinuity h) does not exist i) 3 j) 0 13. a) x = 2b) x = 3 
c) x =—1 d) x= 1 14. b) i) 800 if) 900 itl) does not exist 

iv) 900 v) 1000 vi) does not exist 15. b) i) 0.94 il) 1.55 

iii) does not exist iv) 1.55 v) 2.05 vi) does not exist 

16.b) any whole number values of a 17, At 0.25 km, 
0.35 km, 0.45 km, ... 18. b) f= 0, 1, 2, 3 


19. a) I(R) = ASR) (1 H(2—R)); R20 oi) 017 


iil) 0 iv) does not exist 20. a) 0b) 0 21. a)—6 b) 12 ¢) -} 


4 


22. Answers will vary. For example, f(x) = ri g(x) = > 


23. 3 24. f(x) is not discontinuous anywhere. 


.c=0, 5, 0r3 


Technology Extension, pp. 157-158 

1. a) does not exist b) 0c) 5 d)—2 2.a) 1 “ed + . 12 b) -6 

4a) V2 0) 0 5a) 1b) 2xe)2x+2q—-1 gy Sy 1 
x 2 Sx 

Section 3.4, pp. 168-171 

Apply, Solve, Communicate 


1. a) 18 + 3h b) 18 2a) fer inre) 


w fim Hee Fe 
iv) —1.1 m/s v) a m/s b) —1 m/s 4. a) i) 15.5 m/s 

ii) 17.95 m/s iii) 19.91 m/s iv) 20.155 m/s v) 20.351 m/s 

b) 20.4 m/s 5. a) i) 0 m/s ii) 1 m/s ili) 1.5 m/s iv) 1.9 m/s 

b) 2 m/s 6. a) i) 8 m/s ii) 7 m/s it) 6.5 m/s iv) 6.1 m/s 

b) 6 m/s 7. 0.8a + 5; 5.8 m/s, 6.6 m/s, 7.4 m/s 

8. a) i) -0.06°C/min ii) —0.08°C/min iii) -0.275°C/min 

iv) -0.18°C/min b) about —0.12°C/min 9. a) i) 1.0°C/h 

ii) 1.15°C/h b) about 0.95°C/h ¢) i) —1.25°C/h 
ii) —1.2°Chh iit) -1.15°C/h d) about -1.2°C/h 

40. b) i) 43 ii) 167 iii) 50 iv) 100 c) Using an exponential 
regression: N = 87.68(1.16)''* d) 82.8 11. a) i) 3650 

ii) 3700 iti) 6200 iv) 6000 b) Estimates will vary. 

c) P = 66.43(t — 1991)° — 755.19(t — 1991)° + 7123.95 

(t — 1991) + 399 722.24; 4554.60 d) Answers may vary. 


12. a) — 79-4 13. a) i) 61 ii) 49.21 it) 48.1201 b) 48 


3. a) i) —3 m/s ii) -2 m/s iii) -1.2 m/s 


4.- 250 L/min 15. a) i) 41 ii) 40.5 ii) 40.1 b) 40 


16. a) i) 35.85 ii) 36.265 iii) 36.597 iv) 36.6385 v) 36.6717 


4000 
83 


b) 36.68 c) 40 — 1.66a d) after s e) 40 m/s (down) 


1) 481.928 m 176) v= 8 — 2a 18. a) — 2” by 22.5 N 


Xo 
ii) -0.9 N iti) -0.009 N e) 225 000 N 
d) Both become very small. 19. No 


Review of Key Concepts, pp. 173-176 
4. a)-c) i) Answers will pe a) ii) 3 ii) y= 3x—1 bi) 10 
iit) y = 10x — 16 6) i) + Wi) y = txt} 2. a) 3.54; 3.37 


b) 3.455 c) 2.315 d) Answers may vary. 3.5, 2.3 

e) Answers may vary depending on method used. 2.98 

3. a) Rate at which the body is eliminating the medicine 
b) 0 4, a) Answers will vary. b) Answers will vary. 
-0.017 s/year, -0.049 s/year. 5. a) y= 4x — 3b) y= 6x +3 
3 


_i ses =r cg td) a 
)y=Ex+2 dy=ley= xt+4hy=—-set5 


1 
le a eae 


ay=-qeetd 1 y= ixte ny=-4x+H 


itt ii) y =—8x + 8 bi) 12 i) y= 12x - 16 


¢) i) Liny= txt? 99-4 y=—4x 
4 


9. a) y = 2x — 0.5 b) Yes 10. a) 2 b) —3 c) -3 


8, a) 2a — 3 b) -S, -3, -1, 1,3a(3.-4) 


d) does not exist; Jim, f(x)# im, f(x) 

e) 3 f) 3g) On) 3 i) —3 ) -3 k) -3 I) -3 11. a) i) jump 
discontinuity i) removable discontinuity iii) continuous 
b) No, unless the type of discontinuity is known. 12. a) 3 
b) 2 c) 3 d) does not exist; Jim, g(x) # Jim, g(x) 

e) 4 f) 4.9) 4h) 41) 3 j) 3 k) 4) 3 m) does not exist; g(x) 
not defined. n) does not exist; g(x) not defined 

13. a) i) jump discontinuity i) continuous iii) removable 
discontinuity iv) discontinuous; end point 

b) i) The value of g(a) has no effect. ii) The value of g(a) 
must equal lim g(x) for g(x) to be continuous at a. 


44. a) 3 b) 3 c) 315. a) 1b) 1c) 1 16. a) 1b) 1c) 1 17.a)0 
b) 0c) 0d) Oe) 0f)-1 9) 1h) oes not exist 18, a) 7 b) 12 
c) -6 d) Se) 96 90m 12 

2v3 


‘ 1 ; 
19, a) does not exist b) —1 ¢) — 2 d) 0 e) does not exist 
f) does not exist g) —7 h) does not exist i) does not exist 


20. a) i) -24.5 m/s ii) -20.09 m/s it) -19.649 m/s 
b)-19.6 m/s 21. 9.3 22. b) i) 0.07 ii) 0.005 ii) 0.01 
c) Using a quadratic regression: 

= (9.19 x 10%)(t — 1921)? + 0.003(t — 1921) + 13.19 
4) 0.039 741 11 


Chapter Test, p. 177 
1. a) 7 b) 6 c) y = 6x — 7 2.a) i) 4 ii) S it) does not exist 
¢) jump discontinuity at x =23 a) 2 b) 3 c) 1d) -4 


e) 27 iy — i 4.2) 110) 126) 5 &) > 8.8) 5 mis 4) ~7 m/s 


20 2 

6. 407 cm’/em 

Challenge Problems, p. 178 

1, For the point (a, 4) the slope of the tangent is 


4 4 
“= and the equation of the tangent is y = — er £ 


Thus, the x-intercept is A(2a, 0) and the y-intercept is 
(0, $) Then AAOB = y2a)(*) = 8. Therefore the 


area of the triangle is 8, regardless of the value of a. 


2. Answers will vary. 3. a) 2 b) small triangle: 3 
; os 
second island: —= %3 7 


Pe 1y a fly" 
A{s13(2)e12(2) +48(5) tet 3-4 (3) 
e) Yes; all but the first term in the series form a 


: a 1 4 
geometric series with a = 3 andr=—¢ 


3 
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The area approaches a 1+ 44 = Ws, - 
ae) 

5. 100 — 50V2_ m east of the origin and 150 - 100V2 m 

north 6. a) Ayida should turn the jetpack on after 2.51 s; 

she will land after 8.11 s. b) Ayida should turn the 

jetpack on after 3.56 s; she will land after 11.48 s. 

c) 378.78 m 


Problem Solving Strategy: Solve a Simpler 
Problem, pp. 179-180 


Apply, Solve, Communicate 
1. a 2.39km 325005000 4.0 5.10276 ” m 


7.202 8 728 9. a) 632.cm b) 75.030V3 cm’ 10.3 


Problem Solving: Using the Strategies, 
p. 181 


1.15.9 cm 2.16 3192.5cm? 4 16aem? 5.3 6.9, 2,2 
7. a) (at most) 5+ 1b) 751 ce) 23 8 Carys and Dianne 


Chapter 4 
Review of Prerequisite Skills, pp. 184-185 


1.8) 70) 16) 2d 4x—3e) 1) 1 2.a)y=4x-5 


b) y=4x +40) y=4x4+153.a)xeRb)xeReyx20 
d) xe Re)xeR f) x #0 4 ii) a) minimum: (-1, 0) 


ii) b) minimum 2 23) ii) c) maximum: (1, 1) 5.i)a)x #0 
i) b) x > —4 ic) x > 06. b) fe (0, 1) and te (3, 4) ) te (1, 3) 
d) Buy at ¢ = 0 and sell at ¢ = 1, or buy at ¢ = 3 and sell 


1 3 
att=4. za)» we -& gare-€ 25 _ 42 


2x eed 
2 5 1 


8.a) 4x2 — 20x? + 25x ? by 12x* + 27x* — 20x” - 45x 
¢) 10m* — 22m’ — 11m? + 18m - 3 d) 3y’ — 192y 


o) Vk’ + 6k +2k+12 1) 2vix+1-2v3-+ 9. a)i) 6 i) 4 


iti) 3 + h iv) 3 b)i) 7 ii) S it) 4+ hv) 4c) 22) 8 

iit) 4 + 3h + h’ iv) 4 10. c) -4, -2, 0, 2, 4 11.6); 0 i) 0 itt) 0 
12. b) i) 1 ii) —1 iii) does not exist 13. a) does not exist b) does 
not exist ¢) does not exist d) 0 e) does not exist f) does not 
exist 14.a) 8 m/s b) 24 m/s 15.a) increasing b) decreasing 

c) 0 d) decreasing, constant, increasing 16. 70 km/h 

17. a) 3.06 m’/min, 4.58 m’/min b) 1.2 h 


x3 
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OT ates ees 
1 5 
315) 


25 (220 10 
25 

AY Peet hy 10 
35 

4 80 10 
45 

3u el25: 


b) m/s; velocities ¢) m/s”; accelerations d) s(t) = 5t” 


Section 4.1, pp. 194-196 

Practise 

1.a) i) 4 ii) —2 iii) 0 iv) 2 v) 4 b) i) 12 i 3 itt) Ow) 3 w 12 
©) i) 9 ii) O ii) ~3 wv) 0 v) 9 2.a)iv), b) ii), c) i), a) iii) 

3.b)i) 1 i) 2 4,a)—2, —1, 1b) -2, 4 5.a) 2b) 2x c) 2t+3 
d) 3b* — 2b e) 4x° t) 6x — 2 g) 1 — 377° hy) 4 


i) -2 ) 2- 2x 6a) -— 1 _; same domain b) 


1 
(x +2) 2Vx-3 


function: x > 3, derivative: x > 3 ¢) 2 1; function: 
2vx 


x > 0, derivative: x > 0 d) - os same domain 


( 


e) eee same domain f) — wes same domain 
(x +1) m 


| 
g) 1- +, same domain h) — > ; same domain 
* 2(q- 1) 


1 5 ¢ ' 
7 West? domain of f: x >-1; domain of f': x > -1 


8a) x; 1b) x"; 2) x°; 3.4) Vx; 9 


Apply, Solve, Communicate 


10. a) —9.8t + 5 b) 1.43 sc) 0.51 s 11.b) increases 
k(3+ u —k(3) lin AG he k(3) 


hoo 


13.a) lim 
haw 

P -1 x<3 
oke)={) x>3 


14.b) lim Min MO) does not exist 15.a) lim Ef) 


hoo 
does not exist. 16. b) x € R ¢) f(x) = 2|x| a f'(0) =0 
17.b) x any integer 


Section 4.2, pp. 204-207 
Practise 
1.) 0 b) Sx* c) 9x* d) 14x"? e) Of) 1 g) 54t°* hy 0 i) -2x* 


3 1 
)} be Sk $x? 2 ) nx" " 2a) 12x” b) ~152x* e) 5Sx* 
4 2 12 Tree a ee 1 
1523 e) - fy) -—< . a 3) -— 
4) )- 3 Na a2 WD 3x0 ae 


kj 8x7) 2x2"! 3.4) -6 b) 12 c) -3. 2) 213 
4.a) y= 4x — 6b) y= 2x43 7a) 2x + 3 b) 8x -3 


o) 15x" — 12x +2 @ 70x! + 69x? — 65 e) - 19x? 
a 


1) 2x19) 2x 2m 124 12x + 3x* --& _2€ 
x x 


8.a) 4x° — + 5; domain of function and derivative: R 


b) x’ - =e ; The domains are different. 

ce) 4 + 10x *; domain of function and derivative: x + 0 

d) 3x” ~ 6x + 3; domain of function and derivative: R 
9.a) y= 10x + 8 b) y = 7x — 20 c) y= 7x -— 18 d) y=x-6 
e) y=-8x - 15 f) y= 4x 


Apply, Solve, Communicate 


10. (3, 36) 11. (2 3), (2 +) 


42.a) (0, -4) b) (V5, 5), (-V5, 5) 13a) $17425.27/year 
b) The best time to ue is at the beginning. 


14, 20.2, 0.6, -19 15.a) = Fae? 2 b) 0.005 cm/year 


d) Answers will vary. ig 9 m/s, 11 m/s, 15 m/s 
17.a) after 3 sb) 24.5 m/s c) 17.25 md) no 
8, (—3, 121), (2, -4) 20. y= 4x, y=—-4x 
at. -14+V2, -1-V2 22.4) 0.1 + 0.02x, 2.12 by 2.11 
i the rate at cost is increasing as the xth copy 


160000 


is made 23.a) - ind" b) m* 24.a) ix the 


rate at which cost is increasing as the xth unit is 
pring 25.b) Q(x) = x” ‘+ ax"? + ax"? + ax" 
a"! 26.a) 2arrh b) wr’ 27.4) Examples will vary. 

29, ») hod i ©) f(x) = -2 if x (00, -1), f"(x) = 2x 
if x e(-1, 1], f(x) =2 if x € (1, ©) 30.6) x = 3 or -3 

2x if x © (—00, -3) 
0) f' (x)=4-2x if xe (-3,3) 31.a) 0.04r- 5 

2x if x © (3, ©) 
b) 0.04 + 5 


Section 4.3, pp. 212-213 

Practise 

t.a) 4x — 6x" b) 9x” + 4x @) Sx? — 4x — 6x? + 6x — 1 
@ 12x? + 2x12 e) 3x? Fx? 9x? 10x +3 


9) -601° ~ 248° — 25t* — 37 ny 4m 41-4 37 


9! j a: Hy, od 1 0 
—y? —f4 wy 2 cut 2 7 2 Dea iowee’ 3 
D5 -4-y7 Day- Sy tay 7 W 4x x 


a 


1 
) 3 —2km) 4x° 3x aoe x? 0) 9x? 


1 
20x —21x2 
2 20x* —21x7 +35 


3 3 
p) iSt? +3¢ * -6t 

1 3 
n 242 vt + i v? 2.a)0b)-7c) 21d 0e1f)8 


* q) 2abu + 3a°u? - 4b°u' - Sabu! 


aaa 
o-14m 4175 3.) 12 b) -16 6) - 34s 1132 
‘ 45.37 
Ha y=3x = 3B) = 7 #-26.0) y= x= 
3.05 
By= — Gets 


Apply, Solve, Communicate 
5.a) 5b) Sc) 5 6.a) f(x) + xf (x) b) 1 F(x) + Vxef"(x) 
2Vx 


c) 2ef(t) + CF (t) d) cm fm) + mf "(m) 


1 fix) 4 Fl) ty (xe + 2)floe) + (x + VFX) 


7.a) 24000; 53 664 b) 12(6t° + 80¢ + 100); the rate of 
increase, in people per year d) Answers will vary. 
e) Answers will yary. 8.a) 0.5335 - 0.3t — 0.00330 


b) 0.5335 V/s ) -0.3962 Vis 9, ~3*: 


375 
-5 9 2-5 wy -1.25 ») Th 
KS Mae ) The 


manufacturer takes in less money by selling more 
caleulaorss because the price is lower. 


3 1 1 
11.b) 7x? 2425 99 2h ya +x? 


10. a) i) R’(x) = 


12.b) i) 2(x° + 3x + 12x + 3) it) -6x"(2 — x') 
Wil) 2(1 = x)(x* + &)(—4x° + 3x* - 2x + 1) 

13. byi) 3(x — 1)? ii) 3(2x + 3)(x° + 3x - 1) 
iii) 3{ or 2x )We-=y 

Section 4.4, pp. 218-220 

Practise 


1 1, 2x7+2% 12 3x*-4x4+3 7 


1a) 35 3 c) 3 
x74 0 (ax41P ° 25 ue w= *9 
-2x* -4 3 4+6x—-2x* 
> BAe = = 3 

4 (x? +3x~-2)” 16 ®) (3-2x)? 

x°43x7+2 22 -1-x | 3v2 


(x +1) 337 9 2Tea—2 x} 4 
3x? + 4xVx -1, at 084 p Ze adam i 1 
2Vx(vx—x?P > 392 (x? +4x 41) °13 
-2 1 ad-be | ad-be 
D ee2yp 32 (xsd) Qc+d) 


b) 
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 —123%* ,-1lv2 5) 220; 2 
QWex(x? +i? 100 © (x +1 9 


q 2x5 -36x* 224 » -2x° ve —32x+48. 3 f'(2) 


(2-97 > 25 —16)* 
is not defined Foaw eevee... 11 
er eee we crhegig 
c)y= gXtg My=2x 2ey= e*ts 
1 5 


fhy= “Fg ts 


Apply, Solve, Communicate 


3.a) Since y' = y, the slope is always positive. 


2 = 
(4x + 3)° 


b) Since y' = 7, the slope is always negative. 


“1 
= 1)" 
4 (0, 0), (-1, -1) 5. (0, 0), (-2, 2) 
f(x) ‘; xf'(x) — f(x) ° f(x) ~xf'(x) 
(F(x) ae (f(x) 
ta) n(n) pie 
n 


6.a) — 


b) and c) Answers will vary. 

d) p() = nA(n), so that p'() = A(n) + nA'(n). Thus, 
p'(n) > A(n) => A(n) + nA'(n) > A(n) => nA'(n) > 0 

=> A'(n) > 0. e) and f) Answers will vary. 8.a) after 8 s 


-72 ne 

b) (aen? velocity in metres per second ¢) -0.5 m/s 
—40.8 

d) -4.5 m/s _e) Answers will vary. 9.a) P43. soy 
ce) Answers will vary. 10. 0.2315 g/s 
y= ae —— f 13.a) R = 0.6 2 b) The maximum 
power is produced when R = 0.6 Q. 
Section 4.5, pp. 225-226 
Practise 
1a) 3x” — 2; 6x by x” + 6x” — 10x + 1; 3x” + 12x — 10 
j-1; 2 »-_1_-5_ 2. 

a x (¢+2) (t+2)7 


e) 3x” — 4x + 1; 6-41) —— 


9) 6 + 2u — 6u'; 2 - 12u i 


4x° —6x* +12x-8 Kad 2 6 


-3u?; 2 * p3x?- x OX +a 


ago x 
2.a) 26 b) 2 c) mi AR 


a ee eee: eer, U3 
TEEN  anisks 27° 81 


6 a) 108; 108 b) —25; -16 


c) — 
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Apply, Solve, Communicate 
5. f(x) =4x° — 2x +3 6a) t; 1b) A(t) is the rate of 
increase in growth rate, which is therefore steadily 


increasin Answers will 7.a) — 
ig. d) wers will vary. 7.a) (or De 


= 1728 eissl eg hii 240° 

P+ ) It is slowing. 8.a) /2 (t) = (+r) 
481(8— 2t') 
(8+) 


b) h"(t) = ; the rate of change of growth rate 


c) when t= 9/4, h' = 5 d) Answers will vary. 


9a) 4x! — 3x7 + 10x + 2; 12x* - 6x + 10; 24x — 6; 24; 0; 0 
») 0 10.a) Sx" + 4x' 4 3x? + 2x +1; 20x" + 12x* + 6x +2; 
60x" + 24x + 6; 120x + 24; 120; 0 11.-3 12.) f” =g'h+ 
2g'h' + gh" wf” = gth + 3g"h' + 3gth" + gh" 


e 2x |x|>1 F 
13. a) [ (x) = { B domain: x # +1, 


-2x |x|< 
- 2 |x|>1 : 

Pee ae Ix|<1 ; domain: x 4 +1 

¢) The domain of fis x € R, while the domains of f’ and 
f" are x © R such that x # +1. 14a) n(n — 1)x"*; 

n(n — 1)(2 — 2)x"~* by n(n — 1)(n — 2)... 3x 2% 1 =H! 
15.a) one more than the degree of the polynomial b) 0 


Section 4.6, pp. 237-239 


Apply, Solve, Communicate 

1.a) 0 b) A c) neither at A, stopped at B, neither at C 

4) the car is stopped e) the car returns to its starting 
point, stops, then goes back where it came 

from 2.a) positive b) negative e) positive d) zero e) negative 
3.a) decreasing; negative b) i) negative il) positive iil) zero 
iv) negative 4. position function: b; velocity function: a; 
acceleration function: c 5. speeding up for ¢ € [0, 3] 
6.a)v=4,a=0b) v= 6t+2,a=6e)v=3t — 8t+5, 


a=6t-8au=2t'+3t 4 — tit’ +3t+3) 


(+P? (t+1" 
2 93 9 
e) v= 6t -108 - arse -2, a=12t-15¢? ~a 8 
igs 32+Vi) _ _-3(vt +3) 
(l+vey > 2Ve(14 Vey 


7.a) v = 3, a=0; 3 m/s, 0 m/s’ b) v = 8t-7, a= 8; 
25 mis, 8 m/s’ ¢) v = 3¢° — 12t + 12, a= 6t— 12; 12 mis, 


2 3 -6 3 6 2 
Pini qus—-—,a2—? _- 6 
m/s dv (eee a (ee 25 m/s, 125 m/s 
s o4 \ 1 2 
au= SP —3e, a= Bp 38; 514 mis, = mis? 
gpo deta? , 100 71 25 ays 


(+4 7" (e+ ay 32 ™ 128 


8. -19.8 m/s and -29.6 m/s 9.a) 19.6 m/s, 9.8 m/s, 
-9.8 m/s, -19.6 m/s b) 3 s c) 44.1 m d) 6s e) ~29.4 m/s 
10. a)i) Os ii) 10s b) 1 m/s? 11.a) -4 m/s, 4 m/s b) 4s 

c) t > 4 12.a)i) 60 m/s ii) 2s, 5 sit) OS t <2 andt>5 


c) 90 m d) 30 m/s" e) Answers will vary. 13.a) a s 


— 
a yeas sc) 21.326 m/s 14.a) s, b) vy, 6) & 
15.10 m/s? 16.a) positive for 0 <t < 10, negative for 


200 
1> 10 6) 2056 me m d) ~150 ms 


e) speeding up for 0 <t< 10, t > 20; slowing for 

10 <t<20 17.a) v= 3 — 12 + 9; a = 6t — 12 b) toward: 
1 <t <3; away: 0 <t<1,t> 3) speeding up: 1 <t<2, 
t > 3; slowing down: 0 <t< 1,2 <t<3 18. 12.544m 
19.a) s, = 5.55t, v, = 5.55, a, = 0b) s, = 30 ~ 4.97, v, =-9.88, 


a,=—9.8 0) after 0.5675 d) v = 130.9 + (9.81) 9 9.8 m/s” 
f) -9.8 m/s” 
Extension: Antiderivatives, pp. 242-243 


Practise 


t.a) St+ 10 b) 2.3 -9.8¢0) 2.5043 2a) 3°+5 
bee t+25e 0-404 10 3a)x°+3x4+C 


a et 
3 > A BiB ok BOE ms 
b) x —4x4+C co) 3x" — 2x" + 2x +Cd 55 te 
1 a3 3.3 Rd on 
9-,TCnge +a Gg +Ch 3x =e to 


-+C 4a) y=2x° — Sx b) y = 2x" - Sx -2 


¢) y = 2x — Sx+ 6d) y =2x° - Sx-12 S.ajx*-x4+3 


2 7 
wx? 4x2 +699-—£@ 328-14! 
xs 


e) 2x7 +1 


Apply, Solve, Communicate 


8.a)2mb)4mej8m 9 No, 10.35 11.8 12.a) 12 m/s” 
b) 192 m/s c) 1728 m 13.a) 288 m 14.a) 18.55 m/s b) 400 m 


©) 13.636 s 15.a) F(x) = 1 (2-x°) 
16. Yo tv +19.6h) seconds 

9.8 
Technology Extension, p. 244 
1.a) —5x* b) 12x° ) 12x° — 4x* + 18x" + 48x - 3 
3x ~8xvx +3 
2vx(3-x?)* 


2 23 ' 
2a) 5am Sete) 1-192 x 42x? 


Section 4.7, pp. 249-252 


Apply, Solve, Communicate 


1.a) 2500 — 2.1x b) the rate at which costs are increasing, 

(per item) as the xth unit is completed ¢) $1870; The cost 

is $1870/item at the instant the 300th item is finished. 

d) $1868.95 e) Answers may vary. 2.a) 950 — 0.006x 

b) $917 ¢) $917.997 d) Answers may vary. 

3.a) 5000 — 0.167 b) the rate of change of the revenue 

with respect to the number of cars sold ¢) $4864 

4) $4863.92 4a) 8x + 2x” b) 8 + 4x e) $2808 a $2810 

5.6) entries: 600 000, 500 000, 400 000, 300 000, 
600 000x —x* 300 000- 

200.000, 100 000, 0 ¢) 200 000 700 000 

e) $1 f) 2.05x — 0.000 005x* — 110.000 g) 2.05 — 0.000 01x 

h) -$0.95 @a) N'(y) = 0.8y' — 34.5y" + 391.7y — 964.325 

b) —472.125 c) The actual change, from 1994 to 1995, 

of the number of births per year was —502.575. 

7.a) -0.8745x* + 21.0728x' — 160.1289x* + 407.358x 

— 233.2 ¢) January: 522.2 kg; October: 451.6 kg 

qd) January: 34.2 kg/month; October: 155.3 kg/month 

e) Answers will vary. 8.b) entries: 60 000, 50 000, 

40.000, 30.000, 20.000, 10.000, 0 ¢) 6x — 0.0001x" 

d) 6 — 0.0002x e) $5 ) 4.8x — 0.0001x" — 8000 

g) 4.8 — 0.0002x h) $0.80 9.a) 5000 - 5.6x 

b) 80 - 0.036x e) -4920 + 5.564x d) $4502.70 

10. a) 2200 + 0.18x" by 10.000 ~ 0.15x" 

©) 7800 — 0.33x° d) $2223 e) 153.74 11, $0.04472/unit 

12.) i) 3000 bacteria/hour ii) 192 000 bacteria/hour 

iii) 1 728 000 bacteria/hour b) increasing 13. -220 

14,a) 0.000 261" — 0.0022° - 0.0459¢° + 0.1t + 4.404 

b) 4.404; 1.989 15.a) 420 — 10d b) 2 km: 400; 20 km: 

220 16.0.2255 years; $102.58 million/year 

17, 23 kg wheat/kg seed 18. a) i) 0 ii) 14.16 iii) 6.40 

19.(a — d)x’ + (b —e)x* + (c - f)x — g3 3(a—d) 


4 1 
+2(b—e)x + c~f 20. Clx) = C, + 0.00025x + 1° 


Review of Key Concepts, pp. 254-257 
1.a)x°, 3px? +4, 1c) Vx, 4d)x°, le) Vx, 4 
f)x' +20, -3 2a) 8 b) 19 ¢) 3 M2a4 1y—3) 1) 1,.3,'5 


Ae) 16 b) -12.¢) 5 @) 12) -2 es 


4v2 
5. 5 +10; 11 m/s, 12 m/s, 13 m/s 
© 02. Bt i: 
7.a) 9x" b) 16x) c) a d) R e) z*° f) 3(2 + 1)x' 


8.a) 2x + 4b) 1Sx° — 8x? oj Sx* - 28x° + 9x? d) 2x? + a 
aa 
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1 1 1 
9 8x—12 -1 x4 +ix 
“0 Rt xvx 


3 3 
3 Le , 
Woe tnx —2x 5 i) 6x’ — 30x" + 48x* — 24x° 


9.a) y = —3x b) y=-4x + 40) y=4 d) y = 9ax - 8a 
1 


10.a) V(t) = 


; the rate of increase in value 


(dollars/month) b) Answers will vary. c) Answers will 
vary. 11. —9.8 m/s; -19.6 m/s; —49 m/s 12. G .2) 
13. y= 11x - 25, y=-x-1 14a) 3x7 + 6x+2 


ie 
1S 42 28x? « -3¢7 — 8¢5q Sk! — 32k? + 57K? — 24k 


e) 124 s] 1) 3a°x" — b°15.a) y = 8x — 8 b) y = 33x + 60 
vx 


sii nim x+2 16, a) —6 b) 45 c) -210 


16° + 


2 
c) 2axg(x) + ax” 2g '(x) 18. a) (x? 
1 1 1 


"Te lave -P 


2xg"(x)- g(x) y 
20. a) 
dxvVx 
oy Se) +x + DR) yy tar) the rate of 
(x +1) d+ey 


change of population in 100s of people/year 6) t= ¥/2; 
the population reaches a maximum. 


d) Answers will vary. 22.a) 2 b) 24x + 


2xvx 


1s 4 8 
eee = 
i ad ak Aone ee)— aa) Gade 


23. 8 24,a) s(t) = M— 


Me, lim s(t)=M, but a mass of M 


aa 
(C+ 
25.a) uv = 60 + 8t- iF 


is never reached. b) x g/week ¢) — 


d) C weeks; s"(C) = Mi. 
“ae 
a= 12t +8 b) 127 m/s; 56 mis’; 26.a) 3s, 5s 

b) positive: 0 <t <3, t> 5; negative: 3<t<S5 

¢) positive: t > 4; negative 0 < ¢ <4 a) -3 m/s 

f) 112 m 27.a) 4.84 m/s b) -1.66 m/s’ ¢) after 7.83 s 

d) —6.5 m/s e) longer time on moon, same velocity 

28.a) 15 + 0.14% b) $50/unit ce) $50.07 d) Answers will vary. 
29. a) i) —26 ii) 10 iti) 190 b) decreases for about 4.7 years, 
then increases 30.a) P(x) = 1.1x — 0.0002x* — 480 

b) P'(x) = 1.1 — 0.0004x c) i) -$168; $0.98 ii) $20; $0.90 
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iil) $192; $0.82 31.a) 8 + 0.018x b) 90 — 0.06x 
c) 82 — 0.078x d) $66.40 32. a) =3 b) i) 4.14 ii) 2.93 
Bi 


33.a) x° + Cb) x° +2x* + Co) 4x° aan +x +C 
34a) -—— + Cb) 8Vx +C 0) -3x* + 4x3 - 5x'+C 
2x 
2 
35. Fx) = Fx? 3.x +97 a6.0) 559.2 m0) 63.4 mis 
5 hei 30 pS t<4 
c) 18.953 s 37.a) 45 b) m ¢) u(t) = ~9.6(¢-4) t>4 
—St? + 40t 1s4 
-38.4 m/s = 
aap eek t>4 
Chapter Test, pp. 258-259 
, r h)- = 
1.9 f(x) = fim EAL) oy p(y) = tim a 
si 
ii) a) 2x — 3 b) wa 2.0) 3x? — 4x + 4x? by 2 qe 


‘ z x* -8x 
c) 6f — 10¢-3 4) ox! —le) (x-47 9 


3,a) y=2x+1b) y=- 
ae 


7! 13 9 
T2*~ 4 9 =- 4x2 


ce) 6 5. “(2 > ¢) y= Se ut 


4.a) 62 » > 


6. a) 1 b) — nul 7. a) 0.02(5—0.01t)(10—0.12¢) 


b) 0.8624 W/s 8.a) 9 m/s b) 12 m/s ce) ls, 3s 
ad O0<t<1,t>3e)-3 m/sf) 12m 9.a)i) 124.5 
ii) 252 iti) 712 b) Answers will vary. 

10.b) entries: 40 000, 30.000, 20 000, 5000, 0 
©) 4x — 0,0001x° a) 4 ~ 0.0002x e) $2/unit 

f) 3.96x — 0.0001x" — 2500 g) 3.96 — 0.0002x 


t) -$2.04/unit 11. 0.1155 kg/m 12.2) ~ sb) 340 m 


-9.81 o<rs 0 

e) u(t) = - 
40 
-56 to 


e) The graph would curve to approach v = —56 as an 
asymptote. It would take longer to reach an adequate 
approximation of —56, and would result in a longer fall. 
13. It would require the person to throw the ball at 
103.83 m/s. 


Challenge Problems, p. 260 


tc=1,d=4 2y=4x-4, y=-4x-4 6.(0, 0) and 


a URS: 2 
(Z. 3) 7.4x° — 28x — 37=0 


9. a) empty b) —1.7819 cups/min c) —1.8187 cups/min 


11. y=-fxt3,x=0,y=he+3 


Problem Solving Strategy: Work Backward, 
pp. 261-262 


Apply, Solve, Communicate 
3700 17 


1, $39, $21, $12 2 606 3, “og 24015. 459 


Problem Solving: Using the Strategies, p. 263 


1. closed 3, 9 4. 11; Fill 9-L, pour 4L into smaller, dump 
4-L, repeat step 2, then have 1L in 9-L container. 

2L: Fill 9-L, pour 4L into smaller and dump, twice; 

1L into 4-L; fill 9-L, 3L into 4-L container, dump, 

4L into smaller, then have 2. left in 9-L container. 3 L: 
Fill 4-L, pour into 9-L, twice; fill 4-L, pour LL into 9-L, 
then have 3L left in 4-L container. 4L: Fill 4-L container. 
SL: Fill 9-L container, pour 4L into 4-L container, then 
have SL left in 9-L container. 6L: Same as 2L but omit 
last step, then have 6L in 9-L container. 7L: As 3L, then 
pour 3L into empty 9-L, fill 4-L and pour into 9-L, then 
have 7L in 9-L container. 8L: Fill 4L, pour into 9-L, 
twice. 9L: Fill 9-L. 10L: As 1L, then pour into empty 4L 
and fill 9-L, then have 1L in small, 9L in large. 11L: 

As 2L, then pour into empty 4-L, fill 9-L, then have 2L 
in small and 9L in large. 12 L: Fill 4-L and pour into 9-L 
twice, fill 4-L, then have 4L in small, 8L in large. 13L: 
Fill both. 55. W=1, H = 9, L=0 if: A=6,O=2,F=4, 
E=8;A=7,O=4, F=3,E=6,;A=8,O=6, 

F=2, E=46.b) Yes. ¢) Pairs are in opposite positions 
relative to the centre, 7. 62 8 Answers will vary. 
FLOUR, FLOOR, FLOOD, BLOOD, BROOD, 
BROAD, BREAD 


Chapter 5 
Review of Prerequisite Skills, pp. 266-267 


1. A relation is a set of ordered pairs. Examples will vary. 
2. A function is a relation (set of ordered pairs) in which 
each element of the domain corresponds to exactly one 
element of the range; that is, no two ordered pairs have 
the same first element. Examples will vary. 3. Mohammed 
is correct. Example: {(x, y)|x? +y* =25; x,y € RJ is a 
relation that is not a function. 4. a) domain: R, range: R; 
a function; 6) domain: R, range: R; a function; ce) domain: 
R, range: y 2 8; a function; d) domain: R, range: y 2 -5; 
a function; e) domain: -8 <x < 8, ran; 8 <y < 8; not 
a function; f) domain: ~1 < x < 7, range: -6 < y < 2; not 
a function; g) domain: x # 0, range: y # 0; a function; 

h) domain: x > 3, range: y > 0; a function. 

5. a) 5b) 24 ¢) 245 6, a) V3a—5 by V3x—2 ¢) V3x7-8 

7. a) Sx + y — 48 = 0b) 6x + 14y - 41 =00e)x+2y~8=0 


Bay=3x 425m y=2x- 8 gy 5 55 


9*" 9 


dy= x~107 2.9 V53 959 X85 _ 


10. a) 2V149 b)24c)x=10 11.a)3 b) a 


s 

¢) 1.6m 12, 9.6 m 13, a) 7x° b) —10x } ¢) 2x +8 

a) 4x° + 18x" — 12 e) 3x* — 2x - 6 1) 36x) +4 
3x* +12 ae 6 


(x+3) : (S—xy 


9) Sx* + 8x" — 99x" + 28x hn) 


3 7 r 
) Rs 14, a) domain: x 4 0; range y # 0; function 
b) domain —5 < x < 5; range: -5 < y < 5; not a function 
c) domain x € R; range: y © R; function 
d) domain: —3 < x < 3; range: 0 < ys < 3; function 
1a) ==? b) tVx—5 0) Vx a) * a .x20, 6) 


2x+3 
f) 

5x-2 
since for x > 5 there are two values of y. All the others 
are functions. 


16. The inverse for part b) is not a function, 


Section 5.1, pp. 274-276 


Practise 


4. a) 3 b) 6 c) 8 @) Not defined; /(6) = 12 which is not in the 
domain of g. e) 5 f) Not defined; g(0) = 7 which is not in 
the domain of f. 2. a) The domain of f is —6 < x < 6; the 
range is 0 < y <6. The domain of g is -1 <x < 4; the 
range is —4 < y < 6. b) i) 0 ii) 0 iit) 2 iy -2 

vj 2 vi) Undefined because 5 is not in the domain of g 
3. a) 145 b) 6 0) 647° — 96r + 37 a) x” — 6x + 10 


8) x ~ 6) 26 g)x*—2 m2 9x* 12x +2 4a) 25) 3 


va 1 1 1 2 
a ad Sao ia ela a 


j) Undefined because 0 is not in the domain of f. 

1 3 4 
5. a) (fealx)=g3> x#-F3 (gof\ix)= +3, x#0 
b) (fe g)(x)=2x+9, x ER; (ge f)(x) a) 24-43, xeR 
0) (fog)(x)=Vx—5, x25; (go f)(x)=Vx —~5, x20 
) (fe g)(x)=V4x49, 2-4; 
(go fix)=4Vx+8+1, x>-8 
 (foglx)=x? +4x+4, xeER; (gof)(x)=x° +2, xER 
1) (fo g)(x) =8x° +60x? +150x4+125, x ER; 
(go f)(x)=2x° +5, xER 
9) (f og)(x)=x° -x*, xe R; (go f)x)=x° -2x* +x", 
xeR 
hy (fo g)(x)=Vx8 +49, x ER; (go f)(x) = x4 + 98x? 
+2401xeER 
6B a)x;xeRb)x;xeRejx;x>0dx;x>0 
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Apply, Solve, Communicate 
ta) Vx+4 bx 2-40) y>0¢ Vx+4 e)x>0ty>4 
8.2) K= AG — 32) + 273.15 b) 269.26°K 9, a) A = 500t 


b)r= F r=, 5008 <<; radius (m) as a function of 


time (min) d) 97.72 m 10. a) r= \ at, r is in centimetres 


) 8.74 11. a) Delivery persons: one per 45 subscribers 
plus one replacement; Supervisors: one per 12 delivery 


persons b) pee ates) 
540 


12. a) a(s) = Ss b) w(a) = 0.0Sa + 200 
¢) w(s) = 0.25s + 200 d $825 $315 


13. a) r = 30004 + 1000000 
b V= 4 (30002 + 1000 000)' represents volume 


(in cubic kilometres) as a function of time (in seconds). 
©) 4.780 x 10" km? 14, 221.7 km* 


2 
15. a) p=vc° +225 b) = Bt c) p= (2 +225 


represents distance (in land between the cyclist and 
lock as a function of time (in seconds). d) 44.28 m 

16. Answers will vary. One possible answer is given in 
each, a) f(x) = 32x + 3; g(x) = 


w fx) = Ves ele) = 6x" +7 0 flx)= V5 glxd= 4 
) fix) = x5 g(x) = 3x° — Sx* 


17. g(x) =x -3 18. fiat, 


c) 10 (you need more than 9) 


Section 5.2, pp. 282-283 
Practise 


2. a) Sx¥xc! — 5) by 2lx? — 7x + 4)(2x — 7) 9 —2% 
2vx'-9 


1 ) ~5(2x+6) 4) ~6x 
2(V2x4+1)) (x? +6x-3)° = (3x* +8) 


1 2 
3a) ao 6x(x* +6)" e) (3x—1) 3 €) 4(2x — 2) 
x 2x+3 
e) 2 -— 
Vx? +6 (x? +3x—8)° 
¢) 2 d) does not exist; g(0) is negative, and negative 
numbers are not in the domain of f or f’. 


4. a) —4 b) does not exist 


Apply, Solve, Communicate 


5.a) we =15 (L/min) ; 4h =0.2(cm/L) 


» dh =3(cm/min) 6, a) 0.0327 or 0.101 km'/s 


b) c. —— 0.050 _ c) 0.00047 or 0.001 km’/s 
39(x-9)* 8x+1 
b) +4) 
pat "ao alee 
0) (4x — 1)*(48x + 18) e) (x* — 4)"(20 + 18x — 35x°) 


8.180007¢em'‘/min 9. 4207 m’‘/day 10. #& m/min 


‘ 
11. 432124) 2 & x(x 4) ° a) 153" + 1)" 


7. a) 


o Set 42x — 1) +1)" re 33x42) 23x44) 


(x +1)’ 
e) (3x — 2)°(2x* + 5)* (66x* — 32x +45) 
fy 6lL+x—x")(2x-1) 3x? : 
(x? +1)" 2x? —1)4 (x? +4)4 


te 23y oc xt 7x6 S(x’ + 3)* 


(eh asiees 4x? Fixt +572 


Fex- 1) ? 


Wiged Me breed 
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5(x’” + 3)'(7x*) 


Fut +5) 2 (43 ) 


z 4 (x1) : (2) 


h) F(x 2) (x +2) (x +10) 

5 (x? —3) 2 (2x) 

13. a) h'(g(f(x)))-9'(F(x))-F'(x) b) 2g(h(x))-g'( 
c) g'([h(3x —2)f°)-2-h(3x —2)-h'(3x-2)-3 


e+ (0 (ata) ata) (-s)" 


of (sega) era 


i) g'(x) = - 
h(x))-h'(x) 


x + g(x) 


Technology Extension, p. 284 

1. a) f(x) =x"; glx) = x7 - Sx + 6b) f(x)=Vx5 
g(x) =x" —4 2. Ist function: a) (x — Sx + 6)? 
b) x° — 5x'+ 6 ¢) 8000 d) 110 e) 3x” f) 2x - 5 


9) 3(2x — 5)(x* — 5x + 6)’; 2nd function: a) Vx? —4 
b) x — 4; x = 0 c) 0 d) not defined; 


% * 1 ot 
—2 is not in the domain of —= f) 2x 9) x(x? —4) 2 
is not in the domain of f e) is ) 2x g) x(x ) 


3.) r= hb) V=37 fh 9 8.49 ma@ 1h 38 min 11s 
2 4 


Section 5.3, pp. 289-290 


Practise 
yt 
1, a) Parts i) and ii) give 57%) Answers may vary. 
x 3x* +2xy 
2.a) — 
) y b) — x +By )~ 


| y 4x*y- 2xy’ 2 
age hy -\ 
9 341 ) x9 Sy +3x7y? =x! Vx 


eee 8 ne 72=0 
c) 2x - 3y + 12=O0 ad x+4y-6=0 


Apply, Solve, Communicate 

4.a) i) 0 il) y = —S b)i) i ii) x — 6y — 11 = 0 ¢) i) undefined 
ii) x = 12 4) i) 3 
7. (-5, 0) if the satellite is moving clockwise; (3, 8) 
if the satellite is moving counterclockwise. 


ii) 3x — 4y + 7 =05.a) 3x + 4y-30=0 


8a) P+V ae k a b) Positive; all the variables in the 
equation are positive. c) P ay +V # =k; k is positive 


ge HE Bi acorn ga ME eae 
since dT 1s almost an aT 1s positive. 


x(25—4(x? +9") 


> b) 9x - 13y+ 40=0 
y(25 + 4(x° +y°)) 


o( 8.5} (E8 9} (8.9 (2 


1 1 1 1 
“(ae xa} ane) 
414. (1, 1), (-1,-1) 12. The slopes are 1 and —1. 
13. The curve crosses itself at slopes of —1 and +1, so 
there is no unique tangent. 


Section 5.4, pp. 298-299 


Practise 


1 5 
1.140 2 b) -— 32-- 
4 5e0 ) 


6m Sa (12n 
Apply, Solve, Communicate 


4.24 m/min 5. 4.42 revis 6. -a5 


or -0.144 m/s 


7. a) About 260 million years. b) 2.5 x 10’ km*/year 
0) 1.39 x 10" kg/m’ @ -2421 kg/m'/year 8. a) = 24 > m/min 


b) ie m/min 9. 32.8 m/min 10. 727 cm’/s 


11. a) 75 km/s b) 75 km/s ¢) 75 km/s d) The results are equal. 
e) Answers will vary. f)x = x,— 45t and y = y,— 602, 
where (x,, 0) and (0, y,) are the initial positions of A and 
B, respectively. t isin seconds and distances are in metres. 
12, a) 0.1587 mm/s b) $0.87/s 13. 1.0 m/s 14, 0.28 m/s 

15. a) 13 158 m’/s b) 21.0 m/s 


Review of Key — pp. 301-302 


2e+7 . Sx+8 . 5x4 
1.2) 30)9q-S@ 2 5°) Saag ae Ot eae 
2. g(-4) = -3, and a is not in the domain of f(x). 


3. Answers will vary. One answer is g(x) = x + 12, 


h)- 


fix)=Vx. 4. f(x) = t 5. a) r= 0.2tb) V= 4a 
9 V= 0.052 at’ gives volume, in cubic millimetres, as a 


function of time in minutes. d) 7238 mm‘ 6. a) i)-iv) x 

b) The composition of a function with its inverse results 
in x. 7. a) 6x" — 75x" + 300x* — 375x° by 3(2x — 5)(x? - Sx)? 
c) The answer in part b) expands to the answer 

in part a). Explanations will vary. 


2x+7 —3(4x° +5) 
8. a) 4(2x + 8) by) ——=————. c) — | 
axt 47x (x* + 5x)" 


’ 2 4 
4 4 (16x’)(2x" -2) 5 e) (3x+1)(6x" +42) * 


3 x+4 


3 2/4 


9. a) 2(4x° — 6x")(x" — 2x") b) 8x6 
ah x 
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¢) 5(3x7 + 9)(x* + 9x)* a) 3(2x + 1)(x? +x — 10)* 


2 -3 
a! 2 ay 
e) 5 x(x +12) i 


hy) (x? + 2)(x? + 6x) 540. a) 0.754 m/min 


b) 2.93 mm/min 11. a) i) y= 
dy 


9s . . 
) = =- ee b) relations whose equations cannot be 
dx sy 


—9x 
tV36-9x? 2 N36—9%8 


solved for y explicitly in terms of x 

3xy" +8y 2xy' +2y xy 
2x? y+4x ~ 3xty? +2x By +x* 
2Q-x) , 6-2x-y" 
3(y+7) 3xy° +8 


12,a) —* b) - 
¥ 


e) 13. a) i) -1.5 i) 3x +2y-2=0 


bn -2 i) 2x + 9y -24= day 2 


il) 12x + 47y +176 =0 gi) — FW Ix + 102y + 168 = 0 


1 45, 0,281 25 m/s 16.41.05 m/min 17, 13.42 cm/s 
7 
18,a) 1.885 mm Vs b) 9.425 mm/s 19. 45 cm'/min 


Chapter Test, p. 303 

1. a) 6 b) 286 c) 36x* ~ 60x + 22 a) -6x* ~ 24x - 1 

e) 23 — 6x" f) -133 2,No. Examples will vary. 3. 7x — 2 

4.a) b) 2_3 ce) No. g(1.5) = 0 and f(0) is not 
2x%-3" x 

defined. d) f: domain: x # 0, range: y # 0; g: domain: R, 

range: R e) f° g: domain: x # 1.5, range: y #0; g° ft 


wa 
domain: x # 0, range: y # -3 5. a) — b) x c) Yes. 


6. a) 3(x? + 2x")*(2x + 8x") oy - 2% 41 
(x? + x — 3) 
4x3 +3_ 
) — d) - 4.x +6)(x° +6x) 2 
ied +3x 


e) $x +4x)(x' +2x? —5) 4 


f) 4(x° + 6x° — x)’ (Sx? + 18x” ~)9 QF a 
fs 

hy) y= =2,,__1_ m/min 8. a) y=x +3 
I? =1 1927 


b) 7x - 9y- 16=0e)x+y-2=0 
d) x + 4y + 11 = 0 9. 0.001 99 m/min 10. 0.109 m/min 


Challenge Problems, p. 304 
1 glx=a?-3 2 fl)=—1, 3.0) 48 met) 


4.) No; f'(2) = 1, while g'(2)=— ; _ No. 
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5,-1.6 cm/min 6.—75 cm/s/em 7. (1 3): yes, 
approximately (0.36, 0.914). 8. 1 

«(2,2 ),(2-2)( 22-2 
(ear a Pee ae JP Nae" 3 . 
Cumulative Review: Chapters 3, 4, and 5, 
pp. 305-307 

1. a) Answers will vary. b) —10 c) y= —10x + 12 

2. a) 2.3; 0.7 b) Estimates will vary; 1.6 to 2.1 and 


0.6 to 0.9 are reasonable. ¢) same as estimates in 
b) but with units °C/s d) No. 3. a) g'(x) = 


: 1 ; 2 
a ear ar c) mlw)=-— 5 4.4 = 2; f(x) = 
Leder “ash cuete pula tans Stn 
7 ©) domain: x#- 


1 4 
sagt 4? range: y#0q +1 


d) domaine x #0y#1 7. Answers will vary. For 
example, f(x) = Vx, g(x) =x+6 8a) i) -4 li) y=—-4x - 4 


why 1p yatx43 gy —1 
b) i) 4 i) y = 4x Lane My=Exts ad 5 


y=-5x43 9. a) 0.5 b) 0.5 ¢) 0.5 a) 0) 3.5 1) 3.5 9) 2 


h) does not exist; left and right limits not equal i) 1 j) 1 
1) 110. a's) = 35x* — =15 


1 
b) y’=-15. ra a = 
yy’ ie ‘+E as =e We 


2x -12 mead r= eft 
7 


b) 3.423 cm 12. a) 4x(x? + 3) b) z (7x-4) 


d) h(x) = 


3 


= 8x+3 é 4x+1 
(4x7 +3x-2) ~ 2V2x? 4x 
c) does not exist d) 0 e) does not exist f) 4 g) -6 


h) does not exist 15. a) y = —Sx - 3 b) y= ‘3 x-5S5 


2 
0) y=? 121 y= 11x42 16.28 


784 - 


13. y = 5x wa2yt 


3x? +2xy 
x? +10y 


‘ i 
b) defined oe 
) not defined c) he 


x 
17.) -— b) - 
a) y? 


gaa ie hyn 
c) oo ae ay 4**7 


by=-3429 19. a) 30.2 m/s b) 10.6 m/s ¢) 83 m 


20. a) V'(t) = 2-8 41.43 by 5.23; 3.83 
vt 
21. a) 1000; 6125 by 75t* + 400 
22. a) 0.003 75; -0.000 468 75 b) After 4 years, the 
thickness is increasing at a rate of 0.003 75 cm/year 


and the thickening rate is decreasing at 

-0.000 468 75 cm/year/year. 23. a) v = 10t + 3; a= 10 
t+12V¢+1 1-3 ayer 

=> ~3 a= gt? (1-2) '(3t*+48tV¢ +6t-1) 

2N¢ (1-2) 4 

24, a) Since t > 0 by convention, the particle is always 

speeding up. b) Velocity is always positive, except for 

t = 1. The particle is speeding up for ¢ > 1 and for 

0 <t<k, and slowing down for k <t < 1. k = 0.057, 

the solution on (0, 1) of 32° + 48¢Vt + 6t =1 

25, s = 3 mand v = —2 m/s, when t = 0 26. a) x 


= 
100 69 $9983.80/lens 


b) v 


b) 10 000 — 0,03x ¢) 10 000 -0.03x - 


x 
27. -0.128 Q/s 28, 0.683 cm*/min 29. Yes, by 15 km/h. 


Chapter 6 


Review of Prerequisite Skills, pp. 310-311 
4. a) 25 b) 4c) 4 d) 0 e) 26 f) —1 g) no solution h) B 21 


)3WH 11,5 2a)-2, -3.732, -0.268 b) -1.526, 5.469 
c) —1, 1 d) no real solution e) 5.654 f) —1, -1.182, 0.205 
9) 6.329, —4.563, -1.766 h) -1,056, 1.230, 7.483 

i) -1.999, 2.001, 2999.999 j) -17.366, -1.956, 17.390 
3. a) 26 b) 2 c) 70 d) 2 5. a) True b) False c) False d) False 
6. a) [2, 5] b) (-3, 11) e) {0, 2] a) (4, 4] 


7a) 2.01 <x <2.99b)2<x<22qQ0<x<1 


1 
d-3w<x<7 &a) *S— 3 pxeRo—texct 


d) —4<x<1 95cm 10.5 cm 11. a) none b) x #3 
ox#-4a)x420r-3e)x4-3or8t)xz0o0r5 
g)x 20h) x>4o0rx <~4 12. a) x-intercepts: +1; 
y-intercept: —1 b) x-intercepts: 4, —2; y-intercept: —8 
¢) x-intercepts: —3, -4; g-intercept: 12 d) t-intercepts: 
none; s-intercept: 5 e) r-intercepts: —2, — Si 


a 
V-intercept: 6 f) x-intercepts: —5, 0; y-intercept: 0 
9) x-intercepts: —1, -2, —3; y-intercept: 6 
h) x-intercepts: none; f-intercept; 7 
13. x-intercepts: 0, +3; y-intercept: 0 
14, a) odd b) even c) neither d) odd 15. a) even b) odd 
c) neither d) even e) neither f) odd g) neither h) even 
16. a) 3x + 4, R-3 b) 3x+7,R4qx-3,R5 
d)x+7,R 34x 498 


Section 6.1, pp. 317-318 
Practise 


1, a) (7, 2), (2, %) b) (-2e, -3), (-3, 20) 
©) (2, -3), (3, 3), (3, 2) a) (2, -1), (-1, 20) 


@) (2, -3), (—3, -2), (-2, 0), (0, 29) 

f) (20, 0), (0, 1), (1, 2), (2, 2) g) (-20, -3), (-3, -1), 
(—1, 29) h) (20, -1), (-1, 0), (0, 4), (4, 2) 

i) (0, -2), (-2, 0), (0, 2) i) (-20, —1), (-1, 0), (0, 2), (2, 2) 
2. a) increase: (—2, 00); decrease: (—2», —2) 

b) increase: (—1, 20); decrease: (-2, —1) 

¢) increase: (-1, 0), (1, 9); decrease: (-20, -1), (0, 1) 

d) increase: (—2, —1), (1, 9); decrease: (-1, 1) 

e) never increases; decrease: (—00, ©) f) increase: (5, 0); 
decrease: ( 5) g) increase: (-%, —5), (5, 2); 

decrease: (-S, 5) h) increase: (—4, 4); decrease: (20, -4), 
(4, ~) i) increase: (—2, 2); decrease: (-20, —2) 

j) increase: (—9, 0), (2, 29); decrease: (0, 2) 

k) increase: (—o9, ()); decrease: (0, 0) 


l) increase: (-« = $), (Vs } 
decrease: ee 0 } (0, if) m) increase: (-o, 0), 


(0, ©); never decreases a) never increases; decrease: 
(-2, 0), (0, %) 


20, 


Apply, Solve, Communicate 
3. (2, 4) 4. Answers will vary. 5. a) (0, ©) b) No. ce) No. 


40 
49 } b) 2.4625 ¢) 1.645 5 


7. a) increase: (1, ©); decrease: (-», 1) 


a) Answers will vary. 6. a) (0. 


b) increase: (3 ‘s »)s decrease: (=, 3 ) 


+30) (092+) 


c) increase: (-» 5 


V7 24+V7) 
~~3_} @) increase: (0; =1 = 6); 


decrease: ( 


(-1+ V6, ~); decrease: (-1 -J6, -1), (-1,-1 + J6) 


25 25 
8. a) (0, 6) b) (6, 12] 9 a) [o.28), ( - i5| 
6) Diving for the first 8.3 s and then climbing for 6.7 s. 
10. a) (0, 0.5) b) (0.5, 2) 11. k < 4 12. Answers will vary. 


13. f (2) < fim f(x) and f(x) < lim f(x) must both be 


satisfied. 14.a) increase: (0, ©) decrease (-1, 0) 


b) Answer will vary. 


Section 6.2, pp. 327-329 
Practise 


1. a) absolute maximum: 12; absolute minimum: —6 
b) absolute maximum: 3; no absolute minimum 
2, a) absolute maximum: 5; absolute minimum: -1 
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b) absolute maximum: 4; absolute minimum: —2 

c) absolute maximum: 9; absolute minimum: 5 

d) absolute maximum: 22; absolute minimum: —3 
e) absolute maximum: 1; absolute minimum: —53 
f) absolute maximum: 1; absolute minimum: —224 
g) absolute maximum: 21; absolute mum: 3 

h) absolute maximum: 18; absolute minimum: —14 
i) absolute maximum: 70; absolute minimum: 6 

j) absolute maximum: 65; absolute minimum: —161 
k) absolute maximum: 4; absolute minimum: 1 

1) absolute maximum: 17; absolute minimum: 1 


3. a) critical numbers: i local maxima: 5 


atx = ss local minima: none b) critical numbers: 2; 
local maxima: none; local minima: 0 at x = 2 ¢) critical 
numbers: 0, +V2; local maxima: 4 at x = 0; local 
minima: 0 at x = +V2 4) critical numbers: +1; local 
maxima: 5 at x = —1; local minima: —3 at x = 1 

e) critical numbers: 0, i; local maxima: none; local 


na" 1 on 4 
minima: —+ atx= 1 f) critical numbers; = ; local 
4 4 3 
x ae 4 4 it 
maxima: none; local minima: — = at x = 3 9) critical 


numbers: 0; local maxima: none; local minima: none 

h) critical numbers: 0, +2; local maxima: 12 at x = 0; 
local minima: -20 at x = +2 i) critical numbers: 0, +V3; 
local maxima: 6V3 at x = V3; local ma: -6V3 at 
x = V3 jp critical numbers: —2; local maxima: none; 


local minima: 0 at x = —2 k) critical numbers: 0; is Ag 
local maxima: a = Jate= i, local minima: 0 at x = 0 
3292 and x = 1) critical num- 
bers: 0, 2; local maxima: none; 

local maxima: —4 at x = 2. 4.a) min (2, 3) b) max (—1, 5) 
ce) min (1, -2); max (—1, 2) d) max (0, 0); min (1, -1), 
(-1, -1) e) min (0, 0); max (0.74, 0.33) f) max (2, 10); 
min (3, 9) g) min (0.40, —0.47) h) max (9, 9) 


Apply, Solve, Communicate 
5. > m 6a) 2mb) 4938 mo 95 7.23.57 mis 

3 49 
8.a) 1.108F cm/s 9. Answers will vary. 10. a) h = 0.0068¢* 
— 0.32408° + 5.27902" — 33.4397¢ + 71.9825 b) increasing 
between 5:37 a.m. and 12:01 p.m., 6:19 p.m. and 
7:00 p.m.; decreasing between 4:00 a.m. and 5:37 a.m., 
12:01 p.m. and 6:19 p.m.; neither increasing nor 
decreasing at 5:57 a.m., 12:01 p.m. and 6:19 p.m. 
©) 12:17 p.m.; 5:37 a.m. 11. a) (20, 30]; [0, 20) ) After 
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20 years, the population is at a minimum of 4 million. 
12. absolute maximum: 11 at x = 2; 


absolute minimum: -3 at x= -3 


13. absolute maximum: 16; absolute minimum: 0 


2 
14, Br 15. a) Yes. For example, y= has 


% 
1+x° 


absolute maximum at ( 1. - ) and absolute minimum at 


(-1 - ) b) Yes. 16. a) Yes. b) No. For example, 


at. has infinite discontinuity at x 
A(2x — 3)" 


5 


y= 


Section 6.3, pp. 338-341 

Practise 

1. a) concave upward: (—6, —3), (1, 4), (12, »); concave 
downward: (-2, ~6), (-3, 1), (4, 7), (75 12) 

b) (—6, 1), (—3, 0), (4, 0.8), (12, 2.5) 2. concave upward: 
(1, 7); concave downward: (—2, 1), (7, ©); 

points of inflection at x = 1, x =7 

3. a) increasing: (—%, 0), (2, 4), (6, ©); decreasing: (0, 2), 
(4, 6) b) concave upward: (1, 3), (5, 7), (8, 5 

concave downward: (2, 1), (3, 5), (7, 8) ¢) 0, 2, 4, 6 

d) 1, 3, 5, 7, 8 4.a) x =~—1 gives a minimum; x = 4 gives a 
maximum. b) x = 0 gives neither a maximum nor a 
minimum; x = 6 gives a minimum. e) x = -0.07 gives 
neither a maximum nor a minimum. 5. a) concave upward: 
(-20, 9); never concave downward; points of inflection: 
none b) never concave upward; concave downward: 

(—2, 9); points of inflection: none e) concave upward: 


1 
( ! »)3 concave downward: (-=. 3 ): points of 


(3) 


concave downward: (-=. 3 j points of inflection; 


} 


= mai points of inflection: 


inflection: ( 1 a +] d) concave upward: 
a" 


(-3 1) ; ard (- 5 
3° 27 e) concave upward: 12” 


concave downward: ( —0, 


( 7 8011 


7 S011 , 4 ‘ 
— 42° 432 } f) concave upward: ( a= 5 } (1, 2); 


1 J 2 - 
concave downward: (- 3? 1 } points of inflection: 


(- A bal } (1, -5) g) never concave upward; concave 


downward (~2, 0), (0, ©); points of inflection: none 


} ( ) seca 
=,0},| -—=, 3 concave 
v2 ae i 


h) concave upward: (- 


downward: (-» = 


z ) (0, + } points of inflection: 
1 7 } il 7 
- Fo, 2425), 00,2),(L, 2-2) 
( v2 4V2 v2 4V2 
i) concave upward: (~«, 3); concave downward: (3, 9); 
points of inflection: none j) concave upward: 


( —0, — + } ( * x) } concave downward: (- * . a ); 


points of inflection: ( 


BR? 3 } ( a ‘ 3 ) k) concave 
upward: (0, 9); concave downward: (2, 0); points of 
inflection: none 6, a) maximum 21 at x = 4 b) maximum 
42 at x =—2; minimum —22 at x = 2 c) maximum 266 at 
x = 8; minimum 4 at x = 0 d) maximum 20 at x = 2 
minimum 16 at x = 4 e) minimum —23 at x = ~3 

f) maximum 9 at x = 1; minimum 1 at x = -1 

g) maximum 256 at x = +2; minimum 0 at x = 0, +2V2 


h) minimum 3 at x =—1 7. a) maximum 10 at x = 0; 


minimum { at x =+V3 b) minimum — i atx=-l 
¢) maximum ~3 at x = —3; minimum 0 at x = 0 


8. See student e-book. 


d) maximum — 2 


Apply, Solve, Communicate 

9. a) f(x) > 0 on (0, ); f(x) < O on (2, 0); f(x) = Oat 

< = 0; f(x) > 0 on (-3, 0), (0, 2); f(x) < 0 on (-2, 3); 
) at x = -3, 0; f"(x) > 0 on (-5, -1.5), 

5, 0); 

(-3 + V3, 0) 


f'"(x) = Oat x = 0,- 


10, a) C(O) equals fixed costs, b) Marginal cost is maximized. 


11. a) concave upward: (100, 2); concave downward: 
(0, 100) b) (100, 200) 12. a) minimum 12; maximum 
10 012 b) Answers will vary. 


2 
14, a) increases: (—%, —2), (- 5 x = decreases: 


2 ; 
(2, -3 } b) maximum 0 at x= -2; minimum - 2 VA at 


ge= z ¢) concave upward: (—2, —2), (-2, 0); concave 
downward: (0, 2) d) (0, 0) 15, a) Answers will vary. 

b) Not possible. ¢)-f) Answers will vary. 

16. a) ii) no extrema iii) (0, 0) b) ii) maximum: (—1, 0); 
minima: (-0.539, -0.000 25), (2.634, 321.764), (16.905, 
41.861) iti) (-0.8, -0.000 11), (-0.287, —0.000 13), (0, 0) 
17. No. 18. ¢ = -12, d = 127 19. Graphs will vary. 


a) If c > 0, there is one maximum and two minima; 

if c < 0, there is only one maximum. 20. Graphs will vary. 
21. Graphs will vary. 

22. a) maxima at (0, 0), ( > 0} minima at 


(0.2298, -0.0119), (0.8702, -0.0539); points of 
inflection: (0.0913, —0.005 06), (0.3712, -0.005 75), 
(0.7375, -0.0322) b) No. e) Answers will vary. 

For example, x € (-0.1, 1.1], y €{-0.1, 0.1] 


Section 6.4, pp. 347-349 

Practise 

1.a) x = -8,x =-S,x =-1,x=4, x =9 bd) i) © ii) © ill) —c0 
iv) —20 ¥) 00 vi} c0 vil) —20 vill) 20 ¢) 5) 00 il) —90 Ill) 20 iv) —c0 

1 


2. Answers will vary. For example, a) f(x) = Pee 
x+-. 


=a eee ee 20 
9 fx)= Saye)? f(x) Pea ae 0 


c) ~20 d) —20 e@) 0 f) —20 4, a) —00 b) 00 ¢) 2 d) —20 @} 1 f) —~o 
9) Not possible; different on the two sides. 

h) Not possible; different on the two sides. 

i) Not possible; different on the two sides. 

5.a)x =2b)x=-2e)x=3d)x=-4e)x=1,x=-1 
f)x=1,x=-1g)x=-2,x=-4h)x=0,x=-2 

i) x =0,x=3))x=0, x =2, x =-26. Graphs will vary. 


Apply, Solve, Communicate 

7. a) $1000; $5000 b) 2 ¢) No. d) No. 8, ©; 20 

9. a) 0 b) Answers will vary. e) Answers will vary. 

10. x < 0.01 11.— 12.a) It gets large. 

b) If the particle reaches a speed equal to or greater than 
the speed of light, the mass of the particle will be 
undefined. 13. a) lim (x)= if is even and 

pla) > 0 or 1 is odd and p(a) <0; lim f(x) =-@ if nis 
odd and p(a) > 0 or 1 is even and p(a) < 0 

by lim, f(x) =~ if pla) >0; lim, f(x) == if pla) <0 

14. a) No numerical value; operation has no meaning. 

b) Answers will vary. 


Section 6.5, pp. 359-361 
Practise 


1. a) horizontal asymptotes: y on the left, y=—1 on 
the right; vertical asymptotes —1, x = 4 b) horizontal 
asymptotes: y = 2 on the left, y = —2 on the right; vertical 
asymptotes: x = —4,x =4 2a) No b) Yes; y= 3-x 

c) Yes; y = 3x — 2 d) No e) Yes; y= x -2 1) No 


3.)0)0)040e) 0133-190 4a 1H 1 


95459000 
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Apply, Solve, Communicate 
5.a) y=—2 b) y=0c) y=-4 d) y= le) y=1f) y=—2 


Ba) y=3x-4by=xey=2e + 2G ya2x44 


ey=xt+Sthy=—« 

7. a) vertical asymptote: x = 1; horizontal asymptote: g = 0 
b) vertical asymptote: ~2; horizontal asymptote: y = 3 
¢) vertical asymptote: x = —1; horizontal asymptote: y = 1 


d) vertical asymptote: r= z, horizontal asymptote: v 


e) vertical asymptote: x = 1; horizontal asymptote: y = —3 
f) vertical asymptote: t = i; horizontal asymptote: g = —3 


8a) y=2x+3b)g=-2xe)y=xd)y=x+4e)s=2-¢ 
f) y= x + 6 9a) i) $4777.78 ii) $3875 ill) $3530.61 
iv) $3065.04 b) maximum at ¢ = 0 ¢) 3000 d) No e) No. 


10, a) © b) 13.9% 11. a) c(x) = 00, x < 40; 
=2 
@ (ye 2Ot= 20 os 40 2019 No. 
12. a) A(x) = 100+ 1200 b) New formula ¢) 1200 4) —; no 


y 3 
13, y = 2 on the right, y = —2 on the left 14, a) 1b) 5 


15. a) y =x" d) k > 0 16. a) 0.05 b) 0.0498 


Section 6.6, pp. 370-374 
Practise 
1. a) vi b) viii c) iii d) ix e) vf) xi g) iv h) ii) x) ii k) vii xii 


Apply, Solve, Communicate 


3.a) no extrema; point of inflection: (0, 0) 
b) maximum: (-6, 324); minimum: (1, —19); 


‘ oe 5 305 
point of inflection: ( “595 


Ja no maximum; 
minimum: (0, -64); points of inflection: (2, 0), (2, 0), 
( 2 4096 } ( 2 4096 


TS ais AS 


“Fe 1s jo maximum: (—1, 2); 


minimum: (1, —2); points of inflection: ( - = ™ rr j 
1 We } P 

=, - — = | &) maximum: (0, 2); 

Wi i 

minima: (—1, —3),(2, —30); points of inflection: 


(“32 2) (2 Bans? | 


(0, 0), ( 


x” 27 3.” 27 
f) maximum: (5, 27); minimum: (1, —5); point of 
inflection: (3, 11) 4.a) x-intercept: 2; y-intercept: —1, 
no extrema; no points of inflection; asymptotes: 2 
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y = 1b) no x-intercept; y-intercept: 2; maximum: (0, 2); 
points of inflection: ( 2, 3 i (2. 3} asymptote y = 0; 


y-intercept: —1; minimum: 


even ¢) x-intercepts: 
o 2 1 1 
(0, —1); points of inflection: ( = ,-= } asymptote: 
43" 2 
y = 1; even d) x-intercept: 0; y-intercept: 0; no extrema; 
point of inflection (0, 0); asymptotes: x = +2, y = 0; odd 


e) x-intercept: 0; y-intercept: 0; maximum: ( I, 3) 


minimum: (=. 


zs } points of inflections: (0, 0), 


2 
- a8 } asymptote: y = 0; odd 


ntercept: 0; maximum: (0, 0); no 
points of infl symptotes: x = +1, y = 2; even 
g) x-intercept: 0; y-intercept: 0; minimum: (—1, —1); 


point of inflection: (=. - 3h asymptotes: x = 1, y=0 


4 A i 
h) no intercepts; maximum: (- = 


v3" 2 


3 F ' . 
|; no points of inflection; asymptotes: 


3 wk 
; minimum: 


=0, 


(5. 


x= +1, y=0; odd i) x-intercepts: +1; no y-intercept; 


Bi mH ): points 


Pi V6 5 } . ‘ 
, | V6, - 2 |; asymptotes: 
eK) ( 6V6 ac 


x =0, y= 0; odd 5. a) asymptot Ps 
no extrema b) asymptotes: x = 1, y= 2x + 2; 


; 2 sag 
maximum (3, 3 )s minimum: ( 


3v3 
of inflection: ( v6, 


. | ra 
maximum: | 1—-—=,4-— 2v2 )s minimum: 
( v2 


1 
( 1+ i 442V2) ¢) asymptotes: x = +1, y = x; 


maximum: ( -v3, - a3 } minimum: V3, a8) 
4) asymptotes: x = 0, y = x; maximum: (—2, -4); 
minimum: (2, 4) e) asymptotes: x = 0, y =x — 2; 


no extrema f) asymptotes ¢ = +1, # = t; maximum: 
(4 - 3 3); minimum: (4 2 3] 


9) asymptotes: x = 0, y = —2x + 6; minimum: (—2, 13.5) 
h) asymptotes: x = —2, y = x — 2; maximum: (—4, 8); 
minimum: (0, 0) 10, a) concave downward: (—2, —1.846), 
(0.256, 1.590); concave upward: (~1.846, 0.256), 
(1.590, ~); points of inflection: (-1.846, 268.1), 

(0.256, 1.299), (1.590, —44.30) b) concave downward: 
(-1.673, 0.203), (1.470, ©); concave upward: 

(-#, -1.673), (0.203, 1.470); points of inflection: 


(1.673, -303.756), (0.203, 21.959),(1.470, 188.047) 4/35 
11. a) minima: (0, 0), (6, 144) by minimum: (0.79, 14.24); 16. triangle sides: 45/25 cm; length: fy om four 
maximum: (0.91, 0.28) 13. a) asymptotes: x = 0, y = x; 


x-intercept = 1 (double) pieces of length i m; two pieces of length ; m 
3 3 
(k~3 +(2-—2k)x+k 10 
) yaxt—— ra k=1,-3 18. radius: ie cm; height: y= ems no 19, 30V2 cm 
14, a) x = 0 b) g is concave upward for all x. a 
Fle) =x? Fe yt 108 , , 132 20. V2 mx em 2. 10V2 m (North-South) x 3V2 m 
Nas” aas™' ios” * qos 7 : 
ae 2187 27¢ 6 3 a 
ee ae ope -246 as ais ou ae (East-West) 22.8) “Sry 0) 525, 23, ( - 5g | BH 576, 
6 a after 24h 25,99 26.9.2 km from B 27, /30 m/s 
iti) -—— <p < =~ b) Sketches will vary. 100 
s7= m from the quieter band 29. 0,077 m 
b oa _be i+ 3 
te , d+— } ‘ 
27a 3a 30. 41.42% of the distance between planets, from the 
b 26 be smaller planet 31, 2k 
ce) X=x4 -|d 
i **3a' BN y-(a+ 2 Al 


ft i 
32. a) I(x) = S$} —— 
aie Cee xp +k? 


a) F(X)= ax‘ +(e B }x ) y = F(X) is an odd function. 
es 4) 10V3 33. 7.27 m 34. If & < 2, closest points are 


19. Every quadratic function has even symmetry with 


respect to its vertex. 20. Answers will vary. i \ 


(+ ee 3} if &k > 2, closest points are end points; 


if k <1, most distant points are endpoints; if k > 1, most 


Section 6.7, pp. 382-387 distant is (0, 0); if k = 1, endpoints and (0, 0) are all 1 
. 2k 
Practise unit away. 35. a) height: 2k ; radius: Pe b) height: : k; 
3B 3 3 
1.10V10 2.750 3.15 . 


dhuss: 2k 36, 2% Q(x) > 0 for all x in i 
radius: 3 3. 3 37, a) O(x) = 0 for all x in its 


Apply, Solve, Communicate domain or the negative part of Q(x) is sep: 
A Alea Aim 6:20 ea 10 positive part (if any) and has no extrema. b) Critical 


25 10 ae 25 numbers of P(x), if any, are y co-ordinates of critical 
6. 4/2 mx 4/2 m 7.a) 7 mx 3m b) a mx > m numbers of Q(x) or else are not in the range of O(x). 
e) P'(O(x)) > 0 in any open interval containing a critical 
80 number of O(x) 38. a) Yes; if the kick is straight, by 0.6 m 
z em b) 0.5846 m_ 39. a) Answers will vary. 


c) Area of each pen is greater in a). 8. a) 1 m from each 


edge b) Answers will vary. 9. a) ¥1365 cm x 


b) no 10. a) 2V3 m x 2V3 mb) equilateral triangle with 
6 


Section 6.8, pp. 392-394 
base 443 m ¢) base: 4, 


height of straight sides: 


449 Practise 
1. a) 46 b) 250 c) 208 d) 15 e) 2 
pe = ae d) base: af ; height of a) ) *) aS 
13° ' 
Apply, Solve, Communicate 
straight sides: V3(6 - V3) ~ — 2. a) x-value with longest vertical line segment from R(x) 
v6 -v3 : ai : 
4 down to C(x) 4) More production will earn more profit 
11. a) 10 cm = 10 cm x 10 cm b) Answers will vary. 3. a) Clx) = 0.01682" + 302x +70 900 b) $1130 000 
4 JF) oy (U7 (5-7) ¢) $2 910.000 a) 50 000 e) 13 000 4,80 m5. a) 1090 ~ 2x 
12. V = 0.132m'; a | “12 J™ bw) $545 0) 35.9% 6. $52.50 7. 37 or 38 8. a) $1.85 


b) $2.21 9. 57.4 km/h 10. $200.50 11. 40" day; 100 


si tonnes 12. a) 159.6 m from B b) Answers will vary. 


(4227 )m (4) fet) 


3 } 13. Worst: 7 months; Best: 24 months 14, 183 
4. 1mx i mx ; m 15. cylindrical can 15. 20V15 m x a m_ 16. 63 17.5) 10.000 units 
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a,  dldltt—“‘“isésOSOSCSCSs*s*sésé‘“(<(<(<(<(<(‘(‘(‘(‘i‘i‘i‘i‘i‘;;! 


Technology Extension, pp. 395-397 


1. After 11.96 kin. 2. Road distance is 2 km less. 
3. 18.44 km/h; 15.95 km/h 


Review of Key Concepts, pp. 399-402 


1. a) increase: (-« 5 } decrease: (5 , | 


2 
b) increase: (—20, ©) ¢) increase: (-« = GB ) (Fe . *); 


es 2 2 
decrease: ( Fest 
decrease: (—2, 0) e) increase (—2, -3), (—1, »); 

decrease (—3, —1) f) increase: (—1, 0), (4, ©); 

decrease: (-0, -1), (0, 4) 2. increase: (0, 2); 

decrease: (2, 4.05) 3. a) absolute maximum: 21; 
absolute minimur b) absolute maximum: -15; 
absolute minimum: —79 ¢) absolute maximum: 28; 
absolute minimum: —4 d) absolute maximum: 5; absolute 
minimum: —58 4. a) i) absolute maximum: 9; absolute 
minimum: —S ii) local maximum: 1.5; local minima: -5, 
(0.2 b) i) absolute maximum: 1000; absolute minimum: 
~2550 ii) local maximum: 630; local minima: —1850, 
—2550 5. 50 6. a) i) concave upward: (2, 1), (5, 2); 
concave downward: (-», —6), (~6, —2), (1, 5) i) (-2, 0), 
(1, 0), (5, 1) b) i) concave upward: (0, 6), (8, ©); concave 
downward: (-20, 0), (6, 8) ii) (0, 0), (6, 5), (8, 2) 

7. a) concave upward: none; concave downward: (—2, ©); 


) d) increase: (0, 20); 


points of inflection: none b) concave upward: (- 3 50 } 


concave downward: (-«, -4\, points of inflection: 


(- : , a8 ) ©) concave upward: (-» +} concave 
downward: G 55 »} points of inflection: G “ 2 } 


d) concave upward: (= = 3} (1, 9); concave downward: 


d ‘ : ‘i 1 
(- > \}; points of inflection: (- > a (1, -10) 


3-v3) (3+v3 
e) concave upward: | -0%, —— |, | —~—»® | 


6 
3-v3 3115) 
> 6 


concave downward: ( % 


inflection: ee av } (8 fA } 

6 2 -36;)? 6? 36 
f) concave upward: (-2, 5); concave downward: (5, %); 
points of inflection: none g) concave upward: 


(- a J + ) concave downward: (-«, - ah 


; points of 
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. . ‘1 2 i 
=); points of inflection: (+ Re i) 
h) concave upward: (—%, -2), (2, ©); concave downward: 
(-2, 2); points of inflection; none i) concave upward: 
(0, 2); concave downward: (-2, 0); points of inflection: 


none 8 a) local maximum: 43 jocal minimum: 0. 

b) local maximum: none; local minimum: —5 

c) local maximum: none; local minimum: -33 

d) local maximum: 0; local minimum: 4 

e) local maximum: none; local minimum: 12 

f) local maximum: 5; local minimum: ~11 

9.decreasing 10. 3) x =—2, x = 1, x = 6 b) i) —~ il) —~ iii) © 
iv) —ce v) does not exist vi) % vii) 00 viii) 3 ix) 1 11. a) 20 b) —o0 
¢) © d) —20 e) % f) 00 g) —c0 h) i) —0 13. a) x =-2, x= 1; 
y=2b)x=-1,x=4; y= 1 (right), y =—2 (left) 

14.3) 0) 0.)-2. 2-513. -Sm oo 

i) © 15, a) vertical asymptote: x = 2; horizontal 
asymptote: y = —4 b) vertical asymptote: x = —4; 
horizontal asymptote: y = 1 ¢) vertical asymptote: x = 5, 
x = -3; horizontal asymptote: y = 0 


d) vertical asymptote: x = 1, x= 33 

horizontal asymptote: y = 0 e) vertical asymptote: 
x=3,x=- 5 horizontal asymptote: y = 3 

f) vertical asymptote: x = 1; horizontal asymptote: y = 1 
16.) y=3-2eby=xO y= Se 48H y= 2x4 
ey=xt+4t)y=-x 7a V.Ax=4,HA.y=1 

b) V.Ax=5,H.A. y=10)V.Ax=0, O.A. y=x 

18. $1.41 19. a) x-intercepts: 0, 3; y-intercept: 0; 
asymptotes: none; maxima: (0, 0); minima: (2, —4); 
points of inflection: (1, —2) b) x-intercepts: 0; y-intercept: 
0; asymptotes: none; maxima: none; minima: none; 
points of inflection: (-1, —38), (0, 0), (1, 38); odd 

c) x-intercepts: 0, 1; y-intercept: 0; asymptotes: none; 


maxima: ( 3 " x ): minima: none; points of inflection: 
(0, 0), ( j . i) 4) x-intercepts: none; y-intercept: 2; 


asymptotes: x = —2, y = 0; maximum: none; minimum: 
none; points of inflection: none e) x-intercepts: +1; 
y-intercept: 1; asymptotes: y = —1; maximum: (0, 1); 


— 4 : x 11 
minimum: none; points of inflection: | + Ye’2 3 even 


f) x-intercepts: none; y-intercept: 1; asymptotes: x = 1, 
x= 


1, y =—1; maximum: none; minimum: (0, 1); points 
of inflection: none; even g) x-intercept: 1; y-intercept: —1; 
asymptotes; x = —1, y = 1; maximum: none; minimum: 


none; points of inflection: (0, —1), ( B Pa 5) 


h) x-intercepts: none; y-intercept: none; asymptotes: 


: 1 33) 
x=-l,x=0,x=1, y=0; maximum: Saar am 
7 (z 2 


minimum: (- ei ERE) } points of inflection: none; odd 


i) x-intercepts: +1; y-intercept: none; asymptotes: x = 0, 


2 domasininiel au—= } ™ :{V3,- 2_), 
y= 05 maximum: ( 35 3 3 minimum: wil 


, . 5 = 
ts of inflecti (6,5), (Ve, 5); dd 
points of inflection: rar ee JF 
20. a) increase: (—2, 0), (1, 2); decrease: (0, 1); maximum: 
(0, 6); minimum: (1, 5); concave upward: 


(3 ’ »}; concave downward: (-« a } point of 
inflection: (5 5 y } b) increase: (0, “ ): decrease: 


40 
i 


(-, o( ; 


} ; (= 2a) 
,» |; maximum: 


11’ 80 


minimum: none; concave upward: ( oo »} concave 
60 
11 


(# 7 a c) increase: (—2, -1.684), (-0.372, 1), 


downward: (-2, 0), (0, } point of inflection: 


(1, %); decrease: (-1.684, -1), (—1, -0.372); maximum: 
(-1.684, -2.229); minimum: (—0.372, 0.789); concave 
upward: (-1, 1); concave downward; (-%, —1), (1, »); 
points of inflection: none 21. width: 24 cm; height: 36cm 


m.2mx2m aa 2/4 mx fo mx jm 


b) 70 mx 5 mx Sm 24 width: 2 m; height: 1.5 m 
25 


dotinn & cons sat q 5 2 
25. height: 3 em; width of base: os cm 26. a) 85 
b) 0.05 after 2h 27, 13.33 km from the factory emitting 


the larger amount 28. a) 14.7 b) 86.4 29. $900 30. $3.56 


Chapter Test, pp. 403-404 
1, a) -20 b) 20 6) 2 d) 0 2a) x =-3.5, y=-2b)x=2, 
x =-2, y= x 3.a) concave upward: (2, »); concave 


downward: (-2, -1), (—1, 2) b) (2, ] 4, a) increase: 
(1, 2); decrease: (2, 1), (2, 0) b) maximum: —2; 


minimum: —3 ¢) concave upward: (- = \; concave 
downward: (2 oo | d) 3. 
ka 2 
1, 3; absolute maximum: 12.125; absolute minimum: 2 
6. critical numbers: 1 gives minimum at (1, 2), —1 gives 


5: A 
- 3 } 5. critical numbers: 


maximum at (-1, —2) 7. x-intercept: 0; y-intercept 0; 
asymptotes: x = 3, x = —3, y = 0; no extrema; 
point of inflection: (0, 0); odd function 
8, 20V2 cm x 20V2 cm x 10V2 cm 2. a) 10 m from the 
point opposite the nearer cottage 

1 
19. a) $3.25 b) 183 3 dozen 1. |= 16V3 cm, w= 16V6 em 


106 


12, 5V6 m by- 37m 13. a) 1.41 h b) 0.0249 mg/em* 


14.18 15. 64 


Challenge Problems, p. 405 
1.54 7 §.a)a=0,b=-3 


3 242 aay kVDxkVvD 


wfix)= Fx -3 x +3, 


b) i (along the side of the triangle) x a 
2k V2k 30 
ois ait G 9. 1:1 10. Front: 100. 79 7 


side: 50. 
inflection at (0, 0), For c > 0, only intercept at (0, 0); as ¢ 
increases, slope at origin increases, For ¢ < 0, x-intercepts 
at ~V-c, 0, Vv 


smaller at mini 


m 11. a) For c = 0, stationary point of 


spreads and gets larger at maximum, 
um as |c| increases s b) x-intercepts: —c, 0; 
for c > 0, minimum at (0, 0) and maximum at 


and maximum at (0, 0) ¢) x-intercepts: —c, 0; for c = 0, 
minimum at (0, 9); for ¢ 4 0, stationary point of 
inflection at (0, 0), other point of inflection at 
(—S6.- jhe" )s minimum ae — | 

16 4 
d) x-intercepts: 0, tc; domain: ~c < x < c; minimum at 


* 2. oe } Z| 
0, 0); maximum at eRe, _ e) x-intercept: 0; 
(0, 0) ( 3°35 ) P 
asymptote: y = 0; for c > 0, minimum at ( - 2 ~ i } and 
> i 


maximum at { | 6 1) force 0, minimum at ( a - 1 
Cap c°2 


and maximum at ( = ! Fi ; } points of inflection: (0, 0), 


3 V3 v3 V3 P 
Fe asl age op f) x-intercept; 0; asymptote: 
y= 1, minimum at (0, 0) if ¢ > 0; maximum at (0, 0) if 
ce 


¢ <0; points of inflection at (+ Sait } 


3c’ 4c 
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Problem Solving Strategy: Solving Fermi 
Problems, pp. 406-407 


Practise 


1-11. Answers will vary. 


Problem Solving: Using the Strategies, 
pp. 408-409 
1.e) 65 g) 15 h) 34 3. Start both timers. When 5-min timer 
is done, start cooking; use 4 min left in 9-min timer, and 
then restart 9-min timer. When it is done, you 
are done, 4 (1 - ye 5. Using standard notation: 
place queens at a2, b4, c6, d8, e3, fl, g7, hS. Other 
solutions are possible, including reflections and 

D 


a hot 2 
rotations. 6. ia P 


three: 32 9. 128m 10. 5° °° 41.12 


8. one: 511, two: 112, 


13-20. Answers will vary. 


Chapter 7 


Review of Prerequisite Skills, pp. 412-413 
4.2) 25 b) 0.125 9-3 z ) 25 1) 1024 2. a) 2° by 12” 


ae 


o) 3° a) 4 * 3, a) 9x"y* by feh” 0 adm'n* 


338 


agig 
e) 3c d © t)3a°b* 4. a) vertical stretch of factor 2 
z 


. . 1 . . 
b) horizontal compression of factor 3 ¢) reflection in the 


x-axis d) vert stretch of factor 4, vertical translation 


2 units up e) horizontal compression of factor ; 
reflection in the y-axis, vertical translation 1 unit up 

f) vertical compression of factor 0.5, vertical translation 
7 units down, reflection in the y-axis g) horizontal stretch 
of factor 3, vertical translation 0.25 units up h) vertical 
stretch of factor 7, reflection in the x-axis, vertical 
translation 3 units up 6. a) interest: $143.24; amount: 
$443.24 b) interest: $774.89; amount: 7774.89 ¢) inter- 
est: $1889.43; amount: $5889.43 d) interest: $1290.63; 
amount: $4190.63 e) interest: $830.71; amount: 

$10 830.71 ft) interest: $629.66; amount: $2229.66 

7.a)i) y= +Vx i) y = a3 ti y = Vx by The inverse in 
part j) is not a function; for x > 0, there are two values of 
y for each value of x. The relations in parts fi) and iii) are 


functions. 8. a) 2% b) 2% ¢)o% d) 3 e) — 38 —00 

10. a) +1 b)—1, 2 c) +1, +2 dy +1, +2 yi 14 days 12. 10 
13. a) Dilip b) Sara 14, a) $0.03, $0.07, $0.15, $0.31 b) 27 
¢) 37 d) 47 e) S7 f) 32 
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Section 7.1, pp. 419-421 


Practise 


1. a) All pass through (0, 1) and have the x-axis as an 
asymptote on the left. y = 9° es close to the x-axis on 
the left more quickly than y = 2", and goes up more 
sharply on the right. y = 6" is between the two. 

b) All pass through (0, 1) and have the x-axis as an 


asymptote on the right, y = (3) gets close to the x-axis 


on the right more quickly than y = (3) , and goes up 
more sharply on the left. y = ( } is between the two, 


3. b) g(x): vertical compression, factor 1 of f(x)s 

h(x): vertical stretch, factor 3, of f(x) 

d) domain: x € R; range: y > 0 4. a) y-intercept: —1; 
domain: x € R; range: y < 0; asymptote: y = 0 

b) y-intercept: 9; domain: x € R; range: y > 0; asymptote: 
y= 0 ¢) y-intercept: 4; domain: x € R; range: y > 3; 
asymptote: y = 3 d) y-intercept: —2; domain: x € R; range: 
y > —5; asymptote: y = —S e) y-intercept: —1; domain: 

x € R; range: y < 0; asymptote: y = 0 f) y-intercept: 4; 
domain: x € R; range: y > 3; asymptote: y = 3 


9) y-intercept: — a8. domain: x € R; range: y <-6; 


asymptote: y = —6 h) y-intercept: Bw 3 domain: x € R; 


range: y > 2; asymptote: y= 2 5. : i) 3 t) domain: x € R; 
range: y > 2 iii) y = 2 b) i) —1 i) domain: x € R; range: 

y < 0 itl) y = 0 e) i) ~7 i) domain: x e R; range: y < -5 

iii) y = —5 d) i) 2 i) domain: x € R; range: y > 1 iii) y = 1 

e) i) —3 i) domain: x € R; ran; <0 il) y= 0 f) i) -S 

ii) domain: x € R; range: y > —7 it) y=—7 6.a) 0b) ec) 0 
d) Se) Of) og I HONI)O 


Apply, Solve, Communicate 

7.31. m 8a) V=4000(0.8)'; V is the value in dollars, ¢ is 
the time in years ¢) estimate should be just over $2000 
d) exact value is $2048 9. b) about $38 c) between 2024 
and 2025 10. b) about $3100 12. a) 125 000 b) 977 

¢) none d) Answers will vary. e) Answers will vary. 

13. a) Graph y = 2" for x 2 0, then add its reflection in the 
y-axis. b) Graph y = 2° for x < 0, then add its reflection 
in the y-axis, 14. a) © b) © c) 0d) 0 


Section 7.2, pp. 428-429 
Practise 
1, The missing entries are: log,, 100 = 2; 2° = 64; ; 
2 a 4 1 2 
log, 8 = 3; 3°=9; 5 = g53 0B, 5 = =1; 4 =2; 


log, 0.125 = — 3, log, 6= 1 2a) 3b) 104 40-3 


1 
2 


t 
f) = 9) 25h) 7 3.a)y 
Me )y 


domain: x € R, range: y > 6; 


y = log, x: domain: x > 0, range: ye R bp y = 4°: 

domain: x € R, range: y > 0; y = log, x: domain: x > 0, 
range: y € R ¢ f(x) = 8°: domain: x € R, range: y > 0; 
g(x) = log, x: domain: x > 0, range: ye R 


4.a) y = log, x bb y= 4° 

5. a) domain: x > 0; range: y € R; asymptot 
b) domain: x < 0; range: ymptot 
c) domain: x > 0; range: y € R; asymptot 
d) domain: x > 1; range: y © R; asymptote: 
e) domain; x > —2; range: y € R; asymptot 
f) domain: x > -1; range: y € R; asymptote: x = -1 
6.a)-S<x<Sb)x<3e)x>Ildx>4 


Apply, Solve, Communicate 


7. 15.2 years 8 a) A = 1500(1.08)' i) 3.74 years 

ii) 9.01 years b) decreases; about 4.67 years 9. 26.5 years 
old 10. a) i) about 4.25 years il) about 7.27 years 

b) i) 2.47 x 10" not realistic ii) and iit) Answers will vary. 
11, a) 5.47 m 6) 17.0 me) 39.4 m 12, [(d) = J,(0.95)" 

a) 81.45% b) 17.86 m c) Answers will vary. 13. 81 months 
14. a) y = 6 (1.014)*e) 7.49 billion d) 2049 (50 years) 

15. The number of digits in the number. 

16. b) When the population has no room to grow, 

17. b) 3.4202 c) 10°” 18, a) x > 16) f '(x) = 10 

19. a), b), c) inverses are continuous 


Section 7.3, pp. 434-435 

Practise 

1. The missing entries are: log, 12 + log, 5; log, 22; 
log, k + log, g; log, 14: 2og, sh log, f log, 5 logy h 
log,, x"; log, 2 2. a) log, V5 b) Slog, 9 ¢) log, Vi8 
d) —Slog, 7 e) 3 log, 22 f) -4 log, 13 3. a) log, 600 


GF 


») log, 2 ¢) log, a A) log ae ) log [a'(a + b)} 


‘ 
f) log, = g) log - h) log, ab’c 4a) log. 5 + log, x 
1) 3log, om +2log, 1 ¢) log, a + log, b + log, c 

& Flog, y-tlogs(y+1)) © Hog, m —log, 

1) S(log, x + log, y) 9) 2log, at log, b — Log, ¢ 

w —1 (log, j+log, &) 5.2) 2) 3) 3 


d) 2 e) 4) 3g) 1h) 4) 25) 81 6 a) 1.5440 b) 3.7004 
¢) 1.1292 d) 1.5114 e) 0.9464 f) 1.6309 g) 1.4037 h) 0.6667 


Apply, Soive, Communicate 


ad 
7. a) I(d) = 125 (10 ise) b) 82.5 m 8. a) i) -0.421 
ii) —0.668 b) negative; the cell gains energy. 


9. log, 7 is greater. 10, a) Ay = logy, ( Vv } b) 4.24 V 


11. a) 0.434 0 = log T, — log T, b) 0.071 ¢) 82.0 N 


s 


16. Since log, 0.1 is negative, log, 0.1 > 2log, 0.1 


Section 7.4, pp. 441-442 
Practise 


1. No 2a) 1b) 0.5 e} -1 d) 256 e) 7 t) 1000 g) 4 hy -1 
3. a) i) x =2 il) x =3 4a) 1.2920 by 0.4284 c) 2.8074 
4) ~0.5350 e) 0.9679 f) ~3.8188 g) 2 h) 1.5979 5. a) 5 


7 1 2 1 
b) 7c) 8d) e) f) 1.7098 54) 9 6a) = 
N798h) = 950 9) V5) T0050 


3 
b) 10" + 119) ot 4) -22) 41) 3.9) 32 


i) 3) 5 7.) No. The equation gives 5° = 4 => x = log, 4, 
or 5° =~5, which is impossible. 8. a) log, 3 b) | 
¢) log. 2 d) no solution e) log, 5 f) no solution 


Apply, Solve, Communicate 

9. a) 3.5 years b) 8.74 years ¢) 11.90 years d) 27,62 years 
10. a) 22.8 cm b) reduces it by the same factor again 
11,.a)-8.31 years 6) the same time 12. a) 12 years [1 months 
b) 20 years 6 months ¢) 7 years 7 months 13. 3.04 5 

14. a) 3.65 days b) 5.26 items below 15. a) 140 h b) 40h 

e) 20h 16. 0.514 km above sea level 17. From 29.06 kPa 
to 101.3 kPa 19. a) 4096 b) 0, 0.1260, 0.2153 


Section 7.5, pp. 446-448 


Apply, Solve, Communicate 

4. a) 7.5 b) 7.4 ¢) 7.7 2. 3.548 x 10 “to 4.467 x 10° 

3.b) 100 4. Yes; magnitude 7.3 5. a) 4.72 b) yes, by a 
factor of 2042 ¢) yes, by a factor of 2.63 = 10” d) 6.68 

6. a) 9140m b) 5539 m c) Answers will vary. 7. a) 33.7 kPa 
8. a) 2.68 x 10" b) 0.373 c) 139000 times 9, #11 

10. b) 


1.7634 1.9445 


ty 5 
2.1732 2.5623 
2.3560 — 8363 
2.8882 3.6364 


o) linear d) log t = 1.5019 log d — 0.7010 e t= 0.1991d'” 
f) 10916 days 11, a) (x, y, z, and a are numbers in [0, 1]) 
i) log(answer) = 3 + log 2.469 + 2 + log 4.91 =5 + (1 +x). 
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Answer = 10° x antilog (x). ii) log (answer) =4 (2+ 


log 1.81) = i +y) =z. Answer = antilog(2). 


ii) log(answer) = 3 + log 4.83 — (1 + log 2.173) =2 +a. 
Answer = 10° x antilog(a). 


Section 7.6, pp. 459-461 
Practise 
1.a) 0 b) © e) od) 0 29-4 b) x'e'(6 +x) ) oi 


e*(1+e* 


d) xe “(2 — x) e) £ e-1)0)- 
of 


@) 30e*(1 +5e*) m 172% og ayo? py In 2 (2°) 
2vx+e 
e)Ina(a‘) 4a) y=x+1b)y= - g x+3 
Beg 
ay=-tx+ 7 a) y = Bel"x — 3tel 
e e 


= 


ay= 6e%x 7 6. a) (0, 0), minimum 


b) (1, e), minimum ¢) 1,- i ) minimum 7. a) increasing 


for x < 0.25, decreasing for x > 0.25 b) increasing for 


Sic A ieareaatna tor mee aa (-1 .-4) 
3} 3 e 


by (-24V2, (6 -4V2)e****), (-2-V2, (6+ 4V2)e? 
9. a) domain: x © R; range: y = (2-22) e's 


x-intercept: +1; y-intercept: —1; no symmetry; asymptote: 
y = 0; increases for 1— V2<x<1 +v2; decreases for 


1-V2,x>1+ V2; maximum: (1+ V2, (2+2V2)e"”); 
minimum: (1 - V2, (2- 2V2)e tell}, concave up for 
x<2- v3, x > 2+3; concave down for 
2-V3<x<2+ 3; points of inflection: 
(2-V3, (6-4v3)e?**), (24+ V3, (6+ 4V3)e2- 
b) domain: x € R; range: y = 0; only intercept at (0, 0); 
no symmetry; asymptote: y = 0; increases for 
x <-4, x > 0; decreases for —4 < x < 0; maximum: 

256 bg 
(-4 a minimum: (0, 0); concave up for 


x <-6, x > -2; concave down for -6 < x <-2; 
. 4 : 1296 16 
point of inflection: (- -6, — \(2. = ) 
eé e 


‘ 1 3 
ce) domain: x € R; range: y 2 — 363 only intercept at 


(0, 0); no symmetry; asymptote: y = 0; increases for 


1 eee 
B>—395 decreases for x <— 3} minimum: | - 
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concave up for x > ~l; concave down for x > -1; 
1 


point of inflection: (-1 = 
@) domain: x € R; range: y € R; x-intercept: 0; 
y-intercept: 0; odd function; no asymptotes; increases 

for all x; no maximum or minimum values; concave 
down for x < 0; concave up for x > 0; point of inflection; 
(0, 0) e) domain: x # 0; range: y > 1; no intercepts; even 
function; asymptotes: y = 1, x = 0; increases for x < 0; 
decreases for x > 0; no maximum or minimum values; 
concave up for all x in the domain; no points of 
inflection f) domain: x # 0; range: y > 0; no intercepts; no 
symmetry; asymptotes: x = 0, y = 0; increases for x < 0, 


3 e 
x > 2; decreases for 0 <x < 2; minimum: (2 a} 
concave up for all x in the domain; no points of 


inflection g) domain: x € R; range: 0< y < i; only 


intercept at (0, 0); even functior symptote: y = 0; 
increases for x <-1, 0 <x < 1; decreases for -1 <x <0, 


bin 1 
x > 1; minimum: (0, 0); maximum: (21 a ; concave 


a _vs- aif V5 


S-v17 

up for x <—- <x< 73 
Wa? 5-v17 
concave down for — i i laa ee 


ze Vs+Vi7__ oo 

<x Sut, points of inflection: 

a th so S-VI7_ 5- 4) 
> 2  » soar 


> Sei 
4e 4 4e 4 
- = s- vi7 | V5+V17 5417 
> 7 2° Seda 
4e* te 8 


h) domain: x 4 0; range: y <—1 or y > 0; no intercepts; 
no symmetry; asymptote: x = 0, y = 0, y = —1; increases 
for all x in the domain; no maximum or minimum 
points; concave up for x < 0; concave down for x > 0; 
no points of inflection 10. a) y' = 2e"*, y" = 4e", 

yy" = 8e™, y" = 162 by y" = 2"e™ 11. a) e b) ce” c) e* 


Apply, Solve, Communicate 

12. y = xe“ can be obtained by reflecting, y = xe* 

in both the x- and y-axes. 13. a) 250 

b) i) 17.33 hours i) 27.47 hours ii) 109.55 hours 

c) 14.92; 22.26 (bacteria/hour) 14. a) P = 400¢"""™ 

b) 38.51 years; 61.03 years ¢) 8.62; 11.29 (rats/year) 
15. a) V = 5000e"'"' b) 6.3 years; 20.9 years 16. a) i) 10.245 
years ii) 16.238 years b) i) Her estimate was 0.343 years 
sooner. ii) Her estimate was 0.543 years sooner. 

17. a) i) 10.075 years ii) 9.931 years iii) 9.903 years 

18.2) v = 20 - 200°, a= eo 


b) 411.5 m, 4.43 m/s, 0.78 m/s” 19. a) $6766.76, $915.78 


b) -$2706.7 I/year, $366.3 l/year 20. a) 0.6 A 

b) 0.001 A/s c) 0.0001 A/s 21. a) domain: -10 < x < 10 
b) 1.885 m 22. b) i) 14 years ii) S years iii) 8.75 years 

c) i) 14.2 years ii) 5.29 years iff) 9.01 years 


Section 7.7, pp. 469-470 


el 

2x 
3*In 3d) —— 
593 aa 


2 
SO era Sere a ies 


fy -In x — 1g) x5"(2 +x In 5) h at +(In 4)(In x) 
tg eel 
x(1+In x)? ~~ x(x+In x) 
1 1 
" 2xvin x " 2x In4 


Det 1 sks 
b) — —, minimum (when x = —) 4a) 0, minimum 
e e 


i) x2" "In2 2a) 


3. a) 1 maximum (when x = e) 
ia 


(when x = 1); fe maximum (when x = a) b) ( 7 5 +) 
e ee 
Keen dye eee ey caene 
sa) y=*-1Y= TO9In 10 into 9%" * - 
=2 
nay 1-4, 2,— Sm gi aeajr t= Dln=2)~ 


"gh gS 8 x" 


Apply, Solve, Communicate 

8. a) P, = 200, a = V4 by 1.5 hours 

c) i) 146.7 bacteria/hour ii) 1478.7 bacteria/hour 

d) No. 9. a) P = 1000 (102) b) 364.071 bacteria/hour 

10. a) 2 g b) 15 hc) 0.0734 g/h 12. a) 58 b) 40 

13. a) a'(t) = — 180.2 (tIn2 — 1) b) 95.5°, 1.4 sc) 13.9°%s 

14, a) s‘(t) = -12 In 0.8(0.8)'; Velocity of the leading edge 
In (2 s(t) ) 

of the lava. b) 2.1 km/h, 1.1 km/h ¢) t = a 


dt _ 1 
ds ~ (24—s)In0.8" 
respect to distance. e) 0.24 s/km 16. 2 In x (x 


d) . Rate of change of the time with 


Inst 
) 


Section 7.8, pp. 475-476 


Practise 


1. a) 3.0855 b) 5.6103 ¢) 5.9752 d) 6.5620 e) 17.3287 
f) 3.1965 g) 0.1470 h) 0.1792 


Apply, Solve, Communicate 


2. -0.0260 (if ¢ is in minutes) 3. 0.0555 days 
4. a) 8.043 years b) 8.008 years ¢) 10.836 years 
d) 11.581 years e) 8.664 years f) 7.296 years 


' 
5. a) N = 1500(2*) b) 32.471 h 6. a) 8.795 53% 

b) 6.976 61% 7. a T = 1220e"""* + 30 b) 9.37 min 

¢) it would be 0.22 min less 4) infinitely long; not realistic 
8.20 minutes 9. a) N = 700(3”), with ¢ in hours 

b) 1.4778 h or 88.67 min 10. a) 147.67 days b) There will 
never be none left, using this model. 11. 7.25%, quarterly 
is better; the quarterly plan takes only 12.75 years to 
accumulate the desired amount, while the continuous 
plan requires 13.09 years. 12. 39.624 years 

13. a) 6 301 906; this is not likely b) 169 912; possible, 
since there is more space in Caledon 14, a) 64.66°C 

b) 8.96 min 15. 3410 years 16. b) 14 min c) 22 min 

) 40 000 e) y = 1999.93(1.0513*) f) P = 20002" 


Review of Key Concepts, pp. 478-481 


1. a) y = 5° is steeper on the right and approaches y = 0 
on the left more quickly. b) The graphs are the same as in 
part a), but reflected in the y-axis. 

2.) f(x): y-intercept: 1; domain: x € R; range: y > 0; 
asymptote: y = 0; g(x): y-intercept: 1; domain: x € R; 
range: y > 0; asymptote: y = 0; h(x): y-intercept: —1; 
domain: x € R; range: y < 0; asymptote: y = 0 

3. a) ii) 3 iii) domain: x € R; range: y > 0 WW) y = 

b) ii) —4 iti) domain: x € R; range: y > —S i) y = —S 

¢) ii) 6 iii) domain: x € R; range: y > 2 iy y=2 4a) 0b) 0 
¢) 1 d) © 5, b) $3.75 ¢) 2050 (in 49.25 years) 

6. The missing entries are: log, 25 = 2; 3°=81; 

log, 18 =x; 10’=x-6 7.a)3b)0 8 y=5S*: domain: 

x € R; range: y > 0; y = log, x: domain: x > 0; range: 
yeR9a)y=7* b) y=-log, x 10. a) domain: x > -3; 
range: y € R; asymptote: x = —3 b) domain; x > 0; range: 
x € R; asymptote: x = 0 11,a)x40b)x>0c)-l<x<1 
12. 5.862 years 13, a) log, x + log, y; x, y> 0 

b) log, (x — 1) + log, (x + 5); x > 1 @) log x — log 2 — log y; 
x, y> 0d) 2 log, |a| — log, 3;a #0 14. a) log, 6 

b) log (m'n°) ¢) -log, 3 d) log, [(x — 2)(x + 2)*] 15. a) 2 by 3 


°) 4 Py Fi 46. a) 2.3219 b) 0.8451 ¢) 1.8928 17. No; 


ie 
log, 5>2 and log, 2.<0.5 18a) olf a }-0 


i a8 


2.R? is 
b) R = 10° c) P=k? -R? 19. a) 8 b) 0 c) -0.5784 


a2 i 1 f) 8 20. a) S years, 6 months b) 9 years, 
J months ¢) 14 years, 11 months 
21, a) P(x) = 21962082 1.0117)" 
tog P(x) 
821 962 082 
fogi.oi17 +1974 


d) 2042 22. a) 320 000 b) 15.3 h 


b) 31 133 361 e)x= 


Answers MHR 643 


aaa rw)=R, (14355 | o) f=—_ 


tog 1 5) 


24, a) 0.31 A b)t=-— agg co) 9.815 


25. a) 3.5 b) acidic 26, 100000 27, 251 28. b) linear: 
log, f= x + log, 13.75 9) f = 13.75(2') &) = Hz 


29. a) eb) xe “3-xqxe(2+x) g ON ) ay 26 
. 3s viet 

SEE) 2 ay act ey OE 
(te"y “ar ‘ 2Vx 


pe* (145) 30. y= ex 31,2.957 km 
LNX 


32. a) maximum: (0, —1); asymptote: y = x b) minimum: 
Cl, e"); asymptotes: x = —2, y = 0 33. a) P'(t) = -0.2e dd 
b) 0.13 “ 34. a) C'(x) = : + 75xe “(x — 2) b) $10 
4 
9 e+ 15)In 10 
_ 14x 
(7x? +2)In3 


4° (x In44+1n 4-1) hy _ Inx+l 
(+x) (x In x) 

37. a) y = (5'In 5)x + 5° — S*InS 

b) y = (27 In 3)x +27 - 81 In3 

c) y = (-8 In 2)x + 8 - 24 In2 

4) y = (49 In 7)x +49 — 98 In 7 

38. sie In 4 bacteria/hour 39. minimum: 


(2 
40. a) 79.6 ppm b) 14.5 ppm/h 41. a) 13.198 years 

b) 12.207 years 42. a) 1966 (33.71 years before 2000) 
43. after 19.2 min 44, 18.177 h 45. a) P = 2.30" "7! 
b) 5.1 billion 46. a) P(x) = 100e°"** b) 49.9 kPa 

e) 24.9 kPa 47a) 1=2e°"””* w= 1°" 

¢) 36.8% of the light compared to 5 mm. 


$10 6.2)? b) 8° In8 0 


e) Ee ad + 2*In (x — 8) f) 


9) 


ly +In 2} asymptote: x = 0 


Chapter Test, pp. 482-483 

1.a) They are mirror images in the y-axis. 
3.a) 2b) Oe) Sd) 1. iil a oe 1 4ay5 
400,193 5a © Ge) 


8 


b) e*(1 +x) o) ex “(x — Se a) 3 e) +710 


1 
 Go2)In4 6. a) y = (16 In 4)x + 16 - 32 In4 


by=ex—e 74.324 km 
8. b) domain: x > —3; range: y € R; asymptote: x = —3 
9. a) 9.01 years b) 8.66 years 10. 57,03 days 11. 7.1 
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12. by a factor of 316228 13. The only significant point 
is (2.5, 2.5 In 5), a point of inflection. 14.a) point of 
inflection: (In 2, 2 — (In 2)*) ») asymptotes: y = 0 and x = 1 


1001 
15, 2.8h 47.a) C’(x) = — 

9 Txt in(loxa]) 
b) $607.58; $0.033/L 18.a) aM =-0.4e0 


b) —0.362 kg/min 19.a) 8.3°C b) 6.5°C ¢) 2.6h 

2. The asymptote indicates a maximum sustainable 
population of 50 billion, rather than continued 
exponential growth. 


Challenge Problems, p. 484 

1.1.32 2,0.0493 3.a) y= 2!" domain: x € R; range: 
y>1;y=2°"!: domain: x € R; range: 0 <y <1 

b) y =e": domain: x € R; range: y > 1; y = e"': domain: 
aa range: O<y<1 43.3h 56 


1 
= yet i 7. quadratic: f(x) = 1 txtge 3 cubic: 
flx)=1ext tat + Lei fay= Lex dae. 


8,a) f'(x) = (1+ = y 


Cumulative Review: Chapters 6 and 7, 

pp. 485-486 

4.a) 20.0 m square including corners b) 325.8 m*; 17.3% 
2. base: 6.6943 cm’; height of each part: 3.7495 cm 3.a) 2m 
b) 20cm ¢) after V3 5; te [0, v3| d) decrease: {0, 1), 
increase: (1, V3; the yo-yo is falling when the function 
is decreasing, rising when the function is increasing. 

4.a) x =-3, y=0b)x=+1,y=2eq)x= i,y=-3 

@) x =-1, y= 2x -3 5.a) minimum: (6, 432), points of 


inflection: (0, 0), (4, -256) b) maximum: (3, 4); 


minimum: (-3 - 3} points of inflection: (0, 0), 
(5, #3}, (95. = ] 7.a) p(x) = 36 — 0.004 
b) 125 ¢) 4500 9.a) increase: (—3, 0) or (0, 3); decrease: 


(-0, -3) or (3, ©) b) minimum: (-3 - Z - maximum: 


(3 3) ¢) concave up: (—3V2, 0) or (3V2, 


concave down: (-2, —3¥2) or (0, 3v2) 


a(- 3V2, -2), (3 3V2, 32) na ome r94m2 


c) 0.6754 13.a) 2 b) 2 c) 6.099 d) 1.0986 
14, domain: x > —3; range: y ¢ R; asymptote: x = —3 


15.a) 6 years, 5 months b) 11 years, 11 months 
16. 8.9 17.b) 27 000 times c) —64.1 18.a) xe* (2 — x) 

vi 13 zie Ds 1 
b) eM (2+Vx) ) © (3-1) @) Se f — 
) e*(2+Nx) o) 2 (3x—-1) @) Se e) = ) @ri)in3 
19. y = (64 In 4)x + 64 — 192 In4 20.a) 300 b) 6h 
21. 23.77 years 22.a) 123°C b) 6.264 min 


Chapter 8 


Review of Prerequisite Skills, pp. 488-490 


1.a) ¥13 b) ¥130 2.a) An even function is a function f 
satisfying f(-x) = f(x) for all x in the domain. b) i), iii), 
and iv) are even. 3.a) An odd function is a function f 
satisfying f(-x) =—f(x) for all x in the domain. b) i), iii), 
and iv) are odd. 4,a) 1.5 b) 85.944° 5.a) 0.9863° 
b) 2582131 km) 107589 km/h 6. Answers will vary. 
For latitude 45°: b) 4525.5 km c) 28434 km 
d) 1185 km/h 7.a) ae” b) “3 c) 60° d) 45° e) 30° 

2a. Sa, 35a 


296° ones —— 
f) 57.296' a) 5b) 3g 7s 595 berg 9 


>? ss ystan 0: yeh v3 11.a) 0.4648, 


0.8854, 0.5250 b) 0.9888, 0.1495, 6.6122 ¢) 0.7174, 
0.6967, 1.0296 d) 0.4339, 0.9010, 0.4816 


12.a) 0.35 b) 0.93 c) 1.33 13. = 14. a) Hint: AB = sin @, 


OB = cos @b) No. (0.8) + (0.2)? # 1 16.a) (3.2139, 
3.8302) b) (2.2943, 3.2766) ¢) (-2.2981, -1.9284) 
d) (3, ~3V3) 17.a) 0.588 rad b) 2.2143 rad ¢) 3.6052 rad 


72 3a 


d) 5.7428 rad 19.a) 0, 277 w= a) e) 1.57, 4.13, 5.30 


d)no solution 20. »4 siz =) The slope of a line equals 


the tangent of the ail é makes with the x-axis. 

e) The statement in part d) is true if the angle is 
measured counterclockwise from the x-axis. The slope of 
a line and the tangent of the angle it makes with the 
x-axis are both undefined when the line is vertical. 

21.a) cscx + sec x b) esc’x + sec*x c) cotx — 3secx 

B43 secx—4 


2 3 


a) sec x b) COs x ¢) csc*x 23, a) 


csc x 22.In all cases, sin x cannot equal 0. 


1 


sin x cos x 


1 1 3 2 : 
oe = 2 
O oe Maing 28) Ze V2 91 a) Le) undefined 


f) undefined g) 2 h) undefined i) cc 


26. a) 1 + cor’ = csc’0; 0# ka, k any integer 


b) tan’9+ 1 = sec’ 0; O# z + ka, k any integer 


Section 8.1, pp. 497-498 


Practise 
1.a) sin 30° = - b) sin 60° = 43 ¢) cos 60° = Be 
d) cos 30° = = e) tan a =1 2.) sin(A ~ B) 


b) 2sin M cos Ne) cos 3A d) —cos(A + B) e) cos(x — y) 
f) tan 2x gj) cos2x h) 1 


ey 7 Wo 
3.a) sin > cos — +cos smy = 


3 4 2 
7 
b) cos = 78 3 7 +sin2 2 7 sin 7" 
1 
T 1+ 
tan 7 stan 
°) — 6 43 294.3 
1-tan™ qfan = 1-4 
6 v3 


ei Solve, Communicate 


is - a 3m Sw 7m 
Le 593, 4.1239 «2 

4a) va v) 0.1593, 4.1239 0) 7 97, 97, 77, 

on tin tans 1ST 0, ar, 2are) 3.7596, 4.8068 


om Ta ln Je 198 wom Su 7m 3m In 
10°10’ 10’ 2’ 10°" 6’2’ 6’ 6’ 2’ 6 
h) 0,7, 277i) 0.6245, 2.1953, 3.7661, 5.3369 


aw ln 4a St 7 8a 10m 11m 137 140 loa 177 


go? 97 9? 97 9? 7 gg? OF Hg 


7 ok a Sa 130 177 
No 1) 3.0689, 6.2105 m) +55 12° 12 
3-2 
ced (tan a = 2, tan B = 3) b) tan = 1+(G)Q) 
) w= 1.1071, B= aah we 8.a) Des x #0) 
3 ) £3 
Fy %a) cosx = 5, siny = Hoe Wes 
2 
i) -3 = © 10.) 4 16) Zs 
E 7 
11.a) wns ue } - sin x ( ie } 
h h 
rr cosh-1 (sinh 
w sin x (2871 ) cos x( r } 
15.a) cosx = 0 or sin y = 0 b) sinx = 0 or siny =0 


dxty= z + ka, k any integer or x — y = (2k + 1)7, 
k any integer 


Section 8.2, p. 503 


Practise 

1.a) Ssin 2x b) z sin 4x ¢) i sin 12x d) 2sin x e) cos @ 

f) cos 108 g) cos oes h) cos(60-4) 2a) 2sina;a%— = 37 
a 3a 

b) 2sin 2a;a¥# 5 22 ce) 1 
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Apply, Solve, Communicate 
3.a) 6sin 2x cos 2x b) 12cos*3x — 6 or 6 - 12sin*3x or 
2tan2x_ 


6cos’ 3x — 6sin” 3x ¢) 2sin” 4x d) $ 

1—tan’2x 

e) 2cos*x — 1 -2cosx 4.a) Use sinx = 2sin 5 cos *. 
4 9eint % a ln 4a 3a 

b) Use cosx = 1-2 sin® ¥. aa 5, Zia 


ae 7m 10 9_ 


Gg? 7 9% GG Gr 

4) 0, 1.4874, 1, 4.7958, 2) Z, 5, 57, 3 
row 2, 58,90 10 
5.0522 9 0, 7, am, a Sa 72, 
Pe 7, 37 yO. 1674, 5, 2.9741, 3%) Z, 2 


m) 0.2527, 2.8889 6. 1.79 m 


u Sn 30 


2m, 4 
chs) 
2a 4a 


1.2310, <2 
h) 2310, 53> 


0. 


Qa 


7.a) sec 20 = esc sec 0 


7 


= 
8.a) 3sin @ — 4sin’@ b) 4cos*6 — 3cos 4 ¢) fants 


3tan’0 
2 
gain 20m 2208 3 cos 20 = pater g 10.-3 
1+tan*@ d+tan’@ 4 


11. 6 1.2094, 1.9322, 4.3510, 5.0738; cos @: + 0.3536 
12.2) V= 18 000zsin* 2x cos’ x x= a 


Section 8.3, pp. 508-509 
Practise 


1.a) 1 b) does not exist c) sin 1 d) 0 e) to 39) 3 h) a] 


4's 


2.2) 5 6) 0.0) 4 @) does not existe) 01) 06) —t 40 


Apply, Solve, Communicate 


3.a) 0.334 67, 0.333 35, 0.333 33, 0.333 33 b) ; 


c) 0.333, 0, 04a) 3 5.a)-2 6 cosa 7.-sina 8. Limit does 
not exist. Left _" Simit =-1 - es hand limit = 1 


9. sin 1 10.4)- 5H) 16)1 1) 3 A. OMe 075 04 


Section 8.4, pp. 518-519 

Practise 

1.a) 4cos(4x + 7) b) 2xcos(x? + 3) c) —Ssin(Sx + 3) 

) 6sec"(2x + 3) e) ~6xsin(3x* ~ 1) f) 10xsec*(5x* + 1) 
g) —2cos x sin x cos(cos* x) bh) —sin x cos(cos x) 


x sec*x —tan x 


2.a) a b) sin(3x — 2) + 3xcos(3x — 2) 


c) 2xsin(2x” + 5)+ 4x°cos(2x* +5) a- es 
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e) cos(8x — 17) — 8xsin(8x — 17) 

f) 2xcos(0.4x” + 9) — 0.8x'sin(0.4x7 + 9) 
g) 10xtan*(3x* — 1) + 90x°ran*(3x* -1) sec’(3x* -1) 
hy 8xsin'(6x* — 2) + 144x’sin*(6x* ~ 2) cos(6x" — 2) 
3.a) — 6cos x sin x sin’(cos* x) cos(cos” x) 
b) -12x"cos x' cos*(sin x°)sin(sin x’) 


¢) cos(tan x) — xsin(tan x) sec* x d) e“cos e* e) — sin (Jn) 
e* coset yy he , Cf 
sin e* 9 OW Ty cos x 
Apply, Solve, Communicate 
4.a) y= sea Sa I 4x +7+1 


5.a) minimum —V2. when x = 2 , maximum V2, 


7 a 
when x = — re b) maxima: 0 when x = es 2 when x =— =i 


ey 1 St ane 
minima: ~ 4 when x = — or E c) minimum —3 


6 
when x = 7d) none 6.a} (z. 0) 0 (3 3m 0} (- 4, 0), 


G. 0}, (2, 0) ©) (0, 0), (7, 0) 7a) Every fourth one 


is the same. b} —cos x; ~sin x ¢) (4) sin x =(-1)* sin x, 
G nol 
n even; (<) sin x =(-1) ? cos x, m odd 
dy. ; 
@ | 5—] cos x=(-1)? cos x, 1 even; 
dx 


d\ nel 
(st) cos x =(-1)* sinx, n odd 
= 3 a3 wT 


oa es wy “an 180 


P= cos Ae) 75 &) A cos A= ~ 799 S24 


11.a) not differentiable when x = 0 b) not differentiable 
when x = kz, k ~ integer 12.x = 1,x=-1, 
_ kata 


Sie any integer) 13.2 14a) tan x —x 


b) In (sec x) ¢) In(sec x + tan x) 


Technology Extension, p. 521 


1.a) cos @b) —sin 4c) tan @d) sec @ e) sin 6 f) —csc 0 

g) -tan @h) sin @ 2.a) odd b) even c) odd 

3. (1 is any integer) a) = +2n7, on +2nm, Inn F 

b) = +2n7, a) +2n7, a 2n7 ec) a + nT, a +a 


0) a +n, 4 +2n7, * +2nm, = 5+ 2na, =a +2nr 


4,a) 2 b) ac) 1 d) sin 1 e) 3 f) does not exist 


5.a) —2sin x cos x b) 3x’cos x° ¢) 3x*tan 2x + 2x'sec” 2x 
d) 2e*sin e* cos e* e) 3cos 3x cos 2x — 2sin 3x sin 2x 
2 cos 3x cos 2x +3 sin 3x sin 2x 
—— 
cos’ 3x 


Section 8.5, pp. 529-531 
Apply, Solve, Communicate 


4.a) 3.5455 x 10° N b) 2.0017 x 10” ) 177.12 
2.a) 7.7784 x 10°N b) 2.668 x 10°N ¢) 2.668 x 10° N 


3.a) other side: V200—x?; A = ; V¥200-x°; 


maximum A: 50 cm? 4. 0.503 m/s 
5.a) v = —44zsin(880at); a = -38 7207'cos(8807t) 


b) 44a cm/s 6. a) y=sin 0+/16-cos* 0 


clonal _sin20 | do _ 
bv [cos a carer zn ce) x ztkn, 


where k is an integer d) x = 0.2318 + 2k7, 
x = 2.9098 + 2ka, where k is an integer 7.a) 60 b) 120 
c) 14400sin 120at 
1 5 9 
240’ 2407 240° 
i 2 3 
120° 120° 120° * 


8. 20+ 10V2 9.a) @= tan! 


d) t= 30 


et=0, 3 £120 


10¢ b) 7.5 radians/hour 


7 b ¥ = tan” | ——_ 
10. 7 11. a) = goats 12.0.9; 5.4 13.a) 0= tan (x ) 


b) _ radians/hour 14.a) a) s 15, 2V2 m 


from the goal line 
Review of Key Concepts, pp. 534-535 


' 3. 1 1 
1.a) sin 60! => b)sin 45 =p nsosed = 


6. re za) 3 ») F91g200 8.) 6xcos(3x? + 5) 
b) 12x"sin’(6x* — 2) + 96x*sin (6x* — 2) cos(6x? — 2) 
¢) 2xcos(4x” + 7) — 8x°sin (4x* +7) 

4) 2sin(cos* x + tan x)cos(cos’ x + tan x) 

(sec” x — 3cos* x sin x) 

e) -9x’sin*(cos x’) cos(cos x’) sin x° ) -e*sin e* 


ec 
9) -sec” x cot x sin(In(tan x)) hy) — 
si 


x cos x—sin x 
C—— 


+ ) 0 9. points of inflection: 
mw 5S) (Sa S Swh wT 
6’ 4p 6° 4} ; Maximum when x = a 


ay _ 30 = 33 a3 5 

minimum —1 when x = Fy Wy= ye +G 
4nt 

nN = 

a)y (sin( 45) 1) 
b)y= 4 sin ee +1 |, where 

0.033( 2500- i ) 
k = 3.154 x 10” s, the number of seconds in a year. 
©) 1.1424 x 10" km/s 12. 60° or > 13, 2.62 m’/s 
14.a) 24.824 cm c) x = asin(27t + k) 
a) a= = 12.412 cme) 77.99 cm/s when t= %—*, 
2 2 In 
ee Meee, 2 

n any integer f) 4.9 cm/s” when t = har wea 


n any integer 15. 54.74° 


Chapter Test, p. 536 

1.a) 2 b) 20 

2.a) 6cos 3x + 12sin 4x; -18sin 3x + 48cos 4x 
cos x +sin x — sec?x sin x 


So 
(1+tan x) 


The form of the answer will vary. 
—sec x —2 sec*x —sec’x sin x —sec x sin x +cos x 


d) cos 30° = e) tan 45° = 1 2.a) 25sin 2x b) P sin 6x 
c) cos(60 + 4) d) 4sin x e) cos 4x f) cos 204 g) cos “ 
1 13a 17a a 3a 
W) 5 sin 14% 3.8) — -3, 6 ~3b) 5, = 
92,7 sm Tn 30 17 7 Sa 3m y 37 7a 
62? 6’ 6’ 2° 6 6° 6’2° 4° 4 


f) no solution; tan zo is undefined g) 0, 7, 27, 4.0375, 
z, Fy m 2) 1.1503, 1.9913, 
7 ae Sa 70 
4.2919, 5.1329) 0, 7, 2a, %, 3, 2, 7 
37 0.2527, 2.8889 


5.3873 h) 0, 7, 27, 


a Sw On az T 


0S eB nee) 
aw ow Sw et a4 31 
98, 258 a2 4-192 A a SF 5.38.1m 


(1+ tan x)* 
3.a) 57 b) 120, 80; yes ¢) all constants increase 


5.90° 6.a) +V2 
7.a) 27 + 27cos(2 71) b) ~477’sin(2at) 


4) all constants decrease 4. 4, 8, 12, ... 


o Fos 


<, + d) left: never; right: always except the 


instants when it is stopped e) oS when h< t<1, 
3 <t<2, « yl<t< is 


i, pe 
f) Since v > 0, it is speeding up whenever velocity is 
increasing, and slowing down whenever velocity is 
decreasing. 


-; decreasing when 0<t <= 
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Challenge Problems, p. 537 


4.) Ssin (x + 6), where sin 0= 2, cos = 4 (9 = 36.87°) 


or —Ssin(x + @), where sin 6 = 20s O= -4 (@ = 216.87°) 


b) Take A = +Va? +b°. Then 0 is the angle such that 


b 
sin@=+ —=and cos #= =, 2, a) Scos(x + 0), 
Va? +h? Va’ +b* 


where sin @ = -4 cos 0 = 3 (0 = -53.13°) or —Scos(x +0), 


where sin 0= 4, a6= -2 (0= 126.87°) 


b) Take A = tVa’ +b. Then @ is the angle such that 
b 


sin @= 7 — and cos @=+ - 4.40.60° 


Va +b 


5. 9.27° 7. a2 210. E = I,cos(wt + b) (r — Iw sin(wt + b)) 


a +b 


Appendix A 


Angle measures, p. 538 

1, a) 270° by 225° c) 210° a) 240° e) 150° f) 360° 

2.2) i 0.52 rad b) 75 0.79 rad ¢) 35 1.05 rad 

d) 77; 3.14 rad e) 277; 6.28 rad f) 377; 9.42 rad 

Circle geometry, p. 538 

1.a) 0.5 b) Sc) 3 2a) 15 mb) 16 me) 28m 3.a94m 
») 11m 

Completing the square, p. 539 

1.a) y = (x +3)?—5 by y= (x-5)*-20 

o y=(x-1)*= 12d y=3(x + 1)?-9 ey y=(x-1)7-9 
f) y = 2(x — 3)? - 15 g) y=—4(x — 2)? +7 

n y=4(x+3)*-41 

Complex numbers, p. 539 

4.a) Sib) 4ic) iV7 w 2iv14 e) —SiVS 2.0) -ib) -12 
c) 2 d) -35 e) 20 3.a) 5+ 3iV5 by 8-2iV5 o) 24iV2 
@) 3—2iV2 0) -7 +iv2 

Compound interest, p. 540 

1. a) $3173.75 b) $5114.14 ¢) $31 102.34 & $6744.25 


Determining angles, p. 541 
1. a) 2.55 rad b) 5.96 rad ¢) 3.93 rad 


Determining coordinates of points, p. 541 


1.) (1.04, 3.86) b) (-3V2, 3V2) @) (-3. -35) 
3V3. 3 
PE) 
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Distance between two points p. 542 
1.a) 3V2 ) V65 e) V74 a) 3V5 0) 3V5 f) V82 


Dividing a polynomial by a monomial, p. 542 


Sx +1 


1a) 2y +5, y #0 b)2 +4 + 7m’, m #00) x#0 


Akt 7y+2xy" ey 40 
8xy 


Domain, p. 543 
1. a) no restrictions b) x # —4 ¢) no restrictions 


dx 4lxe— 3 


Equation of a horizontal or vertical line given a 
point on the line, p. 543 
1a) y=3b)x=1 


Equation of a line given the slope and a point, 
p. 543 


1.a)y=3x-1b)y=-x-3 2y=Sx-6 


Equation of a line given the slope and 
y-intercept, p, 544 

1a) y=2x+1b) y=—-4x+4 

Equation of a line given two points, p. 544 


3 
2 


Equation of a line given the x- and 
y-intercepts, p. 545 
1ayy=—4r +4 ty =2 x2 


tayy= Sat by=-x+8 


Evaluating functions, p. 545 
1.9) ~7 b) 35 0) Sd) — 8 e) 39.221 thn? +3n?-4n-7 


a) -27x° 427x724 12x -7 hy) x° + 3x*- 4x?-7 _ 
2. a) —1 b) 20 c) 2 d) x? + 4x — 13.0) 0b) 20) 1d) Vx? -3 


4. a) 5b) 2c) 10 d) 0 5. a) True b) False ¢) True d) False 


Exponential equations, p. 546 
1. a) 4b) 20) 4.5 d)-13 31/09) 3m) 5 


Exponent laws, p. 546 


5: 1. 6 3 
Kai ae se ee 
1. a) Fe Sixt 35% Pilea x” 

° 5 4 


2a) 9x? +6x2 +x? b) 6x* + 9x — 10x — 15 

0) 4x° — 4x4 + 8x° — 8x a) V2x' —4x° + 10x -20 
1 97 

3.a) 81 b) 1024 ce) 1d) 6e) 125 4a) 20x 'y 


7+ eG 4) 
x 


) b’c}, abe #0 \ mn’, mn 4 Od) xy *, xy 40 


Factoring a° — b’, p. 548 

1. a) (x — 2)(x + 2) b) (y — 10)(y + 10) e) (2% — 7)(22 + 7) 
d) (Si — 9)(Sr + 9) e) (1 — 6x)(1 + 6x) 

f) (2y — 3x)(2y + 3x) 


Factoring a° - b° or a° + b*, p. 548 


4a) (x — 1)(x? +x + 1) b) (x —y)(x7 +xy +) 
c) (3 — 4a)(9 + 12a + 16a”) a) (2a -1) (4a? + 2a + 1) 


0 (5-(F+341) o(5-3)le*as) 
2. a) (x + 2)(x* — 2x + 4) by (2z + 1)(427 — 224 1) 


¢) (c + Sd) — Sed + 25d”) 
d) (10x + 9w*) (100x* — 90x10" + 8 110*) 


2q 2q , 4q° 
e) (1+ 3 J oer) } 
1 i 1 1 
9 ( all 25~ cme 
Factoring a’ + bx +c, a =1, p. 549 
1. a) (x — 5)(x + 4) b) (y + 5)(y — 2) &) (n — 9)(n + 4) 


d) (771 + 6)(m + 3) e) (x — 6)(x — 5) f) (c — 6)(c + 4) 
g) (16 — y)(1 + y) h) (x + 8y)(x + 4y) i) (c — 7d)(c + 4d) 


Factoring a° + bx +c,a #1, p. 549 

1. a) (x — 2)(3x + 4) by (2c — 1)(c + 4) &) (4mm — 3)(m — 2) 
d) (y + 1)(Sy + 3) e) (m + 1)(3n — 2) f) (6x + 1)(x — 3) 

9) (3x + 4y)(x — 3y) hy (Sx — 4)(x — 2) i) (4 + 3)(x + 5) 
i) (p + q)(2p — 4) 


Finite differences, p. 549 


1. a) linear b) quadratic ¢) linear d) neither e) quadratic 
f) neither 


Functions and relations, p. 551 


1, a) domain: real numbers; range: real number; function 
b) domain: real numbers; range: real numbers; function 
e) domain: real numbers; range: y > 3; function 

d) domai | numbers; range 1; function 

e) domi <x < 5; range: -5 < y < 5; not a function 
f) domain: +9 < x < 1; range: —4 < y < 6; not a function 
g) domain: x # 0; range: y # 0; function 

h) domain: —1 < x < 5; range: -8 < y < -2; not a function 


cl 2 4 
i) domain: x >— 33 range: y 2 0; function 


Graphing quadratic functions, p. 552 

1, a) vertex: (0, 2); opening: upward; vertical stretch 
factor: | b) vertex: (0, —1); opening: downward; vertical 
stretch factor: 1 ¢) vertex: (0, 0); opening: upward; 
vertical stretch factor: 2 d) vertex: (—4, 0); opening: 
upward; vertical stretch factor: 3 e) vertex: (1, 4); 


opening: downward; vertical stretch factor: 2 

—2, 3); opening: upward; vertical stretch 
: 0.5 g) vertex: (—1, —5); opening: downward; 
vertical stretch factor: 1 h) vertex: (3, 1); opening: 


f i 
upward; vertical stretch factor: 4 


Graphs of functions using technology, p. 553 
1. a) domain: x # 0; range: y # 0 b) domain: x # 0; range: 
y #0 ¢) domain: x # 0; range: y # 5 d) domain: x > —3; 
range: y = 0 e) domain: x < 4; range: y > 0 

f) domain: x > 0; range: y < 5 


Interpreting graphs of functions, p. 554 


1. a) i) 0 if) 2 ii) —2 iv) —4 b) domain: real numbers; range: 
real numbers 2. a) i) —4 ii) 0 iii) 0 iv) —3 b) domain: real 
numbers; range: y > —4 


Inverses, p. 555 
1.) f(x)=* 44; function » f'(x)=+ 5 Vx=2; nota 


x =3 
ae 


+8 


function ¢) f-'(x)= ; function d) f-'(x)= 


et4 ed 


7s 7 function 


x > 0; function e) f(x) = 


Operations with complex numbers, p. 555 
1.a) 6 — 47 b) 2+ 4ic)-12 —J a) 13 
4. 10,15, 


rd 4 35 
Za l+3in—s- si sztizid—Totyo! 


Pythagorean theorem, p. 556 
1..a) 13 b) 8c) 7 


Rationalizing expressions, p. 557 
1. a) 6(Vx +4 —Vx) by x(Vx +7 +Vx) 0) VSx + Vx 


a) Vx+5 +1 e) Vx? +9431) x(Vx46+Vx—6) 


Similar triangles, p. 557 
1. a) 3 b) 2c) 20 


Simplifying compound rational expressions, 
p. 558 


aa ! 
1a) aie #0, -7 bo) 57 


"7 (x47) 
—(x+ 12) og 
36(x+6) 


3x#0,3 
) 


#0, -6 


Simplifying expressions, p. 558 

1. a) Sx + 20 b) 7y — 30 c) 8x — 18 d) 4w + 11 e) 35 — 6y 
f) 7x? — 2x +49) 4x° + 6x — 46 h) Sa> — 16a + 20 

i) Sx? -x-18 
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Simplifying rational expressions, p. 558 


Wa)x +1; x 4-2) 1 =3x#5,-3c)2x+5;x41 


x+3 
oth xe -2, 39 244, reid 
det, vad, 2 
4x41? 2° 4 


Slopes and y-intercepts, p. 559 

1.a) slope: 4; y-intercept: 1 b) slope: 1; y-intercept; —2 
¢) slope: 3; y-intercept: 5 d) slope: —7; y-intercept: 3 

e) slope: 3; y-intercept: 0 f) slope: 0; y-intercept: —8 

g) slope: 5; y-intercept: 2 h) slope: 4; y-intercept: —3 

i) slope: y-intercept: 2.5 j) slope: 1; y-intercept: 0 
k) slope: 4; y-intercept: 4 I) slope: 6; y-intercept: 4 


Slopes of lines, p. 559 


3-2 
9 


ee | 
raty-29 ax) 


9. 92, 26 
2 97g9 - 479-7, 


5 
Solving first-degree inequalities, p. 560 

1. a) x > 6 b) x25 Qxrs d)x<13e)x>I11f) xs- 
Solving quadratic equations by factoring, 

p. 560 


1.9) -4,-5 b) 1, 26) 3, -10 9 -3,-5 2a 1, 2 w 5 


3 9, 


3 4 
g+5 90,5 


Solving quadratic equations by graphing, p. 561 
1..a)-1, 5 b) —1, —4 c) +4 a) -8, 1 e) 1, 5 t)—2, -6 


Solving radical equations, pp. 562 
1a)x=7b)x=S5e)x=20dx=1 


Solving igs Spgs equations, p. 562 


a Sw 


1a) - 6’ 6 » = a a c) no solution 


The yee —s p. 563 


244 evil, 


1.a) 1,5 b) 2, oo) i 3 z 0.5 or -0.9 


b) ae 1.2 or -0.5 ¢) 44N2 2.7 or 1.3 
2 


4) 


<i ats, 1.4 or -2.4 14 a 5 0.9 or -0.5 
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12 
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x ef 


ee -2+ivi0 


a) 


ch) 


Transformations, p. 564 


4. a) vertical translation b) vertical stretch ¢) horizontal 
compression d) vertical reflection e) horizontal translation 
f) horizontal reflection g) horizontal translation 

h) horizontal stretch i) vertical translation 

i) vertical stretch 2.a) Vertical stretch by a factor of 3 
and a horizontal reflection in the y-axis. 


b) Vertical translation downward by 3 units and a 
horizontal compression by a factor of s. 


c) Horizontal translation left by 2 units and a vertical 

reflection in the x-axis. d) Vertical compression by a fctor 
1 ‘ 7 

of za horizontal compression by a factor of 1 anda 


horizontal reflection in the x-axis. e) Vertical stretch by a 
factor of 4, a vertical reflection in the x-axis, 


5 4 F 
a horizontal stretch by a factor of 374 horizontal 
reflection in the y-axis, then a horizontal translation to 
4 
the left by 3 


7 units. 


units and a vertical translation upward by 


Trigonometric functions, p. 565 

ey TL, Sly 45 3 
v26° J26 5 wig? WB 

3.5 3 

~—2=; 23-2 2.8) 0.9744; 0.2250; 4.3315 

"Faas 79 


b) 0.5299; —0.8480; -0.6249 ¢) 0.5446; 0.8387; 0.6494 
d) 0.6442; 0.7648; 0.8423 e) —0.9162; -0.4008; 2.2858 
f)-0.9511; 0.3090; —3.0777 

3. a) 1.00 or 2.14; 57.1° or 122.9° 

b) 2.71 or 3.57; 155.5° or 204.5° ¢) 3.00 or 6.14; 172.0° 


or 352.0° 4a) 1) 5 90 


wits 


Trigonometric identities, p. 567 


4. Answers will vary. 


Word problems, p. 568 
14.3.9m 


Writing numbers in exponential form, p. 569 
1.2) 3") 7") 102 a5 


absolute extrema Absolute maximum and absolute 
minimum values of a function, 


absolute maximum value A function f has an 
absolute maximum (or global maximum) value f{c) at 
x =cif f(c) > f(x) for all x in the domain of f. 


absolute minimum value A function f has an 
absolute minimum (or global minimum) value f(c) at 
x=c if f(c) < f(x) for all x in the domain of f. 


absolute value The distance of a number from zero 
on a real number line, 


acceleration The acceleration of an object is the rate 
of change of its velocity with respect to time. 


acceleration function The acceleration function a(t) 
at time 7 is the derivative of the velocity function, and 
the second derivative of the position function, 

dv _d’s 
at)=—= ==: 

()= at aw 

antiderivatives The family of functions f(x) + C, 
where C is a constant, with common derivative f"(x). 


antidifferentiation The process of going from a 
derivative function to a function that has that 
derivative. 


arrow diagram A diagram used to represent a 
function, The letter / denotes the function itself, 
whereas x and the associated value f(x) are elements 
of the domain and range, respectively. 


if 


asymptote A line that a curve approaches more and 
more closely. See horizontal asymptote, vertical 
asymptote, and linear oblique asymptote for precise 
definitions. 

| 


0 


The x-axis is an asymptote. 
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asymptotic Two curves are asymptotic if the vertical 
distance between them approaches zero in some limit. 


average rate of change of y with respect tox For a 
function y = f(x), the average rate of change of y with 
respect to x over the interval x € [a, b] is 


Ay _ f(b)- f(a) 
Ax b-a ~ 

average speed The distance travelled by an object 
divided by the elapsed time. 


average velocity For an object that can move back 
and forth along a straight line, and has position 
function s(t), the average velocity over the time 
interval from t = a to t = b is the change in position 
As _ s(b)—s(a) 

mo hoe 


divided by the elapsed time, b 
-a 


chain rule The chain rule can be used to differentiate 
composite functions. If two functions f and g are both 
differentiable and F(x) = f(g(x)), then the derivative 
of F is given by the product 


F(x) = f'(g(x))g'(x). 

That is, differentiate the outer function, /, evaluate at 
the inner function, g(x), and then multiply by the 
derivative of the inner function, g. 


coefficient The factor by which a variable is 
multiplied. For example, in the term 8y, the 
coefficient is 8; in the term ax, the coefficient is a. 


composite function A function made up of 
(composed of) other functions. The composition of 
fand g is defined by (f° g)(x) = f(g(x)) and read as 
“f of g at x,” or “f following g at x.” In the 
composition (f° g)(x), we first apply the function 

g to x, and then we apply the function f to the result. 


concave downward The graph of a function f is said 
to be concave downward on an interval (a, 6) if it lies 
below all of its tangents on (a, b). 


concave upward The graph of a function f is said to 
be concave upward on an interval (a, b) if it lies 
above all of its tangents on (a, b). 


constant coefficient The number ay in a polynomial 
function f(x) =4,x"+4,_,x"' +. +a,x + ayis 
called a constant coefficient. 

constant multiple rule The derivative of a 

constant multiple of a function is the constant 
multiple times the derivative of the function. That is, 


d dj 
ae teftz=e fl 
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constant rule The derivative of a constant function is 


the zero function, That is, a c=0. 

dx 
continuous compounding When an investment P is 
compounded continuously at interest rate r, the value 
of the investment at time t is given by A(t) = Pe”. 


continuous at a number A function / is continuous at 
x =a if lim f(x) = f(a). 


continuous function A function f is said to be 
continuous if it is continuous at every number in its 
domain. 


cost function In business, the cost to produce x units 
of a commodity or service is called the cost function, 


C(x). 


critical number A number c in the domain of fis a 
critical number of f if either f'(c) = 0 or f'(c) does not 
exist. 


critical point If a number c in the domain of fis a 
critical number of f, then the point (c, f(c)) is called a 
critical point. 


cubic function A third-degree polynomial function. 


cusp A cusp is a point on the graph of a function 
at which the function is not differentiable and a 
tangent does not exist. For example, the function 
y =|x| has a cusp at (0, 0), since it is not 
differentiable at x = 0 and its graph does not have 
a tangent at (0, 0). 


4 mle 


decreasing function A function f is decreasing on an 
interval (a, b) if f(x,) < f(x,) whenever x, >x, in the 
interval (a, b). 

degree (of angle measure) An angle measure equal to 
—| of one complete revolution. 


360 


degree (of a polynomial) The degree of a polynomial 
P(x) = a,x" +--+ + ax + a,x +a, (where a, 4 0), is 
the largest exponent of x, that is, 7. 
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demand function The price per unit, p(x), that the 
inarketplace is willing to pay for a given product or 
service at a production level of x units is known as 

the demand function (also called the price function). 


dependent variable In a relation, the variable whose 
value depends on the value of the independent 
variable. On a coordinate grid, the values of the 
dependent variable are plotted on the vertical axis. 


derivative The derivative of a function y = f(x) is a 
function defined as 


f'(x) = lim fen he or alternatively, as 
0 


"1q) = lim (2) =F la) 
Fa) fin AAO. 
difference See method of finite differences. 


difference rule The derivative of a difference of 
functions is the difference of the derivatives. 
That is, 


d d d 

dx f()-8la)) = fix) a(x). 
differentiable A function / is said to be differentiable 
at a if f'(a) exists. 


differentiable on an interval A function f is said to 
be differentiable on an interval if it is differentiable at 
every number in the interval. 


differentiate To differentiate a function means to 
determine its derivative. 


discontinuity A function has a discontinuity at x = a 
egies = ‘ 1 
if it is not continuous at x = a. For example, f(x) = z 
has a discontinuity at x = 0. 


discontinuous A function is discontinuous at x = a if 
it has a discontinuity at x = a. 


dividend The polynomial that is being divided in 
long division. 


divisor The polynomial that the dividend is divided 
by in long division. 


domain For a function that specifies one element of a 
set B for each element in a set A, the domain of 

a function is the set A. For a function y = f(x), the 
domain is the set of all acceptable x-values. 


even function An even function satisfies the property 


f(-x) = f(x) for all x in its domain. An even function 
is symmetric about the y-axis. 


explicitly defined function For a function y = f(x), if 
a specific formula is given, where y is isolated on 

one side of the equation, then y is defined explicitly 
as a function of x. For example, the function 

y = 3x’ + Sx — 4 is defined explicitly in terms of x. 


exponential function An exponential function has 
the form y = ab‘, where a # 0, b > 0, and b #1. 


extrapolate Estimate values lying outside the range 
of given data. To extrapolate from a graph means to 
estimate coordinates of points beyond those that are 
plotted. 


factor theorem A polynomial P(x) has x — b as a 
factor if and only if P(b) = 0. More generally, a 
polynomial P(x) has ax — b as a factor if and only 
if P ( 2 } =0. 

a 
family of functions A set of functions that can be 
written in the same form. For example, the functions 
f(x) =x +2, f(x) = 2x + 4, f(x) = 3x + 6 belong to a 
family of functions, since they can all be written in 
the form f(x) = k(x + 2). 


Fermat’s theorem If a function f has a local 
maximum value or local minimum value at x = c, 
then either f'(c) = 0 or f'(c) does not exist. 


finite differences See method of finite differences. 


first derivative The first derivative of a function 
y =[(x) is y = f(x). The first derivative is identical to 
the derivative. 


first derivative test Let c be a critical number of a 
continuous function f. 

If /'(x) changes from positive to negative at c, 

then f has a local maximum at c. 

If f(x) changes from negative to positive at c, 

then f has a local minimum at c. 

If f'(x) does not change sign at c, then f has neither a 
local maximum nor a local minimum at c. 


first differences See method of finite differences. 
first principles See method of first principles. 


function A function is a rule that specifies one and 
only one element of a set B for each element in a set A. 


geometric series A series of numbers in which each 
number after the first one is a constant multiple of the 
number preceding it. 


horizontal asymptote The line y = L is called a 
horizontal asymptote of the curve y = f(x) if either 
lim f(x) =L or lim f(x) = L, or both. 


implicit differentiation A method of differentiating a 
function that is defined implicitly, without needing to 
solve the original equation for y in terms of x. 


implicitly defined function A function y is defined 
implicitly in terms of x if y is not isolated on one 
side of the equation. For example, the equation 

x* + xy — 4y’= 3x + Sy defines y implicitly as a 
function of x. 

increasing function A function f is increasing on an 
interval (a, b) if f(x,) > f(x,) whenever x, > x, in the 
interval (a, 6). 

independent variable In a relation, the variable 
whose value determines that of the dependent 
variable. On a coordinate grid, the values of the 
independent variable are on the horizontal axis. 


infinite discontinuity An infinite discontinuity occurs 
where a graph has a vertical asymptote. 
infinite limit If lim f(x) = +0, then f has an infinite 
xa 

limit at x = a. 
infinite limits at infinity The function f has an 
infinite limit at infinity in any of the following four 
circumstances: 

lim f(x) =+0. 

xe 


inflection point See point of inflection. 


input variable An element of the domain of a 
function. 


instantaneous rate of change of y with respect to x 
For a function y = f(x), the instantaneous rate of 
change of y with respect to x over the interval 

x €[a, b] is 

tim, 5% = tim LO) fa), 

axo0Ax boa b-a 

The instantaneous rate of change is identical to the 
rate of change. 


instantaneous velocity For an object that can move 
back and forth along a straight line, and has position 
function s(t), the instantaneous velocity over the time 
interval from t =a to t = b is 

. As _,._ s(b)—s(a) 
Bae oo bea 
The instantaneous velocity is identical to the velocity. 
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integral sign The symbol, f used to represent anti- 
differentiation. 


integral zero theorem If x = 
polynomial with integral coefficients, then b is a 
factor of the constant term of the polynomial. 


interpolate To estimate values lying within the 
domain of given data. To interpolate from a graph 
means to estimate coordinates of points between 
those that are plotted. 


interpolating polynomial The interpolating, 

polynomial for a set of 7 points 

(Xoo Yo)s (Xj> Wy)s «+> (X,,_ 19 Jy) iS given by 

Fie) =a, + a(x 
“$a, (x = xl 


~ x) ta (x X)(x —x,) 


1 


c,) 


X,)+*(% — ,). An inter- 


polacng polviptaial can be pest to find the equation of 


a function, given sufficiently many points on its graph. 


interval A set of real numbers having one of these 
forms: x > a,x 2a,x<a,x<a,a<x<ba<x<b, 
asx<b,orasx<b. 


inverse function The inverse f ' of a function f, if it 
exists, is defined by f-'(f(x)) = f(f “'(x)) = 


jump discontinuity A function f has a jump 
discontinuity at x = a if 
lim f(x)=L, lim f(x)=M, and L 4M. 


leading coefficient The number a,, the coefficient of 
the highest power, in a polynomial function, 


n nt c 
f(x) =a,x" +a, x" ' +--+ +a,x +d), of degree n. 


left-hand limit A limit written lim /(x), which is 


xa 


read “the limit of f(x) as x approaches a from the 
left,” used to determine the behaviour of a function, 
f(x), to the left of x = a. 


limit A function f has a limit L as x approaches a, 
written lim f(x) = L, provided that the values of f(x) 


get closer and closer to L as x gets closer and closer 
to a, on both sides of a. 


limit at infinity A number L is a limit at infinity for 
a function / if the values of f(x) get closer and closer 
to Las the absolute values of x get larger and larger, 
with either positive or negative values of x. We write 
either lim fix)=L or lim f(x)=L, whichever is 


appropriate. 
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6 is an integral zero of a 


limit laws Suppose that the limits 
lim f(x) and lim g(x) both exist and ¢ is a constant. 


Then 


lim [fix)-s(x)]= lim f(x)- lim g(x) The limit of a 
difference is 
the difference 
of the limits. 


The limit of a 

product is the 

product of the 
limits. 


Hi [f(x = him fx) Lim a(x) 


The limit of a 
power is the 
power of the 


liml/(x)P = [lim fea" 


linear function A linear function is one of the form 
y= mx + b, for which the graph is a line. 


linear model A linear model is one for which the 
modelling function is linear. 


linear oblique asymptote The line y= mx +b isa 
linear oblique asymptote for a curve y = f(x) if the 
vertical distance between the curve and the line 
approaches 0 as the absolute value of x gets large 
for either positive or negative values of x. This is 
written as either tim {f (x) — (nx + b)) = 0 or 


Jim Lf (2x) = (mx +8) |=0, or both, 
linear regression Regression to a linear function. 
See regression. 


Inx The natural logarithm function, with base e. See 
natural logarithm function. 


local extrema Local maximum and local minimum 
values of a function are often called local extreme 
values, or local extrema. 


local linearity A feature of all smooth curves. Any 
smooth curve will appear to be linear if you focus on 
a small enough (local) domain, and zoom in on it 
enough times using a graphing calculator. 


local linearization A linear function that best 
approximates a function, f(x), near a fixed value of a. 
The linear function is called the local linearization of 
fnear x =a. 


local maximum point A point on a graph for which 
all nearby points have a smaller y-coordinate. 


local maximum value A function f has a local 
maximum (or relative maximum) value f(c) at 

x =c if f(c) > f(x) when x is close to ¢ (on both sides 
ofc). 


local minimum point A point on a graph for which 
all nearby points have a greater y-coordinate. 


local minimum value A function f has a local 
minimum (or relative minimum) value f(c) at 

x = cif f(c) < f(x) when x is close to ¢ (on both sides 
of c). 


logarithm The logarithm of a number is the value of 
the exponent to which a given base must be raised to 
produce the given number. For example, log, 81 = 4, 
because 3° = 81. 


logarithmic function The inverse of the exponential 
function y = a’ is the logarithmic function x = a’. The 
function x = a’ can be written as y = log, x, which is 
read as “y is equal to the logarithm of x, to the base a.” 


marginal cost function The instantaneous rate of 
change of cost with respect to the number of items 
produced is the marginal cost. The marginal cost 
function, C’(x), is the derivative of the cost function. 


marginal profit function The instantaneous rate of 
change of profit with respect to the number of items 
sold is the marginal profit function. The marginal 
profit function, P’(x), is the derivative of the profit 
function. 


marginal revenue function The instantaneous rate of 
change of revenue with respect to the number of units 
sold is the marginal revenue function, The marginal 
revenue function, R'(x), is the derivative of the 
revenue function. 


marginal supply function The instantaneous rate of 
change of supply with respect to the number of units 
sold. The marginal supply function, p'(x), is the 
derivative of the supply function. 


mathematical model A mathematical description of 
a real situation. The description may include a 
diagram, a graph, a table of values, an equation, a 
formula, a physical model, or a computer model. 


mathematical modelling The process of describing a 
real situation in mathematical form. 


method of finite differences This method is used to 
determine the equation of a polynomial function 
given a table of values. From a table of values, 
differences in successive y-values, called the first 
differences, are calculated. If necessary, differences 
in successive first differences, called second 
differences, are calculated. The process is repeated 
as far as necessary. 


method of first principles The method by which the 
derivative of a function is determined using the 
definition of a derivative. 


natural logarithm Logarithm to base e. 


natural logarithm function The inverse of the 
exponential function y = e’ is the logarithmic function 
x =e”. The function x = e’ can be written 

as y = log, x, or more frequently, y = In x. 


non-linear relation A relationship between two 
variables whose graph is not straight. 


normal The normal to a curve at a point is the line 
perpendicular to, and intersecting, the curve’s tangent 
at that point. 


oblique asymptote See linear oblique asymptote. 


odd function An odd function satisfies the property 
f(x) =—f(x) for all x in the domain of f. An odd 
function is rotationally symmetric about the origin. 
one-sided infinite limits One-sided infinite limits can 
be expressed as lim f(x)=, lim f(x) =—, 

lim f(x) =, or lim f(x) =—9, whichever is 


appropriate. 


one-sided limits Limits that are used to determine 
the behaviour of a function, f(x), to the left or to the 
right of x =a. 
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orthogonal Two curves are orthogonal if their 


tangents are perpendicular at their point of intersection. 


orthogonal trajectories Two families of curves are 
orthogonal trajectories of each other if each curve in 
one family is orthogonal to every curve in the other 
family. For example, the two families of curves 
x’—y'= A and xy = B are orthogonal trajectories of 
each other for any values of A and B. 


output variable An element of the range of a 
function. 


periodic function A function is periodic with period 
p if f (x +p) = f(x) for all x. 


piecewise A function is defined piecewise if different 
formulas are used to define it on different parts of its 
domain. For example, 


xl x if x20 
MV" \-x if x<0 


point of inflection A point P ona curve is said to be 
a point of inflection if the curve changes from 
concave upward to concave downward or from 
concave downward to concave upward (that is, it 
changes concavity) at P. 


polynomial function A polynomial function is of the 
form P(x) = a,x" +o°+ a,x + a,x + a, where is a 
positive integer. 

position function The position function s(t) of an 
object specifies its location as a function of time, ¢. 
power function A power function has the form 
y=xt. 

power rule The derivative of a power function x" is 
given by 

4 (=nx"". 

price function See demand function. 


product rule The derivative of a product (/g)(x) 

of two functions f(x) and g(x) is given by 

(fg)'(x) = F'(xe)g(x) + F (x)g'(x). 

profit function Jf x units of a product are sold, the 
profit function, P(x), is obtained by subtracting the 
cost function from the revenue function, 

P(x) = R(x) — Cle). 


quadratic function A second-degree polynomial 
function. 
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quadratic regression Regression to a quadratic 
function. See regression. 


quartic function A fourth-degree polynomial 
function. 


quintic function A fifth-degree polynomial function. 


quotient rule The derivative of a quotient LVtxy 


of two functions f(x) and g(x) is given by 
( a) _ f'(x)g(x)-f(x)g"(x) 
g [g(x)P 


radian The measure of the angle subtended at the 
centre of a circle by an arc equal in length to the 
radius of the circle. There are 27 radians in one 
complete revolution (360°). 


> provided gix) #0. 


range For a function that specifies one element of a 
set B for each element in a set A, the range of a 
function is the set of all elements of B for which 

there is a corresponding element of A. For a function 
y = f(x), the range is the set of all acceptable y-values. 


rate of change See instantaneous rate of change of y 
with respect to x. 


rational function A rational function is a ratio of 
polynomial functions. 


. b. ‘ 
rational zero theorem If x = 78a rational zero of a 


polynomial with integral coefficients, then b is a factor 
of the constant term of the polynomial, and a is a 
factor of the leading coefficient of the polynomial. 


regression The process of regression fits the best 
curve of a given type (for example, linear, quadratic, 
or cubic) to a set of data. 


remainder theorem [f a polynomial, P(x), of degree 
at least 1, is divided by (x — 6), the remainder is a 
constant, R. Furthermore, R = P(b). 


removable discontinuity A function f has a 
removable discontinuity at x = a if lim f(x) =L, and 
either f(a) # L or f(a) does not exist. 

revenue function If x units of a product are sold and 


the price per unit is p(x), then the revenue function is 
R(x) = xp(x). 


right-hand limit A limit written lim f(x), which is 
read “the limit of f(x) as x approaches a from the 
right,” used to determine the behaviour of a function, 
f(x), to the right of x =a. 


root A solution of an equation. 


rule of four This refers to four ways of describing a 
function: verbally, numerically, algebraically and 
visually. 


secant A line passing through at least two different 
points on a curve, 


second derivative The function f"(x) obtained by 
differentiating the first derivative of a function. 


second derivative test 

If f'(c) = 0 and f"(c) > 0, then f has a local minimum 
at c. 

If f'(c) = 0 and f"(c) <0, then f has a local maximum 
atc. 

Note: The second derivative test does not apply when 
f"(c) = 0 and when f"(c) does not exist. 


second differences See method of finite differences. 


sinusoidal function A sine or cosine function. 
y 


sinusoid See sinusoidal function. 

slant asymptote See linear oblique asymptote. 

slope A measure of the steepness of a line. The slope 
m of a line containing the points P(x,, y,) and 

Q(x,, y,) is 


as A Sd 
m= kx | Xx, 


9X, EX. 


Q(x, 2) 


1 
' vertical change (rise) 
1 a DyomAy, 
eer 
horizontal change (run) 

xX, -x, or Ax 


P(x yy 


sum rule The derivative of a sum of functions is the 
sum of the derivatives. That is, 


Ah (fled + gtan)= A fade glx), 


supply function The price per unit, p(x), at which a 
manufacturer is willing to sell x units of a given 
product or service. 


tangent Suppose that a function y = f(x) is 
differentiable at x = a. A line is tangent to the graph 
of fat (a, f(a)) provided that the line passes through 
(a, f(a)) and the slope of the line is f"(a). 


test for concavity If f"(x) > 0 for all x € (a, 6), then 
the graph of f is concave upward on (a, b). If f"(x) < 0 
for all x € (a, 6), then the graph of f is concave 
downward on (a, b). 


test for intervals of increase/decrease Suppose that f 
is differentiable on the interval (a, b). If f(x) > 0 for 
all x € (a, 6), then f is increasing on (a, b). If f'(x) <0 
for all x € (a, b), then f is decreasing on (a, b). 

test intervals Intervals that are determined by the 
real zeros of a polynomial function and used to 
determine the signs of the function. 


turning points Local maximum points and local 
minimum points on the graph of a function. 


velocity function The velocity function of an object 
is the rate of change of its position function, s(t), with 
respect to time. The velocity function v(t) at time ¢ is 


the derivative of the position function, v(t) = a 


vertical asymptote The line x =a is called a vertical 
asymptote of the curve y = f(x) if at least one of the 
following is true: 


lim f(x) = 05 lim f(x) = 05 
lim f(x) =o» fim f (x) = —00» 


lim f(x) =-«, or lim f(x 
xa xoa 


zero (of a function) Any value of x for which the 
value of the function f(x) is 0. 
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Computer algebra systems, 23-24, 
61, 369, 515 


Graphing calculator 

defining and differentiating 
composite functions, 284 

designing a roller coaster, 29 

determining equations of 
polynomial functions, 101-103 

determining logarithms, 427, 
431-433 

determining the doubling time for 
an investment, 426-427 

determining the equation of a 
function from its graph, 398 

determining the local minimum of 
a logarithmic function, 467 

determining the remainder when a 
polynomial is divided by a 
binomial, 57 

determining the slope of a curve, 
121 

determining trigonometric limits, 
504-508 

evaluating composite functions, 
270 

exploring slopes of tangents, 186 

factoring polynomials, 64, 67 

finding limits, 141-142, 148, 
150-151, 344-345, 418, 477 

finding slopes of tangents, : 
123-127, 132, 134, 164 

finding the derivative of a 
logarithmic function, 463 

finding the derivative of the sine 
function, 511 

finding the equation of a tangent, 
201-202 

finding the slope of a tangent to a 
circle, 286 

functions on the TI-92, 23-24 

graphing a demand function, 246 

graphing exponential functions, 
415, 417-418, 449-450, 454 

graphing functions and their 
derivatives, 197-199, 223, 
449-450 

graphing piecewise functions, 143, 
147 

graphing polynomial functions, 

graphing the equations for the 
reaction and sensitivity of the 
eye to a light source, 217 

graphing the members of a family 
of functions, 78 

limits on a, 157-158 

modelling the tides, 523 

modelling using quadratic 
regression on a, 15-16 

Newton and the, 196 


658 MHR Technology Index 


polynomial functions on a, 42-47 

recording motion, 231, 240 

sketching graphs, 362, 365-369 

solving an optimization problem, 
375 

solving exponential equations, 
436, 440 

solving polynomial equations, 72, 
75-76 

solving polynomial inequalities, 
88-91 

solving trigonometric equations, 
494-495 

using the TI-92 for trigonometry, 
520-521 

verifying factors of polynomials, 
63, 66 

verifying the symmetry of a 
function, 10 


Keystrokes (Appendix B): 

TI-83 Plus/TI-83 
abs function, 570 
Ans function, 570-571 
Ask mode, 571-572 
CATALOG menu, 572 
ClrAllLists instruction, 573 
ClrDraw instruction, 573 
Connected mode, 573 
Dot mode, 573-574 
Drawlnv instruction, 574-575 
dy/dx operation, 575 
ENTRY function, 576 
e* function, 577 
fMax function, 577 
fMin function, 577 
Format settings, 578 
G-T mode, 578 
Graph styles, 579-580 
Graphing piecewise 

functions, 580-581 

Intersect operation, 581 
AList function, 582 
In function, 583 
log function, 583 
Maximum operation, 583-584 
Minimum operation, 584 
Mode settings, 584 
nDeriv function, 585 
Sequence function, 586 
STAT CALC menu, 586-588 
STAT EDIT menu, 588-589 
STAT PLOTS menu, 589-590 
TABLE SETUP screen, 590-591 
Tangent operation, 591 
Value operation, 592 
Vertical instruction, 592-593 
Window variables, 593 
Y= editor, 593-594 
ZBox instruction, 594-595 
ZDecimal instruction, 595 


Zero operation, 596 
Zoom In instruction, 597 
ZOOM menu, 598 

Zoom Out instruction, 598 
Zoom&tat instruction, 598 
ZSquare instruction, 599 
ZStandard instruction, 599 


V operation, 600 
¥ operation, 600 


TI-92 Plus/TI-92 
abs function, 601 
Algebra menu, 601 
Calculus menu, 601 
Define operation, 602 
differentiate function, 602-603 
expand function, 603 
factor function, 604 
Graph instruction, 604 
GRAPH screen, 604-605 
integrate function, 605 
limit function, 606-607 
Other menu, 607 
polyEval function, 608 
propFrac function, 609 
solve function, 609-610 
tExpand function, 610-611 
when function, 611-612 


Technology Extension 

composite functions, 284 

functions on a computer algebra 
system, 23-24 

limits on a graphing calculator, 
157-158 

using the TI-92 for trigonometry, 
520-521 

using TI InterActive!™ for 
derivatives, 244 

using TI InterActive!™ to graph a 
cubic function, 104 

using TI InterActive!™ to graph 
exponentials and logarithms, 462 

using TI InterActive!™ to solve an 
optimization problem, 395-397 

TI InterActive!™ 

finding the derivative of a 
trigonometric function, 515 

graphing a cubic function, 104 

graphing exponentials and 
logarithms, 462 

solving an optimization problem, 
395-397 

using for derivatives, 244 


Web Connection, 28-29, 77, 104, 
123, 188, 191, 244, 280, 294, 
297, 328, 366, 395, 421, 431, 
447, 462, 471, 474, 488, 505, 
513, 523, 533, 535 


Abel, Niels Henrik, 96, 106, 283 
Abel Prize, 283 
Absolute extrema. See Absolute 
maximum and minimum values 
(absolute extrema) 
Absolute magnitude of a star, 447 
Absolute maximum and minimum 
values (absolute extrema), 
320-321, 325-327 
Absolute value functions, 12-14, 
146, 152 
Acceleration, 230-241, 257, 259 
function, 236, 242 
Acidity, 326, 429, 444-446 
Addition and subtraction formulas 
for trigonometric functions, 
491-499, 511-512, 520 
Air resistance, 257, 259 
Alaska oil spill (1989), 378 
Algebraic notation, 361 
Al-Khwarizmi, 82 
Annuities, 50-51 
Antiderivatives, 240-244 
Antidifferentiation, 242, 244 
Antilogarithms, 448 
Apollonius of Perga, 263 
Archimedes, 519 
Architects, 158 
Area of a triangle, 60, 527-528 
Arrow diagram, 11 
Astroid, 290 
Asymptotes, 362, 365, 367 
horizontal, 350-355, 358-361, 
364, 368, 415-417, 424, 454 
linear oblique, 356-361, 365-366 
vertical, 25-26, 342-349, 
355-357, 363, 365, 368, 424, 
426, 454 
Asymptotic curves, 361 
Atmospheric pressure, 439-440 
Average rate of change of y with 
respect to x, 164, 167 
Average speed, 161 
Average velocity, 159-163, 167 


Base of a logarithm, changing the, 
432-434 

Bell, Alexander Graham, 445 

Binomial, dividing a polynomial by 
a, 48-49, 54-61 

Bond-Mills, Catherine, 57 

Boyle’s law, 302 

Brightness of stars, 486 


LC) 
Calculus 
definition of, 39 
female pioneers in, 220 
origins of, 139, 171, 302 
Capacitor, electric charge of a, 476 
Carbon dating, 473-474 
Carbon-14, 473 
Cardano, Girolamo, 82, 113 
Cardinal, Douglas, 158 
Cauchy, J.L., 267, 302 
Chain rule, 265, 277-283, 285-286, 
288, 291-292, 294-297, 452, 521 
Change of base formula, 432-434 
Charles’s law, 307 
Circle, slope of a tangent to a, 
285-287 
Climatologists, 300 
Coefficients, 42 
Common ratio of a geometric series, 
53 
Communication among 
mathematicians, 267 
Complex roots, 42, 77, 82 
Complex zeros, 71, 83 
Composite functions, 268-281, 284 
Composition of a function and its 
inverse, 272-273 
Compound interest, 456-458 
Computer algebra systems 
See Technology Index 
Computer science, 61 
Concavity, 330-341, 362, 364, 455 
Constant coefficient, 42 
Constant functions, 21, 42 
Constant multiple rule, 200-201, 
203 
Constant rule, 200-201, 203 
Continuous compounding, 457-458, 
472 
Continuous function, 148-152, 315, 
326-327 
Continuous graph of a polynomial 
function, 45 
Coordinate systems, 41 
Copernicus, 498 
Corn, 380 
Cosine(s), 520, 529 
addition and subtraction formulas 
for, 491-499, 520 
derivatives of, 506, 510, 512, 517 
as a derivative of the sine, 
511-512 
double-angle formulas for, 
499-503, 520 
limits of, 504-509 
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periodic behaviour of, 522 
Cost function, 245, 389, 391 
Coulomb’s law, 372-373 
Critical numbers, 322-326, 
332-333, 336, 363-364, 
366-367, 381, 455, 516-517 
Critical point, 322 
Cubic equations, 43, 82 
Cubic inequality, 89-90 
Cubic (third-degree) functions, 
16, 42-43, 99, 104 
concavity and points of inflection 
for, 332-333 
Cubic (third-degree) polynomials, 
16, 113 
Curves 
asymptotic, 361 
of best fit, 15-16, 18 
concavity of, 330-341 
local linearity of smooth, 27, 477 
orthogonal, 290 
slopes of, 117, 120-129 
See also Asymptotes and Tangents, 
slopes of 
Curve sketching, 362-374 
Cusps, 193, 322 


dal Ferro, Scipione, 82 
Decibel scale, 445-446 
Decomposing a composition of 
functions, 273 
Demand (price) function, 246, 248, 
389-391 
Denominator, 48 
Dependent variable, 7 
Derivative(s), 183, 186-220, 242, 
244, 293, 296-297, 326, 
389-390, 477 
acceleration as a, 230, 240-242 
antiderivatives, 240-244 
of composite functions, 277-281, 
284 
derivatives of, 221-226 
of exponential functions, 
449-461, 463-464, 468 
first, 189, 224, 332, 364, 366 
first derivative test, 324, 327, 
336-337 
and increasing and decreasing 
functions, 313-315 
of logarithmic functions, 463-470 
and rates of change in the social 
sciences, 245-248 
in related rates problems, 293, 
296-297 
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second, 221-225, 230, 332, 364, 
367, 455, 516-517 
second derivative test, 335-337, 
363, 516, 528 
of trigonometric functions, 491, 
504, 506, 510-521 
using implicit differentiation to 
find, 288-289 
See also Differentiation 
Descartes, René, 41 
Difference rule, 200-201, 203 
Differentiable functions, 192-194, 
200, 211, 215, 218, 277, 281, 317 
Differential operators, 191 
Differentiation, 187, 191, 197-209, 
214-216, 221, 227, 315 
antidifferentiation, 242, 244 
of composite functions, 268, 
277-281, 284 
of exponential and logarithmic 
functions, 465-466, 468 
implicit, 285-290, 292 
in related rates problems, 
293-298 
reversing the process of, 240-242 
of trigonometric functions, 505, 
512-513 
See also Derivatives 
Discontinuities, 140-145, 148-152, 
315, 343, 345-346 
Distinct roots, 42, 85 
Dividend, 48 
Dividing a polynomial by a 
polynomial, 48-63 
Divisor, 48 
Domain(s), 8 
of a composition of functions, 
271, 273 
of exponential functions, 415, 
419, 423, 454 
of functions, 7-8, 11, 18, 26, 187, 
190, 194, 362 
of functions in a composition of 
functions, 270-271, 273 
of logarithmic functions, 423, 
426-427 
Double root, 85-86 
Double-angle formulas, 498-503, 
507, 513, 520 


e, 450-452, 456-458, 461 

Earthquakes, 443-444, 446 

Economic prediction, 394 

Einstein, Albert, 349 

End behaviour of polynomial 
functions, 45-46 
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Equal roots, 42, 85-86 
Equation(s) 
cubic, 43, 82 
exponential, 430, 436-442, 452, 
471 
for exponential growth and decay, 
453, 458 
of a family of functions, 78 
of functions from their graphs, 
398 
of graphs, 101-103, 105-106 
linear, 55-56 
logarithmic, 430, 436, 438-439, 
* 441-442 
polynomial, 42-44, 71-82, 85-86, 
97-100, 106 
quadratic, 42, 71, 82 
quartic, 44, 82 
quintic, 96, 106 
of tangents, 134, 201-203, 210, 
287, 333, 456, 515-516 
trigonometric, 494-496, 499-501, 
520 
Euler, Leonhard, 28, 171, 461 
Even-degree functions, 46 
Even functions, 9-10, 12-13, 18, 
364 
Exponential equations, 430, 
436-442, 452, 471 
Exponential functions, 17, 411, 
414-424, 427, 449-466, 468 
applications of, 471-476 
Exponential growth and decay, 
452-453, 458, 471-474, 476 
Exponents, laws of, 431 
Extreme values (extrema), 308, 
319-329, 362, 364. 
See also Maximum and minimum 
values (extrema) 
Exxon Valdez (ship), 378 


Factoring polynomials, 48, 54, 
62-72, 78 

Factor theorem, 54, 62-70 

Families of functions, 78 

Female pioneers in calculus, 220 

Fermat, Pierre de, 41, 329 

Fermat’s last theorem, 329 

Fermat’s theorem, 322-323, 
325-326, 329, 332 

Fermi, Enrico, 406 

Fermi problems, 406-407 

Ferrari, Lodovico, 82 

Fields, John Charles, 244 

Fields Medal, 244 


Fifth-degree (quintic) functions, 
44-45 
Financial careers, 213 
Financial derivatives, 213 
Finding a derivative using implicit 
differentiation, 288-289 
Finding irrational roots, 75-76 
Finding local extrema, 515-517 
Finding tangents, 130-139, 
200-202, 209, 287-288, 515-516 
Finding the derivative and 
antiderivative of a power, 242. 
See also Power rule 
Finding the exact zeros of cubic 
polynomials, 113 
Finding the rate of change of 
temperature, 164-166 
Finite differences, 97-102 
First-degree functions. See Linear 
(first-degree) functions 
First-degree polynomial, 16 
First derivative, 189, 224, 332, 364, 
366 
First derivative test, 324, 327, 
336-337 
First differences, 97 
First principles, method of, 187, 
197 
Fourth-degree (quartic) functions, 
43-44, 99-100 
Frequency of a light beam, 532 
Function notation, 28, 50, 203 
Function(s), 3, 6-29 
absolute value, 12-14, 146, 152 
acceleration, 236, 242 
composite, 268-281, 284 
constant, 21, 42 
continuous, 148-152, 315, 
326-327 
cost, 245, 389, 391 
cubic (third-degree), 16, 42-43, 
99, 104, 332-333 
curves of best fit, 15-16, 18 
definition of, 7, 11, 18 
demand (price), 246, 248, 
389-391 
derivatives of, 183, 186-226, 230, 
240-248, 277-281, 284, 
288-289, 293, 296-297, 
313-315, 324, 326-327, 332, 
335-337, 363-364, 366-367, 
389-390, 449-461, 463-470, 
477, 504, 506, 510-521, 528 
differentiable, 192-194, 200, 211, 
215, 218, 277, 281, 317 
discontinuous, 140-145, 148-152, 
315, 343, 345-346 


domains of, 7-8, 11, 18, 26, 187, 
190, 194, 270-271, 273, 362, 
415, 419, 423, 426-427, 454 

even, 9-10, 12-13, 18, 364 

even-degree, 46 

exponential, 17, 411, 414-424, 
427, 449-466, 468, 471-476 

extreme (maximum and 
minimum) values of, 308, 312, 
319-329, 335-337, 362-364, 
367-368, 375-381, 388-391, 
454-455, 466-467, 515-517, 
528-529 

families of, 78 

from graphs, 398 

greatest integer, 156 

Heaviside, 145-146, 148 

increasing and decreasing, 
312-318, 322-324, 333 

inverses of, 272-273, 422-425, 
427, 452, 471 

limits of, 130-158, 161-162, 302, 
343-347, 350-356, 358, 418, 
451, 457-458, 477, 491, 
504-509, 511-512, 521 

linear (first-degree), 16, 24, 42, 
97-98, 105, 117, 477 

logarithmic, 422-429, 463-476 

marginal cost, 245, 249, 389, 391 

marginal demand, 389 

marginal profit, 246-247, 249, 
389-390 

marginal revenue, 246-247, 
389-391 

marginal supply, 246, 249 

in mathematical modelling, 

14, 117 

odd, 9-10, 18 

odd-degree, 46 

piecewise, 12, 24, 143, 147 

polynomial, 8, 39, 42-47, 54, 64, 
71-72, 75, 78, 83-101, 
197-198, 355 

position, 163, 167, 197, 227, 230, 
236, 242 

power, 8-9, 464-465 

profit, 246-247, 249, 389-391 

quadratic (second-degree), 15-16, 
24, 39, 42, 98 

quartic (fourth-degree), 43-44, 
99-100 

quintic (fifth-degree), 44-45 

ranges of, 7-8, 11, 18, 26, 
270-271, 273, 415, 419, 
423-424, 426-427 

rational, 149, 151-152, 316, 334, 
342, 345-346, 352-358, 361 


representing, 6-7, 18 

revenue, 246-247, 249, 389-391 

supply, 246, 249 

symmetric, 9-10, 13, 18, 362, 364 

trigonometric, 487, 491-533 

velocity, 227, 230, 233, 236, 242 

x- and y-intercepts of, 71, 78, 
83, 91 

zeros of, 26, 42-43, 63-64, 
66-67, 71-75, 78, 83, 85-87, 
91, 101, 113, 314-315 

Function values and local 
linearization, 477 


Galileo Galilei, 161 
Galois, Evariste, 106 
Galois theory, 106 
Geometric series, 53 
Geometry in ancient Greece, 519 
Germain, Sophie, 252 
Graphing calculator. See Technology 
Index 
Graphs 
determining equations of, 
101-103, 105-106 
of exponential functions, 415-416 
features of polynomial, 45-47 
Gravitation, law of, 348 
Greatest integer function, 156 
Great Plague, 139 
Group theory, 96 


Halmos, Paul, 413 

Heaviside function, 145-146, 148 

Heaviside, Oliver, 145 

Heptathlon, 57 

Hipparchus, 498 

Horizontal asymptotes, 350-355, 
358-361, 364, 368, 415-417, 
424, 454 


i, 461 

Implicit differentiation, 285-290, 
292 

Increasing and decreasing functions, 
312-318, 322-324, 333 

Independent variable, 7 

Inequalities, polynomial, 83, 87-91 

Infinite discontinuities, 141, 143, 
148, 152, 343 

Infinite limits, 148, 343-347, 
353-356, 358, 451 

Infinity, 8 


limits at, 350-356, 358, 451 

Input variable, 7 

Instantaneous rate of change of y 
with respect to x, 164, 167 

Instantaneous velocity, 162-164, 
167, 227 

Integral sign, 244 

Integral zero theorem, 63-64, 
72-74, 78 

Interest, compound, 456-458 

Interpolating polynomials, 105-106 

Interval notation, 7-8, 14 

Intervals of increase and decrease, 
313-317, 322, 362, 364 
endpoints of, 322, 325-327 

Inverses of functions, 272-273, 
422-425, 427, 452, 471 

Inverse square law, 342 

Irrational roots, 75-76 


Jump discontinuities, 141, 143, 145, 
148, 152 


Kepler, Johannes, 447-448 

Kepler’s third law of planetary 
motion, 479 

Koch Snowflake, 178 

Kovyalevsky, Sonja, 252 


Laminar flow, law of, 304 
Law(s) 
Boyle’s, 302 
Charles’s, 307 
of cooling (Newton’s), 472-473 
Coulomb’s, 372-373 
of exponents, 431 
of gravitation, 348 
inverse square, 342 
of laminar flow, 304 
of logarithms, 430-435, 437-439, 
441, 452 
of motion (Newton’s second law), 
240, 526 
of planetary motion (Kepler’s 
third law), 479 
Weber-Fechner, 448 
Leading coefficient, 42 
Left-hand limit, 144, 151 
Leibniz, Gottfried, 171, 191, 208 
Leibniz notation, 191, 203, 
277-278, 281 
Lemniscate, 290 
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Light, 214, 217-218, 532 
Limit(s), 140-158, 302, 477, 491 
of exponential functions, 418, 
451, 457-458 
infinite, 148, 343-347, 353-356, 
358, 451 
at infinity, 350-356, 358, 451 
of trigonometric functions, 
504-509, 511-512, 521 
using to find tangents, 130-139, 
141 
and velocity, 161-162 
Linear equations, 55-56 
Linear (first-degree) functions, 16, 
24, 42, 97-98, 105, 117, 477 
Linear model, 15 
Linear oblique asymptotes, 356-361, 
365-366 
Lines, slopes of, 117, 120, 199 
Local extrema, See Local maximum 
and minimum values (local 
extrema) 
Local linearity of smooth curves, 
27,477 
Local linearization, 477 
Local maximum and minimum 
points, 45 
Local maximum and minimum 
values (local extrema), 320-324, 
326-327, 335-337, 363-364, 
367-368, 454-455, 467, 515-517 
Logarithmic equations, 430, 436, 
438-439, 441-442 
Logarithmic functions, 422-429 
applications of, 471-476 
derivatives of, 463-470 
Logarithmic scales, 443-448 
Logarithm(s), 422, 462, 471 
antilogarithms, 448 
changing the base of, 432-434 
laws of, 430-435, 437-439, 441, 
452 
natural, 452, 461, 463-465, 468 
solving exponential equations 
using, 437 
tables of, 448 
Logistic model, 483 


Magnitude of stars, 447, 486 

Marginal cost function, 245, 249, 
389, 391 

Marginal demand function, 389 

Marginal profit function, 246-247, 
249, 389-390 

Marginal revenue function, 
246-247, 389-391 
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Marginal supply function, 246, 249 

Matching arguments, 500 

Mathematical modelling, 3, 9, 
14-18, 39, 117, 300, 362, 387, 
391, 394, 411, 414, 449, 
452-453, 467, 473-474, 483, 
487, 522-533 

Mathematical proof, 171 

Maximum and minimum points, 
45, 369 

Maximum and minimum values 
(extrema), 312, 319-329, 
335-337, 363-364, 367-368, 
375-381, 388-391, 454-455, 
466-467, 515-517, 528-529. 
See also Extreme values (extrema) 

Method of exhaustion, 302 

Method of finite differences, 97-102 

Method of first principles, 187, 197 

MIR (space station), 130 

Modelling, mathematical, 3, 9, 
14-18, 39, 117, 300, 362, 387, 
391, 394, 411, 414, 449, 
452-453, 467, 473-474, 483, 
487, 522-533 

Motion, 227-236 
second law of, 240, 526 

Multiplying polynomials, 48 


Natural logarithms, 452, 461, 

463-465, 468 
Newton (unit of force), 524 
Newton, Isaac, 139, 171, 196, 208, 

302, 348 

law of cooling, 472-473 

second law of motion, 240, 526 
Nobel, Alfred, 283 
Non-zero remainder in division of a 

polynomial, 49, 54-61 
Notation(s) 

algebraic, 361 

for composite functions, 269 

for the derivative, 191, 194, 199, 

202, 277-278, 281 

function, 28, 50, 203 

interval, 7-8, 14 

of the natural logarithm, 452 

for the second derivative, 221, 225 
Numerator, 48 


Odd-degree functions, 46 

Odd functions, 9-10, 18 
One-sided infinite limits, 343-347 
One-sided limits, 144, 151, 157 


Operations research, 387-388 
Optimization problems, 308, 312, 
319-320, 375-388 
in business and economics, 
388-394 
Orthogonal curves, 290 
Oxthogonal trajectories, 290 
Output variable, 7 


Pacioli, Luca, 361 
Pendulum, 525-527 
period of a, 146-147, 535 
Periodic behaviour, 522, 529 
Permutation of roots, theory of, 96 
pH, 326, 429, 444-446 
Piecewise functions, 12, 24, 143, 
147 
Points of inflection, 331-334, 
336-337, 362-364, 367, 369, 455 
Poiseuille, Jean-Louis-Marie, 304 
Polya, George, 35 
Polynomial equations 
Galois theory, 106 
and the method of finite 
differences, 97-100 
roots of, 42-44, 71-82, 85-86 
Polynomial functions, 8, 39, 42-47, 
54, 78, 83-96, 101, 355 | 
derivatives of, 197-198 
end behaviour of, 45-46 
and the method of finite 
differences, 97-100 
sign changes of, 86-87 
zeros of, 26, 42-43, 63-64, 
66-67, 71-75, 78, 83, 85-87, 
91, 101, 113, 314-315 
Polynomial graphs, features of, 
45-47 
Polynomial inequalities, 83, 87-91 
Polynomial(s) 
coefficients of the, 42 
cubic (third-degree), 16, 113 
dividing by a polynomial, 48-63 
factoring, 48, 54, 62-72, 78 
first-degree, 16 
higher-degree, 39 
interpolating, 105-106 
multiplying, 48 
naming of, 50 
representation of cost function by, 
245 
second-degree, 16 
to which a rational function is 
asymptotic, 361 i 
Position function, 163, 167, 197, 
227, 230, 236, 242 | 


Power, finding the derivative and 
antiderivative of a, 242 

Power functions, 8-9, 464-465 

Power law of logarithms, 430-434, 
437, 452 

Power rule, 198-199, 201-203, 284 

Power, finding the derivative and 
antiderivative of a. 
See also Power rule 

Price function. 
See demand (price) function 

Problem solving strategy, 35-37, 
179-181, 261-263, 406-409 

Product law of logarithms, 430-432, 
434, 452 

Product rule, 202, 208-215, 279, 
288, 514 

Profit function, 246-247, 249, 
389-391 

Ptolemy, 498 

Pulsars, 535 

Pupil (eye), 214, 217-218 

Pythogorean theorem, 294-296 


Quadratic equations, 42, 71, 82 

Quadratic inequality, 83, 87-88 

Quadratic models, 14-16 

Quadratic regression, 15-16 

Quadratic (second-degree) functions, 
15-16, 24, 39, 42, 98 

Quartic equations, 44, 82 

Quartic (fourth-degree) functions, 
43-44, 99-100 

Quintic equations, 96, 106 

Quintic (fifth-degree) functions, 
44-45 

Quotient, 48 

Quotient law of logarithms, 
430-432, 434, 452 

Quotient rule, 213-219, 279-280, 
512-513 


Radians, 505, 512, 517 
Radioactive decay, 473-474 
Range(s), 8 
of exponential functions, 415, 
419, 423-424 
of functions, 7-8, 11, 18, 26 
of functions in a composition of 
functions, 270-271, 273 
of logarithmic functions, 
423-424, 426-427 


Rates of change, 117, 120, 125-127, 
159-172, 183, 186, 193, 197, 
213, 232, 240, 265, 464-465, 
467-468 
of the cost function, 389 
and exponential growth and 

decay, 471, 474 
instantaneous, 164, 167, 389, 453 
related, 291-300 
and the second derivative, 
222-223, 225, 332 
in the social sciences, 245-252 
Rational function(s), 151, 316, 
342 
asymptotic to a polynomial, 361 
concavity and points of inflection 
for, 334 

continuous, 149, 152 

definition of, 149 

horizontal asymptotes of, 
353-355, 358 

limits of, 352-354 

linear oblique asymptotes of, 
356-358 

vertical asymptotes of, 345-346 

Rational zero theorem, 66-67, 72, 
74-75, 78 

Real numbers, 7-8 

Real roots, 42-44, 71, 77, 85-86 

Real zeros, 64, 71, 83, 85-87, 91 

Regression, 39 
determining an equation using, 

101-102 
quadratic, 15-16 

Related rates of change, 291-300 

Relations, 8, 285 

Remainder theorem, 54-63 

Removable discontinuities, 141, 145, 
150-152, 345-346 

Representing a function, 6-7, 18 

Revenue function, 246-247, 249, 
389-391 

Reverse engineering, 261 

Review of Prerequisite Skills 
(Appendix A), 538-569 

Richter scale, 443-444, 446 

Right-hand limit, 144, 151 

Roots 
complex, 42, 77, 82 
imaginary, 72 
irrational, 75-76 
of polynomial equations, 42-44, 

71-82, 85-86 
real, 42-44, 71-72, 77, 85-86 
theory of permutation of, 96 


Rule of four, 6-7, 18 
Rule of, 70, 460-461 


Scatter plot, 15 
Secants, 121-127, 130-133, 136, 
141, 162-163, 166 
Second-degree functions. See 
Quadratic (second-degree) 
functions 
Second-degree polynomial, 16 
Second derivative, 221-225, 230, 
332, 364, 367, 455, 516-517 
Second derivative test, 335-337, 
363, 516, 528 
Second differences, 97 
Second law of motion, 240, 526 
Shot-put height formula, 57-58 
Sine(s), 529 
addition and subtraction formulas 
for, 491-499, 511-512, 520 
derivatives of, 506, 510-511, 517 
double-angle formula for, 
499-503, 507, 520 
limits of, 504-509 
maximum value of, 528-529 
periodic behaviour of, 522 
Sinusoidal functions, 522, 529 
See also Sine(s) and Cosine(s) 
Slope(s) 
of curves, 117, 120-129 
of lines, 117, 120, 199 
of a position-time graph, 232 
See also Tangents, slopes of 
Smooth curves, local linearity of, 27, 
477 
Social sciences, rates of change in 
the, 243-250 
Solving exponential equations, 
436-437, 439-441 
Solving Fermi problems, 406-407 
Solving logarithmic equations, 
438-439, 441 
Solving polynomial equations, 71-82 
Solving polynomial inequalities, 83, 
87-91 
Solving trigonometric equations, 
494-496, 499-501, 520 
Sound levels, 445-446 
Special theory of relativity, 349 
Speed, 233-236 
average, 161 
terminal, 259 
Stainless steel, water quenching of, 
481 
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Stars 
brightness of, 486 
magnitude of, 447, 486 
Subtraction formulas for trigonomet- 
ric functions, 491-498, 520 
Sum rule, 200-201, 203 
Supply function, 246, 249 
Symmetric functions, 9-10, 13, 18, 
362, 364 


Tables of logarithms and 
antilogarithms, 448 
Tangent(s), 123, 130, 199, 253, 290 
addition and subtraction formulas 
for, 491-499, 501 
and concavity, 331-333 
derivatives of, 510, 512-513, 517 
double-angle formula for, 499, 
501-503 
equations of, 134, 201-203, 210, 
287, 333, 456, 515-516 
finding, 130-139, 141, 201-203, 
209, 287-288, 515-516 
slopes of, 123-127, 130-139, 
141, 159, 162-164, 166-167, 
183,186-188, 200-203, 210, 
222-225, 233, 242, 279-280, 
285-288, 313, 332-333, 451, 
477, 515 
Tartaglia, Niccolo, 82 
Technology Extension. See 
Technology Index 
Temperature 
estimating time of death from 
body, 483 
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finding the rate of change of, 
164-166 
Terminal speed, 259 
Test intervals, 87, 91 
Third-degree (cubic) polynomials, 
16, 113 
Tides, modelling the, 522-525 
TI InterActive!™, See Technology 
Index 
Time of death, using body 
temperature to estimate, 483 
Transforming functions 
exponential, 414, 416-417, 419 
logarithmic, 425 
Triangle, area of a, 60, 527-528 
Trigonometric equations, 494-496, 
499-501, 520 
Trigonometric functions, 487 
addition and subtraction formulas 
for, 491-498 
derivatives of, 491, 504, 506, 
510-521 
double-angle formulas for, 
498-503 
limits of, 504-509, 511-512, 521 
modelling with, 522-533 
Trigonometry, history of, 498, 519 
Turning points, 45 


Variables, 7 
Velocity, 117, 227-240 
average, 159-163, 167 
function, 227, 230, 233, 236, 242 
instantaneous, 162-164, 167, 
227 


Vertical asymptotes, 25-26, 
342-349, 355-357, 363, 365, 
368, 424, 426, 454 

von Koch, Helga, 178 


Walkerton E. coli outbreak, 471 

Web Connection. See Technology 
Index 

Weber-Fechner law, 448 

Welding glasses, 447 

Wiles, Andrew, 329 


x- and y-intercepts of functions, 
71, 78, 83, 91 


Zeros, 26, 42-43, 63, 101, 171, 

314-315 

complex, 71, 83 

exact zeros of cubic polynomials, 
113 

integral zero theorem, 63-64, 
72-74, 78 

rational zero theorem, 66-67, 72, 
74-75, 78 

real, 64, 71, 83, 85-87, 91 
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ALGEBRA 


Factoring Special Polynomials 
x'+2xy+y'=(xty) 

x -y =(x-y)(x+y) 

xty'=(x ty Faxy+y’) 


Rules for Exponents 


(x")(x") = geek. Bex (x")? ma x 
q 1 
aie a vee! -a eee 
(ay) = x"y xt dx ies 
Logarithms 


y=log.xoa =x 


log,,x is usually written as log x. log, x is written as In x. 


log,a=1 log,e=1 
log, a* =x 
aay 


log, (xy) = log, x + log, y 
log, (2) =log, x-log, 


log, x" =n log, x 


ANALYTIC GEOMETRY 


Distance Between Two Points 
The distance between two points, P,(x,, y,) and 


Pi(x,, y,), is PLP, = V(x, — 21)? +0, 94)? 
Quadratic Formula 


-b+vb? -4ac 


If ax* + bx + c= 0, then x= 
2a 


Line 
For a line through the points P,(x,, y,) and P,(x,, y,), 
w= 


Slope: m= ers 


Forms of an equation of a line 
Point-slope: y-y, =m(x -x,) 
Slope, y-intercept: y = mx + 6, where b is the y-intercept 


Equation of a Parabola 
y =a(x — p) + q with vertex (p, q) 


Equation of a Circle 
(x — hy + (y — RY = 9° with centre (h, k) and radius r 


GEOMETRY 


In the following, A represents area, P, perimeter, 
C, circumference, V, volume, and S, surface area. 


Triangle 
me! 
A= z bh 
‘ a A= s(s—a)(s—b)(s—c), 
where s=5 (a+b +e) 
b P=at+b+e 

Trapezoid 

a 
J} \ A=1(atb)h 

b 2 


TRIGONOMETRY 


Arc Length 
x=r0 


Angle Measure 


ain ae 

1 = Tg tad 

1 rad = 280° 
7 


Pythagorean Theorem 


Caa+h 
b 
Right Triangle Trigonometry 
sin 9 = -OPPosite 
hypotenuse 
h - : 
y potenuse, BERGE cash adjacent 
hypotenuse 
; tan 9 = OPposite 
adjacent adjacent 


sind=» cos@=~ tang=~ 
r a Es 


x 


Fundamental Identities 


sin’ 0+cos*@=1 tan@= ane esco=—_ 
cos@ sind 
1 1 
secO= ea] cotd= ane 
Cosine Law 
Cc 
g b a@=b+C-2becosA 
b =a’ +c? - 2ac cos B 
B T A =a’ +b’ -2ab cos C 
Sine Law 
sin A _sinB_ sinC a b C 


a b € sinA sinB~ sin 


Addition and Subtraction Formulas 
sin(A + B) = sinA cosB + cosA sinB 
cos(A + B) =cosA cosB ¥ sinA sinB 


_ tanA+tanB 
ae aa ee 1¥tan AtanB 


Double-Angle Formulas 

sin2A = 2 sinA cosA 

cos 2A = cos*A - sin’A 
=2cos'A-1 
=1-2sin°A 


2tanA 
2A=—— 
anne T tan? A 


DERIVATIVES 


First Principles 


yoy ge fle +h)- f(x) 1) f(x) Fla) 
F(x) = him “> ——— fla)= lim 


Power Rule 
a. (x")= nx"! 
dx 


Constant Multiple Rule 
Se lefta=e 4 tf] 


Sum and Difference Rules 
d 
A tft) @oorl= 4 (flat E Lea 


Product Rule 
4 tp craten= 9x) Z iftal+ Fle) £ ta)] 


Quotient Rule 
d d 
d fey ale dx (81 


dx \ g(x) [g(x)F 
Chain Rule 

P 7 dy _ dy du 
If y = f(u) and w = g(x), then ae" da dx 


If F(x) = f(g(x)), then F'(x) = f (g(x))g'(x). 


Specific Functions 
4 et yaet 4 agnxj=t 
dx dx x 


(ek do a 
Fx (Sin x) = cos x de (cos x)=—sin x 


d | 
azn a= cos’ x 


=sec* x 


Calculus = 


a Finmctions 7 tnae, 


Fortune 
Hamilton 
Knill 
Stewart 
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